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NPEANUCNOBUE ABTOPA K NEPBOMY M3AAHMIO i

4] .
MpeanaraeMuiil yucOHHK MMEET BNOMHE onpencaeHHOro aapecata. Om
OPHERTHPOBAH HA CTYACHTOB HAYUYHO-CCTCCTBEHHRKIX M TEXHHUYECKHX CIIEa

UMAJBHOCTCH, HE CBY3aHHBIX ¢ l'lpO(bECCHOHaJ'IBHHM HCNIOAB30BAHHEM:

YMCACHHBIX MCTOAOB, H Ha COOTBETCTBYIOIIMX CHENHMAJHCTOR, 3ITH30AH~
YCCKM CTAJIKMBAIOMIHXCH € HEOOXONMMOCTBID CAMOCTOSTEILHO BHIUNCAATD
Ha IBM peurenue He caHMITKOM caoxHbx 3aaay. {CxazaHHOE, KOHEUHO,
HC O3HAYAET, YTO DTA KHHIA IPOTHBOIOKA3aHA CTYAEHTAM, CICHHAIHIN-
PYHOWHMMCA MO MallMHHMM BHIUMCASHHAM. ABTOD Hajgeercd, uto Gymy=
WHM BRIHHCIMTENAM-NPO(EcCHONANAM OHa MOXET OKa3aThCd MONE3IHON
B KQuCCTBE KHMFH /IS NMEPBOTO YTEHHS. )

Hapgo oTMETHTD, uTO NMpH BeeM o6uamun yueOuukos u MoHorpacduit (B
TOM UMCJIC XOPOIIMX M OUCHB XOPOIIWX) MO METONAM BHIYRCICHUNA KHUT,
NPCACTABIAIOIHAX COO0H CBOCTO POia BBEAECHHUE B CIENUANBHOCTD, OPHCH-
THPOBAHHBIX HA YWTATC/M, COBCPIICHHO HENOATOTOBICHHOIO (B MJaHE
UHCJIEHHOTO PENIEHMS TCX HTH MHBIX 33034 ), HE TaK YX Muoro. Cpeay Hux
s OTMETH 6Bl B NICPBYIO Ouepe/b NBe (KOHKPETH3UPYH TEM CAMbIM «KAHPS
npeanaraeMux «Jlexknuit»): aro kype A. H. Tuxouosa u 1. 11, Kocroma-
poBa «BROAHBIE MEKLINH MO NPUKIAAHOA MareMatukes (1984 r.) n yueb-
nuk B. @. NTpguenko «OCHOBB BHIYMCAATENbHOM MaTeMaTHKi» (1972 r.).

O603HaUMB «XARPORYIO» OOIHOCTL AAHHOHR KHMMM C YNOMSHYTHIMHE
Bbiie, orMeuy W pasnnumnsa. Ot «Bpoaueix aexumit» A, H. Tuxonora u
J. I1. Kocromaposa npcasaraemeie «Jlcxkumm» oramuarotea otbopoM o
ofbeMOM HManaraeMoro marteprana. Yro kacacrcs «OcHOB...» B. @. Ina-
UCHKO, TO, KaK MHC NPCOCTABASCTCH, OHM NPEONO/IATAKT Y YHTATENS B
foJblIel CTCIIEHA MATCMATHMUYCCKHE CKJAA MBILLICHUS, HEXENH TOT, HA
KOTOPHIH OPHCHTHPOBAHA DTA KHHTA.

M3noxeHNE YHCIEHHBIX METOLOB HE MOXCT HC ONMMPATHCA HA MaTe-
puas M3 MaTeMaTHUECKOr0 AHAAMSZA M JMHeHHOH anrcOpel. Tpefyemuie

CBEINEHNS B JAHHOM CIy4Yae HE BEIXOAAT 33 PAMKH 00A3ATCABHBIX KYPCOB -

ANs CTYAEHTOB, KOTOPHE OBUTM HA3BAHHL B KAUCCTAE aapecata «JIekiuiis.,
W3 maremarrucckoro anaansa 210 dopmyaa (pasnoxenue B pag) Teit-
Jopa msa (GbYHKIHH OFHOM W MHOIMX IMEPEMCHHBEIX, TeopeMa Jlarpaxxka
0 cpeadeM, teopeMa Pomns. M3 auHeitHo# anre0pel — MOpeacTaBASHHE O

HOPMHPDOBAHHBIX NPOCTPAHCTBAX, O cOOCTBEHHDIX 3HAYCHHIX M BCKTOpax .

MaTpun, Bopouem, cnpaBouHHIE CBEACHHMA MO JHHEAHOW anrebpe, B no-
PAAKE HATIOMHHAHWMS, MPABOAATCA B JEKUMM 2,

Jlexun 9—12 onupawTcd Ha 3JEMEHTaPHBIE CBEACHUS U3 TCOPHH ypas-
HEHMI B YACTHHIX MPOM3BOAHKIX M IIPEIO/IaraloT 3HAKOMCTBO C NpOCTCii-
WHMH IOCTAHOBKAMH 33734 J/Is KJIACCHUECKHX MOAEIbHEIX YDaBHECHHH,
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KopoTko 0 MOCTpOEHMH M31araeMoro MaTepuana. ‘ '

Kaxpas nckums mocesimena otacibHOMY pasacny (Teme, rpymme
POINCTBEHHEIX METOACE 719 PELIEHHMS ONpPEeIesIeHHOIO KJacca 3amad), 4To
BUOHO U3 concpxanus. He cayuaiino B xuure 12 pasgesos — 3TOT LUKA
(bopMHMpPOBA/ICA B PAMKAX OrPAHMUYEHHOH OAHMM CEMECTPOM MPOrPAMMAEL
JCKLMIA 110 JaHHOMY Kypcy (ILUTIOC XBYXCEMECTDPOBBIH NMPAKTHKYM), 4TO
BIOJHE THOMYHO 74 (akyabTeToB, rie ofyuyaloTcs NpCAnoAaracMble
unrarens ITod KHMXKW. Kaxpas nekums (kpome mpeanocacoueit) co-
IIPOBOXKZACTCH ACNOJIHEHHEM, B ONDPEAEICHHON CTENEHH PACILMPIOMIMM
H yriyOadi0mnM OCHOBHON MaTepuas. B mpakTake aBTOPA COACPXKAHHE
AOTOJTHEHMI, KAK NPABHJIO, UCHOIB3OBAIOCH A9 OBCYAICHNS HAa CCMH-
HAPCKUX 3aHATHAX — TaK XK€, KAK BOMPOCH M YIIPAXKHEHUSA, KOTOPBIMH
3ascpmacTcs oOCYXACHME KaXaoTo pasjicia.

Hoppobuas 6ubnuorpadus no TeMe KaxXaol JEKHUHH MMEET LEJbIo
COPMCHTHPOBATh YHTATENS, KOTOpPOoMY norpebyerca Gosee rayboko paso-
6parsca ¢ TEMH MM MHHMU BOMPOCAMH.

B NOnonHUTENSHOM CIMCKE NHTCPATYPH NPUBEACHH YYEOHHKM, MO-
Horpaduu ¥ COOPHMKH, DOCBAIIEHHBIC PA3BUTHIO M NPMMEHEHHIO 4UC-
JIEHHBIX METONOB /19 PEIIEHHY KOHKPCTHRIX 3aJau M3 pasnuyHeX pas-
aenos GH3VMKH M MATEMATHKH.

B zaxmoueHue 2TOr0 KpaTKOrc NPEsucAOBHS CUHTAK CEOMM IOJTOM
BBIPA3HTE UCKPEHHIOW NPH3HATENBHOCTE CBOMM KOJUIEraM no xadenpe
BBIUHUCTHTEABHON maTteMaTukn MOPTH, B TBOpucckoM B3anmMopelcTBHHM
C KOTOPHIMH CHOPMHPOBANACE 3TA KHHra.

A ocobo 6naromapen npodeccopam B. C. Paennkomy, A. C. Xoso-
nosy, noueHTy A. M. JloGaHOBY, KOTODEIC MO3ZHAKOMUAMCHL ¢ TIpensara-
EMBIM yqe§HHK0M HA CTAJHH PYKOMMCH M COCJAANM Paf CYLIIECTBCHHBIX
3aAMEUAHMH.

Xoresmocs Ok 37€Ck BRIPA3MTB Camylo r1yGOKYIO NMPU3HATEIbHOCTD
npoceccopy JI. A. Uynosy, KOTOpBIi HC TOJHKO WHHOMHpOBAN paboTy
Hag 3TOH KHMIOH, HO IIOCTOSHHbIM, O0OPOXCIATEABHREIM BHHUMAHMEM
CTHMYJINPOBAN DOBEOCHHE 3TOH paGoThl 1o KOHLA.

A 6maronapen rakxe H. B. [Iyapkuuoii 33 nomomp B TEXHHYECKOMN
obpaloTKe PyKOIMCH.
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NPEAUCNOBUE KO BTOPOMY U3IOAHHIO ...

i

[Mcpsoe napapne «12-TH AEKUMIL..» PasonLIoch AOBOJABHO Owicrpo. JTo
MOJIOXXKHMTCABHEINA MOMCHT, € TOYUKH 3peHus aBropa. Ho, Kk coxaneHumo, B,
npouecce paBoTH ¢ M31aHAKM YYeOHMKOM B TCKCTE OOHAPYKUIMCE OIE-
GWITKM ¥ OWMOKH, 33Y4CTYI0 HCKAXAIOUWNE CMBICT 0BCYXIaEMBIX BOMPO~.
coe. $I nckpenHe 61aronapeH M3SATCABCTBY, BHICTYNMBLICMY ¢ MHWIHA- .
THBOH BRIMYCTHUTH BTOPOC W3ZAHHME HTOH KHHIH, NPCHKAE BCETO NOTOMY,
YTO NpEAOCTABWIACE BOAMOXHOCTD BHUIPABMTH BCE OTPEXH, 00HADYXHB-
WHCed B MEPBOM M3/1AHHMMU. .

KpoMe TOTO, BTOPHIC M3, KAK NPaBUIC, GEBAOT HE TOJBKO «HC
NPABJCHHBIMH», HO M «1ONMOAHCHHBIME». 5 He OTCTYNAlo OT 3TOH Tpamu-
UMH — JonoaHeHus odopmiacusl B Buae [Ipunoxenui. M3noxus B oc-
HOBHOM MaTepuaie JCKUMIl a3bl, JJCMEHTApHyl 0a3y NpeaMeTa, B
T pHAOXCHUSX f MBITAICh MOKA3ATh, KAK, OTTAJIKHBaICH OT HCE, MOXHO
RLUATH Ha 6os€e coBCpIIEHHBIE (COBPEMEHHEIC) METONBI YHCICHHOIO pe-
UICHUA OTACABHMX 3amay. Hy nm HakoHel, KOHKPETHHIE MCTOAbL, 00CyXK-
AaCMDIC B anJIO)KCHHSIX, MOryT 0xKa3darbCa MpaKTHUCCKH DOJC3HBIMH
AAS HEKOTOPHIX YHTATEACH MpcAnaraeMol KHHUIH. 4 uMmelo B BUOy Npex-
AC BCEr0 METOLBI, CBI3AHHBIC C TOJAYUEHHEM W MCTIOAb30BAHMEM KOHEY-
ubix pagos Dypee, 4 TakXKe METOZM BHIYMCACHMA HHTErPajos OT OblcT-
poocuunupyloux dyHkuui. Keratu, s cucn 3aeck BO3MOXHBIM NpHBE-
CTM JOCTAaTOUHO NOAPODHBIA aHAaAM3 TOCJACOHMX METOAOB, aHA/IOra
KOTOPOMY B JUTEPATYPC MHE HE BCTPLUAIOCDH.

Heexonbko moppoducii o copepxkanuu lpunoxcennii. .

B mCpROM BBORYTCH B PACCMOTPCHME moaudomel YeGeimesa 1-ro po-
4d, MCNOAL3OBAHHE KOTOPHIX A8 MOAMGUKALUH OTAC/TBHBIX MCTOOB
BHIUMCACHMI WLTIOCTPUPYCTCS BO BropoM M Tperbem Ilpunoxennax. Bo
BTOpOM peub uacT o6 ugrepnonsanuy QyHKUME mo YCOBMIEBCKHM Y3/1aM,
B TpeTbeM — 00 YCKOpEHMM CXOAMMOCTM MTCPaluMd NpPH PEllcHHHA JH-
HCHHBIX CHCTCM YPABHEHMH 3a CYET MPUBICUCHHA 4cOBIIIEBCKUX HTCpA-
UMOHHEIX TIAPaMETPOB.

B ucrseprom [IpwioxeHnn 0OCYXA4AKOTCS BONPOCH, CBA3AHHBIE C
TPHIOHOMETPHUECKOH uHTcprnoaauucit. [logcHaercs, kKak CTpouTh HH-
TEPIOAAMHOHHDIH TPUIOHOMETPHUCCKANA NOJWHOM, 00palsaeTcs BHMMA-
HUC HAd CBS3b TPUTOHOMETPHYCCKOH MHTEPOOASLMM ¢ IMOAMHOMUA/Ib-
HOM — mo ueOBIIOEBCKUM y3/MaM, A TAKXE C KOHEGUHBIMM pARaMH
Oypre. _

[lpr M3s0XKCHUU MAaTEPUANa B STOM pasaenie f BO MHOTOM IIPpHAECP-
XHMBANCA CXCMBI, HCNOAB30BaHHOH B KHure B. C. PaBeusxoro [17], Ho,
MMes B BUAY ONATh XC CBOCTO UMTATENS, COKPATHJA 0DBEM, CTPEMSCh
K BO3MOXHO Bosblicii MPoCTOTE HEOOXONHMBIX MOSCHERUH.
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B nsarom IIpunoxennu peus uger o GuicTpom npeobpasosanuun Oypoe !

H, HAKOHEL, B MOCJENHEM (IIECTOM) — O KBAAPATYPHBIX (POPMYIAX st
BBIYMC/IEHHS] HHTETPAJIOB OT OLICTPOCCLM/UIAPYIOIIMX (YHKIMIL,

Meronm, koroprie ofcykaawrca B mocnenHuMx tpex [Ipuioxennsx,
Ka3anoch Ow, HaMOOMEe AKTYANbHH B 3a7aYaX PANHOTEXHHUCCKOND CO-
AepXaHus, IJTO TPHIOHOMETPHYECKAS AMNPOKCHMALMS NEPHOTHYCCKHUX
CHMTHAJIOB, YACTOTHHWH aHA/K3, «DUALTPALHS» CHUTHANOB, MOCTPOCHUE
AMArpaMM HANpPaBJCHHOCTH AHTEHH M T.A. Ha caMoM Xe Aese posts
9THX MCTONOB BEChMA 3HAYMTEABHA M 33 NpCAEJAMH OGO3HAUCHHOIO
kpyra npobnem. Ckaxem, Gmcrpoe npeofpazoranme ®ypbe uacto Hc-
NOJB3YeTCs B KadecTse 3dreKTHBHOIO pabouero HHCTPYMEHTA O UHC-
JIEHHOIO PCLICHWA 3a7ay (M3 CAMKX pa3Hbx 06nacrteil), OMMCHIBAEMbIX
JUTANTHYECKUMHE YDaBHEHMsiMH. T pPUrOHOMETPHUECKAN HMHTEPNONLLUS
(4, COOTBETCTBEHHO, NMOJIHHOMHMANBHAS — IO UeBBILECBCKAM y3iaM) —
NPHBJIEKATEIBHE HADAAY C JIOKA/TbHLIMU CILTARHAMH B KAUECTBC 4JAbTeEp-
HaTHBE OOWIYHOM MONHHOMHMANBHOH MHTEPIONAIMM M8 NPUOAMXeHHS
$byHkUHMi, B xakoit O cOmacTH 3Ta 334a¥a HY BO3HHKANA.

B. 1. Kocapes

Vs

PYRio ) 4 4 IR RO e )

NPEABAPMTEIIbHbIE 3AME4YAHMNA

Kpamwoe oficyxdenue sonpoces, C6A3ANHEIX €O CREUNPUKOL MAUUHKOIX GbiucaeHul,
AAURHUEM HQ BHHUCAACMbIC PEIYALMAmMbl CuitBOK 80 BXO0HBIX OQHMLIX I ROZPEILHOCMEN
OKPYCAEHUR NPU GotnOIMEHUl apubmemuieckux onepayut. J1pumepst,

[TpucTtynad K H3A0XEHUK A30B BHUMCAMTENBHOM MATEMATHKH, XOTE-
J0Ch OH OTMETHTEB, YTO UHCIEHHEIE METOOBI, KOTOPHE MH OymeMm 31ech
00CYXAaTh, ABALIOTCA B OOMBLIMHCTBE CIy4acE NpubInXCHHBIME, T.E€,
NO3BOJIAKOT DOJAYYATH AMMb Hekoropoe (Tpefyemoe, pasyMHOe) mnpa-
OAMKEHME K HCKOMOMY DEIICHHIO DaccMaTpHUBAaeMolt 3aaauu. Peanamaa-
UMS YMCACHHBIX MCTOAOB CBOJIMTCE K BHIMOJAHEHHIO MHOTHX {ThiCSY
MM MH/UTMOHOB) NPOCTCHIINX ApH(METHYECKHX ONEpaluil THIA! «CI0-
KUTBY, «YMHOXHTb», «pa3ac/auTb». [IpH 3TOM CleayeT MOMHHTL, pa3
W HABCErAa YACHHTH («3apybuts cebe HAZ HOCY»), UTO MOAYYMTH TOY~
HbIE PE3YJBTATH MOCPEACTBOM BEIMOJHCHHS ITHX onepaumii Ha DBM
RPpUHKUNUAABHO HEABII JaXxXe B TOM c.nyqae, ecnu ‘IHCJIEHHblﬁ METOXR
SBJISCTCH TOUHKIM,

PeayabraThl BHUHCIEHHI BCETAA COMEPXKAT HEYCMPAHUMbE NOZPEUL-
stocnmu. VICTOMHMKOM WX $BASIIOTCS, BO-TIEPBLIX, TOrPELIHOCTH HMCXOA-
HbIX AAHHHX, BO-BTODHIX, IOTPELIHOCTH OXPYIJIEHMi, HEM3OeKHhE npH
BHIIOJHEHHM apuMeTHueckux omepaumii Ha IBM. (Omubxu okpyrae-
HHA OTCYTCTBYIOT, €CJIM BBIYHCICHHA BEAYTCH MO NMPABHIAM apuhMcTH-
KM UETbIX YHCET, OJHAKO TpHM pCIIcHHH 3a1ay (pH3aMyecxoro copepxa-
HUSl UEJBIMH YHCAAMHM B NOAAB/SIOWEH MACCEe CAYYACB HUKAK HCb3d
0BORTHCE. ) ‘

B 3apHcHMOCTH OT crnocoda BRMMCICHHA HEYCTPAHMMBAIE [OPPEIIHO-
CTH HCKAXa10T pe3yasTaT B Gosbluci minm B Mesbiueid crenenn. C oTaM
oBCTOSTENLCTBOM HCODXOAMMO CYUMTATBCH, TAK KAK NpPY HCIPABUAbHOHK
{(HerpaMoTHOIL, HEPAaUMOHANLHOH) OpraHM3aUMM BLIUHCACHMHA MOXHO
noJayuuTs abCypOHBEIE PE3Y/ILTATHI,

B noaTeepxeHHe CKA3aHHOTO MPHBCAEM MPOCTHIC NPUMEPEL.

Npumep 1. IMycte Hago pemuTh CHCTEMY ABYX JHMHEHHHX ypas-.
HEHHH;

—107"x, +x, =1,
xl +2x2=4.

Mepaviii memod. Vckimiouas x; U3 NEPBOTO YPABHCHNA: X == 10°x, —
— 107, u mogcTapsdg 3TO BHPAXEHHE BO BTOPOC YDaBHEHWE, NOMYYaeM
10744
0T +2
TIpoBens BBIYMCJAEHHS. C CEMBIO 3HAYamUMu Uidpamn (UTO THIMYHO
A7S GOJIBIMHCTBA COBPEMEHHEIX KOMTIBIOTEPOB NpH pafore B peXHUME C
OPIMHAPHOM TOYHOCTBIO), TOAYHAEM X, = 1.000000, x, = 0.000000, uto

COBCPUICHHO HEBEPHO, KAK BHIHO H3 BTOpPOro ypaBHCHHAS.

X



Bmopoi memod. Uckniouas x; 13 BTOPOro ypaBHEHMA: x; =4 — 2x,,
144-107
1+42-1077
x, = 1.000000, x, = 2.000000 — npasnabHOE {C TOUHOCTBK} AO LIECTH HE-
CATHYHEIX undp) peuicHuc.

[TorpemrHocTH BXOAHBIX AAHHHX TAKXKC MOTYT CH/BHO MOBAMATH HA
PE3yAbTATH.

nonyyaem ang x, gopmyny x, = . [locae BruMCACHHE MOAYuaem

IMpumep 2*). Ilycts TpchyeTca Halty 06bCM IMApa, KacalOWICrocs
UHAKHAPA pamayca R M ABYX KACATCABHBLIX K HCMY B3dMMHO TCPNCHIM-
KYJASpHEX MAOCKOCTCH {CM. puc. 1).

JIerko ycMOTpETB, UTO PAfuyC AP 7 PABCH
vZ—1
vIi+t'

H, C/JICAOBATCABHO, 00bLCM
3
R —
V=2 ar vI-! .
3 vZ+1

BHYHCICHHIMH

3
vi—1

. MHOXHTEAR S = (F . Ouepnguo, wzba-

+

r=R

3aimMemcs MOCACAHETD

BHBUINCH OT 3HJIMCHATCAH, MOXHO 3ANHCATH
S=(VZ — 1)b = (3 — 2vI)? =99 — 70v3.

PaccmaTpuBas nocnennue Tpu GOpMyAW KiK TPH MCTONA BMYHCIEHUS
BCIHYHMHBL S, NPMBCAEM PE3Y/BTATHl PACHCTOB B TiGAMuKC, HPHB/ICKAH
A VMPPAUMOHANBHOTO YHCAa V2  cacayiomue  npubiMxeHus
V2~A~7/5=1.4 (OTHOCHTEIbHAA MOCPCLINOCTH npuMepno 1%) u
V2 = 17/12 = 1.41(6)... (oTHOCHTENBHAR MOFPCLUHOCTH NPHMEPHO

Puc. 1

0.18%):
vZ «Z -1t N 99— TV
75 0.004096 0.008000 L
17/12 0.005233 0.004630 —~0.1(6)...

BhluMCeHHs RpOBOZMIHCH ¢ GOABUIMM KOAMYECTBOM 3HAYAL[MX uncp,
TaK YTO DPa3AMUME DPEIYIBTATOB, K KOTOPHM MPMBOAAT ITH TPH «ME-
T0A@», OOYCIOBAEHO PAIIMUYHMM BIHSHHCM MOTPEUIHOCTH B npudmKeH-
HOM IDEACTABJICHHY HCXOMHOH KOHCTaHTsl (V2) mpu pasHeix cnocofax
pacuera.

Boofuie roBopst, HETPYAHO MOHATE, KAKuM 06pa3oM B PacCMOTDEH-
HOM Ciyuae opMEpYIOTCH abCcypaHee peayasTaTh. [lpeacrasuM cebe

*} Dror npuMep sanmMcTBoBaH M3 [3, T. 1, c. 39].

10

ABa GIM3KMX MO BEIHYMHE UMCIIA: o -
x = 0.abcdefg, y= 0.abcdefg,. Anm
3necw a, b, ... — undpel MocAe ACCATUMHONH TOUKM B 3AIUCH YHACCIL.

Takum 06pa3oM, B pACCMOTPCHHOM CIYYAC UHCIA X, ¥ OTAHYANOTCH APYP
OT apyra naTol 1 aajnee (NoCae ACCATUUHOM TOYKH) Lmpamu, Pasnocrs
OTMX  uMcen  OyAeT  BEJAMUMHOW  NATOTO  MOPSAKA  MANOCTHE |
~1075(efg — e f,g,). Honycrum, uto uudps £, f; ¥ nance HCKAXEHW 34 -
CHCT KAKMX-TO OUIMOOK (MCXOAHBIX WM NOTPCLIHOCTEH OKPYTVICHHAS, SCTH
BCAMYMHE! X, ¥ MOJYYEHBl B TPOIECCE TPEAMECTBYIOMIMX BHYHCICHHI),
TOr7a B BEIUKCACHHOM PasHOCTE (x — y) MBI NOJAYUYHM TOJBKO OAHY mpad
suibRYI0 Iudpy (€ —¢,), To ecTs owmbka pesyspraTa Hd AAHHOH Hre-

MCHTAPHOH apudMETHUECKOM OnCpaliMM pesKo Bospacraer (ecnu u uud-
bl €, €, KEBEPHH, TO PE3Y/bTAT (X — y) NPOCTO HE HMECT HHYETO ofmero

¢ MpaBuAbHBEIM. VIMCHHO TAKOB «MEXAHH3M» (JOPMUPOBAHMS PE3YIbTATOB
B HAImLMX npuMepax. B mepeoM coyuae npu BEMACACHHMM X, No dopmyne

107x, — 107 Bce yunteBacMbie IMGbPH COBNANANN, B HTOTE ~— PCIYABTAT

aGconoTHO Heseped. Bo BTopoM npumepe B mocaenHeM ctoalue rabanuH
TOYHBIH PE3y/IbTAT OUPCAGIAETCA NMATOH M TOCACAYIOIHMH 3HAYALMMA
undpamu uncen 99 u 70v2 (Tperneil u mocAcAyOWMMY UKMdPAMH TTOCAE
ACCHTUYHOM TOYKM), B TCO BpPCMSA KA4K BTOpad 3HAYAWAd UMpa npH
v2 2 7/5 (tpetbst mpu V2 = 17/12) mnckaxeHa 3a CueT norpemnocr;q"
V2, — peayapTaThl Takxe abcypaHbL. '
Kak MOXHO NOHATDL U3 NMPHBEACHHEX TPUMEPOB, OMEPALMA BRIYHTA-
uus 6am3kux (u Tem Bonee 60AbUIMX) MO BEJIHUMHE MMCCA UPCBATA HE-
NPUATHOCTAMHM NPH MALIMHHBIX BHUMCIEHHAX. W, CeoBATEAbHO, 1O~
MHSL 06 DTOM, NPM MAAHHPOBAHMM BHIUMCNEHMHA (B YACTHOCTH, NMpPH BBI-
fopc ajaropuTMa) CAGAYET MO BO3MOXHOCTH MaberaTe curyauuii, Koraa
BO3HHKAET HCOOXOOMMOCTH B BRINOJIHEHUMHM J7TUX oncpauui. B mepeom
npuMepe B JTOH CBA3M CaeRyer Bmbparte BTOpOoi cnoco® pemrenus. Bo
BTOPOM OPHMEPE MPEANOYTHTCABHEIM SBASETCH NEPBHIH «METOA» BHBUMC~
nenus pesyabrata — (VZ — 1), .
nO'-lEM}’ TaK — MOXHO IIOHATH, IIpHEBJICKAA annapaT MaTeMaTH4eCcKore ama-
JH3Aa K HCCACOOBAHHK B/IMAHUA oMGoK BXOAHLIX JAaHHBIX HA pPE3yNbTAT Bbi-
UHCAEHHWH. ’
[IycTh BLIYMCNSETCS BeJMuMHA ¢ (x, ¥). TIpH HETOUHBIX BXOJAHBIX NaHHBIX}
¥=xxAx, y=y=* Ay, ouiMbka pe3ysbTata OLEHMBAETCH CBEPXY CACAYIOLHM

obpa3zom:
= = ] 2
Ap < [p(® F) —o(x. 3] < {g‘flmxl + a—ﬂlé\yl. N

O6bekTHBHON Mepoil MOTPEIIHOCTH ABIASTCHA OTHOCHMTE/bHAN OUIMOKA — or-
HOLIEHKE TOrPelHOCTH BETHUMHLI K ¢aMoii Bendunne (no Moayaw). B nanuom
d
2 Ax] +
X

Lk

cnydae
1
&= £ —
l\pl( 8

I mtne i e

Ay L1
P 2y

my:).

e

L



Hanpumep, ans ¢ = (V2 — 1)6, ¥ =7/5 (Ax<0.0143), y=F=1 (Ay=0),
HMeem -~ . -

3
ax

1
6<m

1 6
[Ax| = ————6(VZ — 1)’ Ax| = Ax| = 0.207
WZ—1® Wropy | Al 020
T.€. MOTPEUIHOCTE PE3YnbTaTa B 3TOM cayvac (0.004096) cocrasaser == 219%.
TouHo TaK Xe MOXHO MPOAHANMIUPOBATL IIOIPEIIHOCTb OCTANLIILIX PEIY/ILTATOR U

TIPHATH TEM CaMbIM K YXe YIIOMAHYTOMY BbIBOAY O TOM, YTO IlcpBLIA «MCTON» Bbi-
4UCAeHHA — NpeaIoUTHTENbHE,

3ameuanue. [Ipy MONYyYEHHMH OUCHKHM ANK OTHOCHTCABHOM MO~
FPELIHOCTH HAAO, COIVIACHO OMPCACACHHUID OTHOCHTC/IBIOK 1IOPPCIIHOCTH,
NMPHBIEKAT> TOUHOC 3HAUCHHE PCIyAbTaTa (X, ¥), HO OHO-TO KAK pa3
H Henanecmoun SBIAETCA LGB0 Bhivucacumni, TeM ne Mence, oucHky
HCYCTPAHHMOM TIOIPEOTHOCTH MOXHO NOJYUHTDL, HCXOAR M3 CICAYIOIERD
NpuOAMKEHHOTO ONPENEIEHNST OTHOCHTCILHON NOUPCILNOCTH! )

Ap s——J__-(QI A 2
%] e P lax]+ 55| 1841).

ox
e § = ¢(X, ) — BHUHCICHHHI pe3yabTaT. A®)

OrmeucHHbIe 06CTOATEABLCTBA TPCAONPCACAKIOT, NTO HPH HCTIONbIO-
BAHHH YMCJICHHBIX METOZOB HAPAAY € KOHCMHBMMK PCAYALTATIMM CTOD
XK€ BAXHOE 3HAYCHUE OYAYT MMCTh OUCHKI HX JOCTORCPHOCTH B OLUCHKA
BO3MOXHOIO B/JMSHHS HA PE3YJIBTATH PAIHON PRI HOCPCILHOL TR,

Boilee noapobHy0 HEGOPMALIMIO O BAMAIIHN HCYCTPIHHMMX (IOPPCLI-
HOCTEH HA PE3YNLTATH BHIOAHEHMA APUPMCTHHCCKMX ONCPaluit Ha
3BM moxwo naiitu B [1, c. 23=72], 12, c. 16~24], {i0, v. 2—42],

oY)

*) 3nech M nanee sHauKoM A GypeM o603HAYATE KOHEL, JBMEUAHML,
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NEKUMSR Coong S oA

YUCNEHHOE PEWLEHME HENMHEXHBIX YPABHEHWH

Wopryrupoaxa paccmampuseemol 3adwu. Joxanusauun Kophei Memod nonosunnozd’
denennn, Memod Howomona, ckopocme cxodumocmu. Memod npocmelx umepayuli, 0o~
CHIGIMOYHOE YCADGUE CXOOUMOCIU, CKOPOCHiL cxofumocnii. Memod penaxcayuil. Feomem-
puicckas unmepnpemayus. Memod cexyuiux.

Tycreh 3anana dyrkuns f{x). Hyxno HaiiTu KODHH ypaBHEHHI
f(x)=0. (L1)

OrpanuynmMcs ofcyxaeHneM npobieMbl NOWCKA ACHCTBUTENBHHIK
KOpHEii.

3anaua pasbusaeTcs HA ABAa ITANA:

noKQAU3AYUS KOpHed, T.€. TPEIBAPHTE/IbHEIH AHANH3 PACIOTOXCHAS
KOpHEH Ha OCH X, B PE3yJbTaTe KOTOPONO BHIABASIOTCH TAKME OTPEIKH
OCH X, KAXI0MY M3 KOTODHIX MPHHAAIEKHT He 6o/ee OnHOIO KODHS;

aviuucaene ¢ mpebyeMot mounocmero kopis (KopHei), npuHanie-
XALWNX 33JAHHOMY OTpesKy (33a7aHHBIM OTPE3KAM).

Jlokanu3aumg KOpHEH BHIXOAMT 33 PAMKH COOCTBCHHO BHIYMCITUTEIBS
MOl MATEMATHKH. JTO CKOpEe NpeAMET MATCMATHYECKOr0 aHanusa.
(BnpoueM, Ha 3TOM 3Tale MOXKHO BOCIO/Ib30BaThCs DBM nas Toro, yro-
fn BHuMCIMTL Tabnumy 3HAucHME GyHKOHH f(X)} MM NOCTPOMTH rpa-
thuk yroil pyuxumu.) INosToMy, noaarad, YTO KOPHH JIOKaJIH3OBAHH B
OMOBOPEHHOM BHINE CMHCAC, OyaeM 3aHHMATBCH CACAYKOLIEH KOHKpETS
HOIt 3amauei. ;

BHIUMCAMTE ¢ 33JaHHON TOUHOCTBIO £ KOPeHb ypasHenns (1.1), npu-
wapaexammit orpesky [a, b]. Tpennonaraercss, uro Ha orpeske {a, b}
HAXONMTCS eOAHCTBEHHBN KopeHb, KpoMe Toro, Mu OyAeM monararh,
UTO UCKOMBIH KOpeHb aBaferca npocthiM (HekparueiM). HekoTtopne 3a-
MEUaHMs TI0 TOBONY BWIUMCJICHMS KPATHBIX KOpHe# OyayT caenaHbl HA-
Xe, MO XOAy HM3J0KCHMS MATepuana JAHHOH JICKLHH.

3ameuanune. [Ipu pemcHun 3asau HHIMMECKONO COOEPXKAHUA 3ay
yacTyl oTpesaok [a, b], comepxammit TpeOyeMbl KOpEHb, M3BECTEH M3
PHIMUECKHX COODPAXCHUH. A

Yro KacaeTcs MajIoro NapaMerpa €, XapakTepu3yiouero TpebyeMyio.
TOUHOCTD, WM, AHBIMHM CJIOBAMM, AOMYCTHMBIH YPOBEHb TIOTPEUIHOCTH,
TO CMHIC/ €70 B TOM, 4TO BEIMHC/ICHHOEC 3HAUEHME KOPHE X AOJIKHO OT4
JKYATECA OT TOYHOrO x, He Oosiee, UeM Ha & '

|[x —x,| €=
P Ve b et i

MeTo/| NOJOBUHHOrO AENeHHS. DTOT METON COCTOMT B CJETYIOMEM.
Henum otpesok [a, 4] momonam: ¢ = (a + 5)/2. TIpoeepas sHaku f{a),

¥



f(€), J(b), BuACHACM, KAKOH MOJOBMHC MCXOLHOIO OTPC3KE NPHBAgIe-
KAT KopcHb. Tlocacanion cHora acanm nonosam # T. 1., 710 TCX nop,
MOKA HE BLIMOIHMTCH yCaoBue (b — «)/2" €€, rac n — umcio mpose-
ACHHBIX ACICHUN MCXOAHOIO OTpeaka nonosam. llocac aroro To0y0 H3
FPAHKL [OCACAHCIO OTPCIKI MOXKHO B34Th B KAUCCTBC OTBCTA X,

/BH(

i (a, b, e

CTOH

Puc. 1.1

Mpuseacm  dopmasnzosannoc (8 suac dparmenta 6a0K-cxeMol,
puc. 1.1) omucannc chopmynnposantoro 4ATOPUTMA PCLUCHMA PACCMAT-
PHBACMON 3a4a4H.

Sameuanuc |. Jaduwi MCTON MOXHO DACCMATPHBATDL KAK IOC/C-
AOBATENBHOC YTOUHCHUC JIOKAAH3AUHH MCKOMOIO KOPHS: HA KAXKIOM -
FC pasMep OKPCCTHOCTH, KOTOPOH OH  NPHHALICKHT, YMCHBINACTCSH
BABOC. A '

3amMcuannc 2. OueBHAHO, 4TO MCTOA IOJ0BHHHOTO acachus pafo-

MOXKET OBITh HCHAOJIB30BAH A1 BBIMHCICHUS KOPHCH HCUCTHOR KpaTHo-
CTH: ODHOKPATHBIW (NPOCTOH) KOPCHb, TPCXKPATHBIT If T. 1. A

TAcT, CCUIM NpM TIEPCXOAC YCPC3 KOPCHb f(X) MCHSCT anak, T, c. OH

Metoa Hewrona., Tepeiinem x 00CYKACHMID CLIC OAHOTO POCTOTO
{(MHOTHE M3 BAC YXC CTANKHMBATUCH C HUM, MOXCT ObITh, JdXC B LIKO-

ae), Ho Gomee hdCKTHBHOMO, Kak Ml YBHAMM, MCTOAA BHIUUCACHUS
KOpHS.

3a7anMMCA HCKOTOPBIM HAYATbHLIM (HyncepiM) npUOIHAKCHHEM BbI-
HHCISCMOTO KOPHS X, € [a, b]. JIuncapuaycM dyrkumio f(x) B okpcer-
HOCTH TOUKH X,, MPEACTABUB CC B BUAC OoTpeska psaa Tciizopa:

F(x) = f{xg) + F'(x)(x — Xg),

M BMECTO HCAWHE#RHoro ypasuceunst (1.1) pewuM amncapusosaitoe
ypaBHCHUE

F(x) + /() (x — x4) =0,
14

TPAKTYS Cr0 PCIUCHUE KaK caenywomee (rmeproe) npubauXCHHE K UCKO-

MOMY 3HAUYEHHK KopHi. [loayuum:

flxy

X, =x,— g

I [poposrxaa 2ToT npouecc, MPUXoIuM K dopmMyac HuioToHa
Fix,)

JCn_H = xﬂ - f'{xn) (]2)

/19 BRIMHCICHHWS NOCACO0BATEABHOCTH HDH6J’IH)KCHHI7I K HCKOMOMY pe-

HICHHIO.
rCOMETpH‘{CCKaﬂ HHTCPIpETAUHA IJTOr0 npounecéd, INOKA3dHHAA Ha
puc. 1.2, menaer NMOHATHBIM JpPYro¢ Ha3BaHMC JTOr0 MCTORL — MCTOA

F(x)

X X' X

Puc. 1.2

kacarcabenx. M3 cdopmyns (1.2) BeiTEKACT yCAOBME NPUMEHHUMOCTH
meroaa: dyHkIua f{x) nomxua Omre auddeperumpvemofi i (Y B OK-
PCCTHOCTH KOPHA HEe AOIXKHA MCHATH 3HAK.

3ameuanue. Ecan nepras vam paa MOCASAYIOIHX TPOU3BOAHKIX
00pamAaoTcs B HO/Ib B TOUKE KOPHA, & B OKpecTHocTH xopHs F (x) = 0, 1o
thopmyna (1.2) coxpanaer cMmmCa, u, TakuM oDpasoM, Meton HewooroHa
MOXHO HCIIONB30BATL H /IS BhIMMC/JACHHA KPATHLIX KOPHEH, HO TIPH 3TOM
«KAYECTBO» MCTOAA, KOTOPDE Mbl BhisiIBHM MPHMEHHUTEILHO K OMHOKPATHO-
MY KOPHIO, TepsaeTtcs (CM. yrpaxdeHnue 4). B oToit ceaau g Opl nopekoMe-
10Baj (B NOPAAKE YOPAXKHCHHAA) NOIPOOOBATH C XOPOUIEH TOUHOCTBIO Bbi-
YHCIATHL HA MALIMHE KOpedb ypasHcHus (x — 1)0 =0, a

Kakosbl xe ycnoBud CXOOMMOCTH TOCTCAQBATENLHOCTH JHAUCHMH
{x,}, Boiunciasicmuix o dopmyae {1.2) k xopuw ypasucuums (1.1)7

Ipeanonarag, uto f(x) gsaxnmel Henpepelsuo auddepeHuupyema,
nanumem copmyny Teidsopa ana f(x,) (x, — MCKOMBIA KOPCHB) B OK-
DCCTHOCTH H-TO MPHOAMXCHAS

) =0=7(0x,) + () (x. —x,) + 5 /(8 (x, — x,)%
rae £ € [x,, x,].



Paspenus mocnenHce cooTHomeHue Ha f'(x,) M MEPEHECS NCPBbIE
ABA CJaraeMblX U3 IPABOH YAaCTH B JICBYIO, IOJYUHM:

@ Ve 2
[xn fl(xn):l X* e 2 f'(xn) (xn X*) ]

yt0, yunteiBas (1.2), nepenwmchiBacM B BHAE

_ 1 f"® 2
xn+] _x* _5 f/(xn) (xn - x:) .
Orcrona
1" ®|
|xn+l_x*|=§mlxn_x* 2, (13)
Us (1.3) cneayer ouenxa
1 Mz 2
|xn+1”‘x*|<5m—llx,,—x* , (1.4)

eme M, = max | £(x)], my =min |/'(x)].
[a, b) {a, b]

OuesugHo, ournbka HA KaXHIOM mare yObBacT, ecau
1My 1.5
EEIXO“'X*I<1. ()
INosyueHHOE yCI0BME O3HAUAET, UTO CXOAMMOCTD 3aBHCHT OT BhIOOpA Ha-
YaJIbHOTO TPUOJIMKEHMI; ITO MOXKHO YCMOTPETh M M3 FCOMCTPHUCCKON UH-
teprperauny mctoga (cM. puc. 1.2): ccam B KAuccTBE HAUYAIBHOTO MpH-
GMKEeHMs B3STh 3HAUCHHUE X', TO HA CXOAMMOCTD IOC/ICAYIOWHUX TpUOIn-
xeHu#t (x” 1 T. 4.) paccunTbiBaTh He npuxoautcs. C Apyroit CTOpoHE!, Kak
BUIHO, BCEIIa MOXHO 100UThbCA BhinoHCHUA yeaoBus (1.5) 3a cuer Gosee
TOYHOTO BLIGOPA HAYAILHOrO NPHOTMXEHHUS Xy, T. €. 32 CUeT Gosee aKKy-

PaTHOK JIOKATM3aLMHU MCKOMOIO KOPHS, KOTOPOH MOXHO HOCTHUb, HATIPH~
MEp, ¢ TOMOIIbIO MPEABIAYILErO METoAa (CM. 3aMEUYaHHE K HEMY ).

Ouenka (1.4) xapakTepusyeT CKOPOCTh YOBIBAHMS IOIPEIIHOCTH IS
MeTofa HpIOTOHA: HAa KaXAOM Iuare MOrpelIHOCTh TMPOMOPLMOHAIBHA
KBaapaTy nOpeAbaymed. JTo OueHb BBICOKMU Temm. Hanpumep, ecaum B
HEKOTOPOM INpHUOIIDKEHMH MOIyYEeHA OAHA TOYHAs Ludpa mocae 3ams-
TOH, TO B CJECAYIOLIEM MOXHO OXHJIATh ABE TOuHble nudphl, Aajgec —
YyeTeipe M T. A. J1s1 cpaBHEHUS B METOAC HOJOBHHHOIO NEJIEHHS omubka
Ha Kax/OM DIare yMmMcHbIIAETCA B ABA pasa, T. €.

1 1
[ X4y =X S5 0%, —x]s... < oS (b—a).
3nech, YTOOBI MOTYUHTh YCTHIPE TOUHBIC UMMPHI PE3YIbTATA, HAAO BbI-

NOJHATH CTOJIBKO AEJCHHH MCXOZHOTO OTPE3KA IOIOJaM, 4TOOBI

(b—a) <5107

2n+1
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Otciona n = [4 +1g (b — a)]/ lg 2. Hanpumep, npu b — a =1 noayunm
n = 14. Tlpasaa, HaxO y4ecTb, UTO B METOAC [AEJCHUS OTPC3Ka II0MOaM
AJ9 [IEPEXOAA K OUEPEAHOMY [PUOIMXXEHUIO AOCTATOYHO BHIUMCIHMTD O~
HO 3HaucHue ¢yHKuMHU f(x), B To Bpems Kak meton Heiorona Tpebyer
cuic BHIUMCACHAS NPOM3BOIHOW OT HEC.

MeTon npocThix uTepanmit. Ternepb paccMOTPEM Gosiee obwmit uTe-
pPAUMOHHBIN TpOLECC, T. C. MCTOA TMOCJCHOBATEIbHBIX HpI/I6JII/I>KCHI/Il/I
(4acTHBIM CJIYYAEM KOTOPOTO SIBISCTCS M MCTOA Hprorona). [1peacraBum
ypasuenuc (1.1) B Buae

x = ¢(x). (1.6)

OueBHAHO, MCKOMBL KOpEHb npu noacTaHoBke ero B (1.0) npespamaer
MoC/EAHEEe B TOXACCTBO

x, = ¢(x.)-
PacCMOTpMM TIOCAEAOBATENBHOCTD 3HAYCHUHA X, KOTOpas ONPCOEIsSeTC
caeayomuM o6pazom:
x,.=9(x,), x, 3amano (x, € |q, b}). (1.7)
Oxa3blBaCTCS, NMPU OMNPENENEHHBIX CBOUCTBAX (DYHKUMM (X) MOCIE0-

saresapnocTh (1.7) cxomutcs x xopHwo ypasuchus (1.1). [locratounsie
YCJAOBHA CXOAMMOCTH (DOPMYIUPYIOTCH B TEOPCMC.

Teopema. [Iycmb @ okpecmnocmu uckomoco xopius U, =
={|x — x,| <r} pynkyus p(x) ydosremeopsem ycaosuio Kowu—Jlun-
- o ’ " .

WA C KOHCManmMOU, Melbuiell eOunuybl, m. e. Oust ooblx X', x" € U,:
Fo(x") — o(x")| <g|x'—x"], g=const<]1. (1.8)

Toeda nocaedosamenviocms (1.7) ¢ x4 € U, cxodumcesi Kk Kopiio, m.e.
X, —>X, MU N—> ©, Il UMeem Mecmo OyenKa nopeunocmu

ixn_x*lgqn‘xo_x*l‘ (1‘9)

TTokaxxeM CHaudaja, uTo BCE x, onpeaeasembic B {1.7), npuHagiexar
okpectHoctu U,. B camom nene, ecnmu x € U, n y = ¢(x), TO

ly—x,| =le(x)—p(x)] <glx—x,| < |x—x]|<sr
Hanee, |x,—x,|=|¢(x,_)— )| <g¢|lx,_,—x,|, o0TKyza

|x, —X,| <q"|xy— x,|, T.€. AOKA3aHO YTBCPXACHHC (1.9). U3 nero
HETIOCPCACTBEHHO CIEAYET CXOAUMOCTh X, — X,.

n—>«

3ameuanue. Ha npakrtuke BMecro yenous (1.8) obbiuno tpeby-
JOT BHITOJIHEHHS YCJIOBUS

bo' () 1y, sg<1, (1.8")
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u3 xoroporo caeayer (1.8) B cany Teopemsl 0 cpegHEeM M3 MaTeMaTHue-
CKOro aHaiM3a. A

B cuny oueBmpmoit Heogmossausoctu mepexoma ot (1.1) k (1.6)
NPAKTHYECKM BCETAA MOXHO IOR00paTth ¢(x) rakuMm o0pa3oM, utolbl B
HEKOTOPOM OKPECTHOCTH KOpHS Bbinoanaiock ycaopue (1.8). Moxer
OBITh, IPKM ITOM OKAXCTCS HEOGXONMMBIM BEPHYTBCS K DTAIY JIOKAMN3a-
LM, YTOOBL CYy3HTh PACCMATPMBACMYIO OKPECTHOCTD.

Yro xacaercd CKOPOCTH CXOZMMOCTH METOAA IIPOCTHIX MTEpanuii, TO
u3 (1.9) caenycr, 4To Ha KAXAOM WIAre MOTPENIHOCThL YOBIBACT HE MCHEE
yeM B g pas. (Hanomuum, uto g8 MeToma TNOJOBMHHOIO C/ICHWMS
g =1/2.) Takum 06pa3om, NOrpcUIHOCTH BEAYT cebs KaK UaeHB yOBBa-
IOWIEH FECOMCTPUUYCCKONW MPOTPCCCHM CO 3HAMEHATENEM ¢. B 2Toil cBA3mM
FOBOPAT, YTO MCTOA NPOCTBLIX HTCPAUMH CXOAMTCS CO CKOPOCTBIO TICO-
MCTPUUYECKOH mporpeccud. Min, 3aMcuas, uto MOCACAOBATENBHBIC TIO-
IPCHIHOCTH CBS3aHbl APYr C APYITOM JMHCHHDLIM HEPABEHCTBOM

Ixn+] _—xt! sqlxn _'xt”

TOBOPSIT, YTO MCTOA MPOCThIX MUTCPALMHI NPCACTABALACT COOOUM sumneilnbiil
umepayuonnbli npoyecc (MM mMemod nepsoo nopsoxa).

3amcuanue. [locnensee onpeaeaeHUE UMEET CMBICH, CCJIM B JIHO-
60it CKOJIb yromHO Mol OKPECTHOCTH KOPHS Beiuuuua | ¢'(x)| orpa-
HUYCHA CHU3Y, T.€. |9'(x)| = ¢, > 0. Hanpumep, ouesmano, uto mpu

v S
‘P(x) =X f’(X)

MBI nogyuaeMm Meton HeloroHa (Kak yacTHBI Coyuail METOAA TpOCThIX
urepauuit). Jlerko ycramasimBaercs, uto ans Hero |¢'(x)| —> 0. Kak
X_’Xk

CJAEACTBHE MbI IONYUMJIA coOTHOomenmne (1.4) Mexay mocnenoBaTesbHbI-
MM IOTPEIHOCTIMM METORA HproToHA, KOTOpOE MO3BOASCT TPAKTOBATH
TIOCIEAHUMA KaK Keadpamuunsli umepayuonuoii npouecc (Mnu memod
8mopozo nopsoka). A

Hcnonbsys nepasencrso (1.9), MOXHO MOMYYHTh ANPUOPHYIO OLECH-
Ky KOMMuecTBa wurepaumi (npubaMXeHWii), KOTOphie HYXHO BBINOJ-
HHUTb, YTOOB! MONyuYHTh PE3yabTat ¢ TpeOyeMoii TounocTsto. [las Toro,
OYCBHIHO, MOCTATOYHO PEIUUATb OTHOCHMTE/IbLHO 7 HEPABEHCTBO

*|x,—x,| e
Maxopupys HEH3BECTHYIO BEIMUMHY | x, — x,|, Hampumep, pasme-
pOM paccMaTpuBaeMoi okpecTHocT (b — a), momyvaem:

N> g [e/(b—a)]. (1.10)
g g

ITpn pemennn npaxriyeckux sagau meron tuna (1.7) (OT/MuHbHi OT
Merona HpioToHa) MOXeT 0KasaThcs NMpeaIIouTHTENbHEH MeTona HewoTo-
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Ha, NOTOMY YTO IOCACAHMI TpeOyeT Bhuucienui f'(x) HA KaXmoi uTe-
panun. Iloaxonsmyro dyuxkumo ¢(x), obccneumsBaroWylo Iepexon oT
(1.1) x (1.6), moxHO ucKaTh, Hanpumep, B Buae ¢(x) = x — g(x)f(x),
noabupast ¢ysrkuywo g(x) tak, utoOw Ha [a, b| BBUIOAHMIOCH YCAO-
Buc (1.8).

OcTaHOBMMCSL HECKOJIBKO MOAPOOHEH HA OUECHKE MOTPEIUHOCTH /ISt
MCTOAA MPOCTBIX WUTCPALUIA.

IIpexne Bcero orMeruM, uto Hapanay ¢ (1.9) MOXHO mosyuYuTh OUCH-
KY, HE 3aBUCSIUYIO OT TOYHOTO 3HAYCHMUS KOPHH:

qn
|x —x*] ng

P [ X) — Xl

n
(cM. ympaxHeHns).
Ha mpaktuxe, ogHako, HaUTH ¢ = {nab)]< | ¢'(x)| ymaerca mancko He
a,

scerna. Tem Gosee, ana merona HpioTOHZ MOXCT OKas3aThCs 3aTpyA-
HUTEJIBHBIM TIOJYYNTb OLEHKM M, W m, KOTOpPHC MOXHO ObLIO Osl

(8 cootBercTBUM € (1.4)) MCMOAB30BATHL IS KOHTPOAS 33 TCKYIICH I10-
IPELIHOCTRIO B IIponecce BriuMcaeHuit. [1ooToMy npu nposeneHun pacuc-
TOB JOBOJIPHO YACTO KOHTPOJIb JOCTUTHYTOH TOUHOCTH OCYILCCTBIAIETCS
Ha OCHOBC CJEAYIOIEro NpubIMXCHHOTO YCAOBMS: TIPOBEPSETCS HEpa-
BCHCTBO [X, ., — X, | < €, KaK TOJbKO OHO BBINOJHMTCSH, CYMTACTCH, UTO

1OC/ICAHEee BBIYMCACHHOC 3HAauyeHuc (x,,,) gBascTcs TpeOyeMbiM pe-
3yJIbTATOM.

3amecuanue. [Ipy cXOAMMOCTH NOCAEAOBATENBHBIX TPUOIMXCHHUIT K
KOPHIK) C pa3HBIX CTOPOH, YTO MMEET MccTo, e ¢’ < () B paccMarpusae-
MO# okpecTHOCTH (cM. puc. 1.36), Beanumna |x, ., — x,| mMaxopupyer

HCTHHHYIO TNOrPeWHOCTD, T.C. [X, . — X, | > |x, . —x,|, ¥ HooTOMYy
JAAHHBIA KPUTCPUIH OKOHUAHMS BLIUUCICHUI SIBASICTCS BINOJHC OObCKTUB-

uuiM. Ecomm xe ¢ > 0, To CX0AMMOCTD K KOPHIO HOCUT OTHOCTOPOHHUIA Xa-
pakrep (xak Ha puc. 1.3a), n ycnosue |x, , — x, | <& MoOXer Bbimos-
HUTBLCS TOPA3A0 PAHbUIE HYXHOro TpcboBanus |x, ., — x,| <e. B otom
cnyuae (mpu 1/2<g<1) KOHTPOJAb AOCTMPHYTOH TOUHOCTHM JIyYIIC
OCYILCCTBJSATE 10 IPOBCPKE HEPABCHCTBA ﬁ X, 1
BBITCKACT M3  JICFKO  YCTAHABAMBACMOM  OUECHKH  |x, ., — X,| <

— X, | € &, KOTOpPOC

1
< T—7 [x,+1— X,| (cM. ynpaxsenns). [Tpasga, npu 3ToM BCe-Taky Ha-
A0 MPCOBAPUTEIBHO NOMYYUTb OLIEHKY ¢ (cM. [1, ¢. 99]. A

Bangnue HEyCTPaHUMBIX HMOIPEIIHOCTCH HA BHIUMCASCMBIC TPHOIIH-
xeHus Gyner paccMoTpeHo B Gosice ofmeM cayuae (119 CHCTCM ypaBHe-
HUit) B JieKuuu 4.

Merton penakcauuit. Kak Obuio oTMEueHO BhIC, AT ICPCXOA:
or (1.1) x (1.6) dyHkumo @(Xx) MOXHO HCKATH B CICAYIOLICM BH/C:

Y



p(x) = x — g(x) f(x). Yacro nonararpor g(x) = Tt = const, 3anucuBag
(1.1) B Buge

x=x—1f(x) = ¢(x) (1.11)

¥ noabmpas mapaMeTrp T TdK, YTOObl B PacCMATPUBACMON OKPECCTHOCTH
BBIIOJIHSIOCh YCIOBHE CXOAWMOCTH

le@I =11 =) <1, (1.12)

Cm. ympaxHeHne 2 K JaHHON JICKLMH.

TeoMeTpuyecKass HHTEpPNpPeTauuss pacCMOTPEHHBIX METONOB.
MeTog NpPOCTBIX MTCPAUMIA JOMYCKACT HATJASOHYIO TE€OMETPHYECKYIO

g 0< @<l A —1<¢<0

¢(©) \

Sl \
P(Xg)
e(xy) ! § ¢(x)
(x)
Xe Xg X1 X X X X9 X, X Y
a 6
¢ o1 é//@(x) ¢ s& o< -1
\\ \
E
X, Xoxl x2 X x2 XoX, Xy X
[ Z
Puc. 1.3
TPakTOBKY. B camom mene, peiwenue ypaBHeHHS x = ¢(x) — DTO TOU-

Ka TNEPECCUCHHUS TMPSIMOM y=X C KpuUBOM y= ¢(X) B II0CKOCTH
(x, ¥).

Ha puc. 1.3a)—2) wimoCTpupyloTCs PazJIduHbIC CHTYAUMU: CXOQU-
MOCTh K KOPHIO OZHOCTODOHHSISI, C PA3HBIX CTOPOH, PACXOASLIMCCS MTC-
PALMIOHHBIE ITPOLECCHI.

Meron penakcanumit (1.11) mo cytm o3Hauaer, yto ¢yHKUMIO f(x) B
ucxogHoM ypasseHun (1.1) MBI 3aMeHsieM B OKPECTHOCTH BCCX X, Nps-
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. 1
moit y=f(x,) + - (x —X,) C NOCTOSHHBLIM HAKJOHOM, M B KayeCTBC

ouepegHoro  npubsuxeHus — pac-
CMATPMBACM TOYKY IEPECCYCHMS CC
¢ oceio abcuuce (puc. 1.4).

Wuorna sMmecro meroaa Heroro-
Ha, uToObl n36aBUTBECA OT HCOOXO-
AMMOCTH BbIUMCHATH f'(X) Ha Kax-
JOM IIAre WTepauuii, UCNOJIb3yIOT
TaK HA3BIBAEMEIN MmoOugpuyupodsan-
ol (MAnM  ozpybaentblil) Memod
Heoiomona:

/ F)

fx,)

x n T PGy Puc. 1.4

ntl = x
O‘ICBPIIIHO, 9TO €CTh YACTHHIM Cﬂy‘lllﬁ METOJA pcnaxcaunﬁ C pc¢aakcanu-
OHHBIM NAPAMCTPOM

1

T~——f’(xo)'

Meron xopa (cexkymux). Mcrog Heroorona Tpebyer BBHIUMCICHUS
Npou3BOANOH f'(X) TP BBHIYMCJACHUM KAXIOTO NPUOAKUXEHHI. DTO MO-
JKET 3aMETHO MOHM3UTh €r0 PeanbHylo dddCKTHBHOCTH (B CMBICIE 3a-
TPAT MALIMHHOTO BPEMEHU).

Ecrm ma (n+1)-M warc (pc3oHHO fojarad, 4YTO BEJMYMHA

|x, —x,_,;| mocraToyno Mana) wucnonwv3opate B ¢opmyre HeroTona
1pUbANKCHUE
F) = FCx,_p / .
1] n n-—1 f(\)
I'(x,) =~ X —x ’
e n n—1

TO MBI TIpUAEM K dopmyne
(x,—x,_)fix,)

X =, ——— :
n+l nT )~ f(x,_ ) Xn-1 Xn+l

T e, Xp X
KOTOpast ONpPEHe/seT MCTON XOpA '
(umm cexyummx). Hassauune cesiza-
HO C TEOMETPHUUECKON MHTEPIpPCTA-
uueit Meropa (puc. 1.5). Herpyano
yOemnThCS, UTO XOpAA K KPHUBOWM
/(x), npoBeacHHAas 4YEpPC3 TOUKM
(Xp—pp f(x,_1)) m (x,,/(x,)), ncpecekact ocb abcuuce B TOYKE
x, ., Moxno moxasars (|9], c. 146), uro MCTOA XOpA CXORMUTCH Mex-

ncHHee, yeM Meron Heroroma, Ho GwicTpee, ueM Kakoii-aubo JMHEN-
HBI MTEPAalMOHHBIA mpouecc (B UaCTHOCTH, MOAM(PUUMPOBAHHBEIN Me-
rox Herorona).

Puc. 1.5
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AONONMHEHME K NEKLMK 1

00 ycnoBMSX CXOAMMOCTH METOJA NPOCTHLIX MTEpaumil. MOXHO
10KAa3aTh COPABCAJMBOCTD C/CAYIOLIUX YTBEPXICHUM,

Yreepxnaenuc |l. ITyeme @ oxpecmuocmu U,= |x—a| <r
@dynxyus ¢(x) yoosremasopsiem yeioGuUsLM:

1) Kowu—Jlunwuya: ons wodex x', x" € U, |@(x") — ¢(x")] <
< g(x'— x"), npuuem g = const < 1;

2) |p(a) —al s(I—aq)r.

Toeda

1) 6 U, cywecmayem odno u mosbko 0dno pewenue ypagnernust (1.6);

2) ecau xy € U, mo x,, avuucasiemoie coenacno (1.7), exodsmes k
xopmio ypasienus (1.6);

3) cnpasedausa oyenxa (1.9).

OucBHMAHO, 4TO DTO 0ONCC CHALHOC YTRCPXKACHUC, HEXETN TEOpema o
AOCTATOUHOM YCJOBMHU CXOJAMMOCTH Wrepaiuid, chopMyJMpOBAHHAS B
ackuMH. OKPCCTHOCTD, ONPCACACHHAS B jLMIIHOM YTBEPKIECHMH, HUKOMM
06pa3oM He CBA3AHA ¢ HCM3BCCTHLIM penicnuem x,. Boace Toro, camo cy-

IECCTBOBAHUC PCLICHMST SIBASCTCH CACACTBMCM yeaosuid 1), 2).
O6patiuM BHUMaHMC Ha cacaywouee obcrouteancTso. Ecan ussecr-
HO, YTO MCKOMbIAi KOPCHB TNPHHAMJICKHUT PACCMATPUBACMON OKPCCTHO-
CTH, OIHOTO YCJIOBHS 1) MOXKCT OKA34dThCH HCAOCTATOUHO AAS CXOAMMO-
cti mrepaumid. IIpy HapyIIGHHOM yCnoBuuM 2) BhIUMCASICMBIC NPUOAM-
XEHUS MOTYT B ITOM CJIy4Yyae BBIHTM 34 NPCACAB OKPCCTHOCTH, T[AE
BBIMOJIHEHO YCIOBME cXxOAMMOCTH 1). C DTMM HAJ0 CUMTATHCS, TAK KaK
Ha NPaKTUKC, pCWAsi HCan-
P HEAHOC YPABHCHUC, Mbl MICM
N P(x) KOHKpCTI;lbU‘;[ KOPCHb, NPUHAA-
JIeKALMA  OKPECTHOCTH, Hali-
JACHHOW HA CTAJMH JIOKANM3a-
nuu  pewerua. Ilocncauss,
O/THAKO, HC 00s3aHA COBNAAATH
C oKpecTHOCcThIO U, U3 Tcope-
Mbl O [AOCTATOYHOM YCJIOBHM
cXoquMocTd  (UEHTPOM KOTO-
~ pOM  SBASETCS MCKOMBIA KO-
pctb). B mrore mMoxwHo cTosK-
HYTBCA C CUTYauMcH, NMOKa3aH-
Puc. 1.6 Hoit Ha puc. 1.6: Ha oTpeske
[a, &] BemosnHcHO ycioBue 1),
HO YK€ Xx; BBIXOAMT 3a IpPEAensl [a, b]; CXONMMOCTb, KAK BUAHO, OT-
cyTcrByeT. B aToM cayuae nesnecoobpasHo BepHYTHCS K ITAnly JIOKAJM-
3auuM, 4yTOOB YMEHBIINTh PA3MEP OKPECTHOCTH (HAIPUMEP, METONOM
[OJIOBMHHOrO JEJCHUS), M3 KOTOPOH BHIOMpPAETC HAYANBLHOE MpUGIH-

X a Xy Xgb xp x
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xceHue. KOHCTPYKTHBHOCTH TAKOIO TOAXOAA OMHMPACTCS Ha CJACAyIoUice
YTBEPX/ACHHE.

Yreepxaenuc 2. [yems pynkyus (x) @8 okpecmuocmu
U, =A{[x — b| <r} ydosnemasopsem ycrosuro Kowu—Jlunwuya u usse-

cmuo, ymo x, € U,. Tozda cywecmeyem makas okpecmiocms U € Uy,
codepxawas uckomoe pewenue (x, € U), umo ecau gulbpams x, € U,
mo nocaedosamensitbie npubauxenust (1.7) cxodamest K pewenuio x,, u
umeem mecmo oyenxa (1.9).

B 3ak/0ueHNe YKaXeM JONOJHUTE/NbHYIO JUTCPATYPY, MAC BOITPOCH
pcuieHUs HENMHEHHBIX ypaBHCHMN ofcyxparorcss Gonce noppobHo:
[1, c¢. 80—12], [3, 7.2, c. 128-150], [5, c. 11-14], |7, c. 176—183,
189—-1951, {9, c. 138—150], [12, c. 190—-207].

BOMNPOCHI U YMNPAXHEHUSA
1. Moay4ynTh cNeayIoUIyIo OLEHKY NOrPEIIHOCTH MCTOMA 11POCTLIX MTCpallMi

q q
[x, — x.] <——-——1_q Xy = x, ] <T—7 [x, — x4]

-4
fIPU BBIITOJHEHHBIX YCJIOBUSX TCOPEMBI O CXOAMMOCTH.
2. HailTu AManasoH T, A8 KOTOPbIX MCTON PCIAKCAIMU CXOUMTCH, CCIM 1A
la, b} f'(x) >0 (f (x) <0) uM, =max |f (x)].
la, 6]

3. [TonyunTs anpHOpHYIO OLUEHKY KonudecTsa HpubIMketii s meroua Holo-
TOHA, TAPAHTHPYIOLUMX MONYUYCHHUE PC3YAbTATA C TOHHOCTHLIO € (BLIPA3UTL UCKOMOC
KOJIMYECTBO UTCPALMit uepe3 M,, m, ucnosibsycmbic s (1.4), u¢).

4. TlonyuuThb CBS3b MEXAY NMOTPELIHOCTAMM UBYX 1OC/ICUOBATE/bHBIX TIPUOIH-
Kenuit Meroga HeloTona npu BeluMcsicHUM KpaTiioro Kopis ypastienus (1.1).

5. llpemitonaras, UTo IS METOA XOPA 110CIICHOBATC/ILHBIC IOIPEUIHOCTH CBA3A-
bl cootHomeHueM A, ., & const- AP (A= |x, — x,|), 1pOBCPUTL Ha OCHOBE
pacyeroB /1S Pa3AHUYHBIX YPABHCHMIA:

CIIPaBEM/IMBO M CHE/IaHHOC NPCUIIosioxReune?

€CJIM 1a, TO IOJIYYHTDb OLICHKY JUIS 110KA3AaTCJIsl CTCIEHM p.

Ykaszauue. [locnenoBarebiibic Napbl BLIMMCIEHHBIX 3HAUYCHUI (An, An+l)

oTobpa3uTh Ha rpaduke B JiorapudMuucckom Maciutabe.



NEKUMA 2

YUCNEHHOE PELLUEHME CUCTEM JIMHEAHBIX YPABHEHMMH.
ANPAMbBIE METO[bI

Heobxodumwie céedenusn u3 nunennoi ancebpo.. Popmyauposka paccmampusaemoli ada-
wu. Hpocmeiiwan cxema memoda ucknmovenus (Faycca). Bapuanmer memoda uCKIioHeHus
¢ 8blbopom 2aasH020 dnemenma. Memod npoconxu Ons cucmem ¢ mpexduacoHaivHOl
mampuyed. Heycmpanumoie noepeunocmu npu. peuieri Cucmemsr memodom uckuove-
Hust. Qucno obycrogrennocmu.

HeoOxonuMble CBE/CHMH M3 Jaunennon aiaredpst. [lpexsapurcibaO
BCIIOMHUM MATCPUAT AUMHCHNHON anrcOpbl, OTHOCAIIMNACS K HOPMaM BCK-
TOPOB U MATPHL, & TAKXC HCKOTOPLIC CBOMCTBA MATPHLL.

3aMcuanuc. Mu 6yacm noaarath gajace, YTo KOMIOHEHTHI BEKTO-
POB M DJACMEHTBI MATPULL CYTh ACHCTBUTCALHBIC YKCTIA. A

Hopmoii ekmopa X HasbiBacTcs unco, obosnavacmoe ||X|| u ynos-
JICTBOPSIOLIEE YCIAOBUSIM:

D IX|=0, IXj=0 < X=0,

2) flaX]l = |a| - IX|l, @ — cxansp,

3) X+ Y < IX|)E+ Y

ITpumepsn:
LX), = Ixl,
12
2. IX|}, = (E x-> — EBKJIMZIOBA HOpMA,

14

3. IX|l. = IIX]|, = max |x;,| — paBHOMepHas HopMa.
14

BexTopHOE MPOCTPAHCTBO € BBEACHHOW B HEM HOPMOM HA3bIBAIOT
Hopmupodariibim. OXHOBPEMEHHO OHO $BJISIETCS METPHYECKHM, TAK KaK
HOpMA OMNpPEAECASET MECTPUKY — PACCTOSHUE MEXAY IJICMCHTAMM TNPO-
CTPaHCTBA:

p(X, Y) = IX =Y.

(Brpenb, KaK DABHOZHAYHBIMHU, Mbl OYICM MOJb30BATbLCH, HATIPUMCD,
TEPMHUHAMM: [POCTPAHCTBO C PABHOMCPHOM HOPMOM, NPOCTPAHCTBO C
PABHOMEPHOM METPUKOIA. )

Hopmoii xeadpamuoii mampuubl A Ha3bIBAETCS 4MCI0, 0003Hauac-
Moe ||A|| 1 yooBaeTBOpSIOLIEE CBOMCTBAM:

1) 14 =0, ||[A]l=0 = A=0,

2) lladll = lal-llAll, @ — cxansp,

3) 1A+ Bl < |lAll + 1Bl

4) 1AB| < 1All- 1Bl
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Hopma marpunst ||A|| cozracosana ¢ nopmoii sexmopa ||X||, ecan
1AX] < || 4]l - | X]l. UmMerHO MCnOnb30BaHME COIMIACOBAHHBIX HOPM IO-
3BOJIMT HaM Jajee Moayvyarh TpeOyeMble OLEHKH Ui MMOTPCITHOCTH Me-
TOAOB NOCAEXOBATENBHBIX NPUOIMXEHUA, KOTopsle Mbl OyaeM paccMar-
pUBaTh.

Hopma matpunist A HazwiBaeTcs noduunennol HopMe Bextopa X, ec-
n || A|| BBoguTCH chaexyrommm ofpasom:

AX
1]l = sup Lk = sup [ax]].
X#0 | X)) =1
Herpyaso BuaeTh, 4TO MOAYMHCHHASL HOPMA COIVIACOBAHA C COOTBETCTBY-
I0UIed METPHKOH BCKTOPHOTO TMpocTpaHcTsa. B camom pene:
AXy AX| _ Al
IXH " xsp IXN ’

orcioma [l AX|| < [|A[[- IX]I.
YToGH MOYUHTh KOHKPETHOE BHIPAXCHUE TIOAUMHEHHON HOPMB MAT-
puubl uepes ee IAEMEHTH, Hano Haitin sup ||AX||. Hainem, Hanpumep,

Xl =1
[|All, — HOpPMYy MaTpHLIbI, NOXYMHEHHYIO PABHOMEPHOU METPHKE BEK-
TopHoro npocrpaHcTea. Urak, nycts Y = AX. Torna
HAax||, = |Ytt, = m';?lx ly;| = m?x 2 A,’jxj .
J
Hanee
2 A% | S Z A1) smax x| 3 14,1 = 1XI 3 14,1
j i i J

Cncposaresnpno, Ans sekTopor ¢ || X, =1

1Ax||, s max 2 [ A1
J

[TokaxeM, 4TO CYHMIECTBYET BCKTOP, HA KOTOPOM HAWICHHAS BCPXHAY
OUCHKA AOCTHrAE€TCd, T.€. UTO OHA SBJISICTCH TOYHOM BEPXHEH IPAHBIO
JUISL OLICHMBAEMBIX BEJIMYHH,

IMycre MaKCMMyM TpPaBOif YACTH NOCJACAHErO HEPABEHCTBA JOCTHIAET-
to 1py i == i, Torga, oucBUAHO, JIA BEKTOpPA

X = {sign (Aioj), i=1,2,..., n}
HOLYYnM

v = (AX)io=2Aiojxj = EAioj sign(4; ;) = D 14, ;1 = mtaxz [ 41
J J i J

Tak KaK, COIVIACHO I'IOJ'Iy‘KiHHOﬁ BBILIC OLCHKE, 3TO MAKCHUMAJBHO
BO3MOXHAg BCAHYMHA KOMIOHEHTBHl BEKTOopa Y, TO IO ONpEACICHHIO
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pPaBHOMEPHOM HOPMbI AJst BHIOPAHHOrO BekTOpa X

laX]l. = Y]l = max ly;| = y; = max DREITIE
J
Hrak, ||A]|C=m;4x2 A1
J

AnanoruuHo Jsicrko ycranasausacrcd, 4To | A[| =m;j1x2 [ A1 —
1
HOPMa, TOOUHMHCHHAsI MCTPHKC || X]|; BCKTOPHOrO MpoCTPaHCTBA.
MOXHO MOKA3aTh TAKXC, UTO HOPMa MATPHUILI, MOAUMHCHHAS CBKIIM~
JOBO# METPUKC BCKTOPHOIQ [POCTPAHCTBA, ONPCACAAETCA CACAYIOULUM
o6pasom:
Al = [p(A"4)]'"2,

rac p(ATA) = max (X ) — CucKTpLILHBIA paguyc Matpuupt A™A (AT —
TPAHCTIOHMPOBAHHAS MATPHIGA A), A v — CODCTBCHHBIE 3HAUCHUS MATPH-
upl ATA. Onpeacacnias takium o0pasoM HOPMA HA3LIBACTCH CHEKMpAaJib-
noi. Ecan npu orom marpmia A — cummerpuunast, T.e. A'= A, 10
ATA = A%, max (A,) = [max (X,)*] 1, CACAOBATCALHO, B DTOM Cayuac

FAll, = max | x|,

(A, — cOOCTBEHHBIC UMCAA CAMON MATPILb A).

Cuedyem ommemume, Yo 6 KOHCHHOMCPHOM AUHCHITOM APOCMDAlIL-
CIMLBe 3Ce HOPMbL IKGUGANRIHINILBL G MOM CMBICAC, HINO, CCAN UMUCH MCCMO

Ix,ll, = 0 (x, — nocaedosamenrbinocme djeMenmos npOCMPAnCcmaoa,
n-roo
@ — NPUSHAK HOPMBL), MO HO M0BOU Opyeol nopme maxxke ||x, |l — 0.
N

B 3aKJII0UCHUC DTOMO KPATKOrO JKCKYPCa B JHHCHHYIO anrcOpy orme-
THM €€ OAHO CBOMCTBO MATPML,, KOTOPOC HAM HOHANOOUTCS.

Marpuua A uwassisacrest noaoxumensiouw (A > 0) (Heorpuuaren-
HoU A= 0), comu (AX, X) >0 ((AX, X) = 0) ans mobeix X = 0. [las
MOJIOXKUTEIBHOM CUMMETPUUYHOM MATPULLbL CHPABEAIMBO:

min A, >0,
1
rac A; — coOCTBEHHBIC 3HAUCHUS MATPULBI A.

[IpsaMble METOABLI PELIEHUS JMHEHHbIX CUCTEM YpaBHEHMH. Bos-
BpAUASiCh K TCMC JICKUMM, U1l HAUAAA OTMCTUM, UTO 3dA4YM JTMHCHUHOH
anrcOpol ABJASIOTCS CAMBIMU PACIPOCTPAHCHHBLIMU C MPUKIAAHOW TOUKH
3PCHUSI, U TIOITOMY BHI3BIBAKOT HCH3MCHHO BO3PACTAIOLIMI UHTCPCC U CO
CTOPOHBI MATCMATUKOB-BbIYUCIUTECH.

Cornacso ungopmauuu us [8, c. 3], B Gnbaumorpaduucckom ykaza-
tese bubauoreku MUAHA*) caenana nonbiTka coGpaTth CBCACHMS O BCCX

*) Marematvucckuit MucTuTyT Akajsemuu Hayk
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paboTax @blHUCAUMENbHOZO XAPAKTEPA N0 JUMHCHHOM anrebpe, HauMHag
ot cratbu laycca no oOpaborke pe3yabTaToB HAOMIONCHHMIA MO MCTORY
HanMeHbimux kBaaparos (1828 r.):

c 1828 r. mo 1974 .r. (r.ec. 3a 147 ner) — 4000 HAMMCHOBAHUI;

¢ 1975 r. mo 1980 r. (t.e. 3a § ner) — 3000;

¢ 1981 r. mo 1984 r. (r.e. 3a 3 roga) — 4000.

3agaum AuHERHoi aarebpbl — 370!
— pEHIEHUE CUCTEM JIMHCHHBIX YPABHEHHUH,
— BBIMHC/JCHUE ONPEAEJUTENEN M 0Opaienne MaTpu,
— BHIYMUCIEHHE COOCTBCHHBIX 3HAUEHUI U COOCTBEHHBIX BCKTOPOB MATDHII.
B mpakTnuecKMx HOPHIOXKEHUSX HAamOosee Yacro TMPHXOTUTCS
UMCTh A€o ¢ nepsod sagauch. (Mbl yBuauM, uTO HEOOXORMMOCTDH
pCIIATh JWHCHHBIC CUCTEMBI yPABHCHUYM BO3HUKACT NpPUA peaau3anuu
CABA JIX HE BCEX METOHOB, C KOTOPHIMM MBI OyACM CTAJKWBATHCH).
Mmenno o0 oroll 3agaue moiiferT peub Huxe. 110 NMOBOAY OCTa/bHBIX
OTMETHM JIMIIb, UTO pEHICHWE BTOPOM 3aJayu, B KOHEYHOM CUETE,
CBOOUTCH X TMCPBOM; NOCJACHHSS XE CBI3aHA C MpobAEMOiM TOMCKA
KOpHEH anreGpaMucckoro MOJMHOMA AH-i creneHH (n — TOPSAOK
MATPUIHL).

3ameuanue. B konue mocaegnero adsaua obo3Haued (opMasib-
HbLA OAX0A K mpobsaeMe moncka coOCTBEHHBIX uncen marpuusl. CoBpe-
MCHHBIE METOAb HE TPEOYIOT BHIMUCHIBAHUA XaPAKTEPHUCTUUECKOTO MHO-
rowreHa. Cm. [1, c. 211; 2, ¢. 309; 9, c. 156]. a

Wrak, nycts Tpebyercsa HAUTH PCUICHME CHUCTEMBI

apx, tapx,+...+a,x, =/,

ayx; + apx, + ... +ay,x, = f,

2.1)

axytag,x,+...ta,x, =1,

WIM B KOMIIAKTHOM (BEKTOpHOM) opme
AX =f.

Mbt 6ynem cumrats, uto A = det A 5= 0, T.e. pemenue (2.1) cymecTsy-
CT ¥ CAMHCTBEHHO.

B npunnyne, uasectast GopMysibl, JAOIIUE B SIBHO (POpME peHIcHUE
dapaun (2.1). D10 dbopmyas Kpamepa:

Ai
X; = A
rae A; — onpenesuTeN b MATPHUBI, KOTOPAs MOAYYACTCS U3 MATPHIH

A 3aMeHoit cTonbua ¢ HoMepom i crobuom npaswix uacrei (2.1). Onpe-
ACIUTENN IOPHA 3TOM IPEAIAraeTcs BBIYMCAATL HO (POpPMYJaaM, paccMarT-
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PMBAEMBIM B KypCax JMHENHHOM anrebper. Hanpumep, aas A:

A=% (=Hlrerda,a,,..0a,,
P
n

T€ NOCAEHOBATCABHOCTH P, Py, ..., P, MPEACTABASIOT OO0 Pa3IMUHBIC
NEPECTAHOBKM HATYpanbHBIX uucea ot 1 mo n, P, =n! — uucio
BO3MOXHMIX IICPCCTAHOBOK, a |py, py, ..., p,] — UMCIO TaK Ha3biBac-

MbIX «OECHIOPSIAKOB» B MCPCCTAHOBKE.

OgHaKo B KAUCCTBC KOHKPCTHOTO METOAA pelucHus cucrembt (2.1)
JaHHble GOPMYJibl COBCPIICHHO HCMPUMEHNUMBI, TdK KaK NpPU MOACUCTC
KAXXOro OMpPCACAMTC/ASA MO APUBCACHHON BHImE (GOPMYyJE HAAO BbIUKWC-
JuTs n! cnaracMbix, UTO HCPCAJBHO TIPUM BeChbMa yMCpeHHbIX n. Ha-
npumep, yxc npu n = 100 umcem 100!>>10°. Ecnn ogno cnaracmoe
BBIUMCASCTCS, ckaxem, 3a 1070 ¢, uto BnonHe AOmMycTMMO ANS COBpE-
MCHHBIX MAlUWH, TO BPCMS PACHCTA COCTABMT COBCPUICHHO (DAHTACTM-
yeckylo uudpy:

84

T > 1090' 10“-{) ¢ = 8() 4'0(‘) CYTOK =~ 3- 1076 HCT!

DaKTUUECKHM XKC B HACTOALLCC BPCMH € MCITONB3OBAHNCM NOAXOAAILAX
METOIOB PEIIAIOTCS CUCTCMbI ropasno Ooace sbicokoro nopsaka (no
n= 104). UYro xe 310 3a mecroabi? Ux MHoxccTso. B ucnoM oumn pasae-
JISIIOTCY HA ABC TPYNIBI: NPSIMBIC M ATCPAILMOHHDBIC.

Mpsmble (MM Koneunbie) MmemoObl NOIBOASIOT TCOPCTUUCCKH (B
MPEANOAOXKEHHUH, UTO BBIYNMCICHUS TPOBOANTCHS Oc3 owmnbok okpyrac-
HUS) HOJYYMTh TOYHOE pewicHuc 3agaun (2.1) 3a xonewnoe uncao
apuMeTHUCCKMX Onepanyii.

Hmepayuonnsle memo0Ost, APYTAMHA CNOBAMH, Memodsl NOCACO0daA-
mesbiblX npubauxenuill, TO3BOJSIOT BBIYKC/IATh [0CACAOBATCALHOCTD
sextopor { X\™}, cxonsmyrocs npu n— o K pewenuio 3apaum (2.1). Ha
NPAKTUKE NPU MCNOJAb30BAHMM UTCPALMOHHBIX METOZOB OIPAHMUNBAIOT-
Csl BBIYMCACHMEM KOHEUHOTO YMCIA TPUOAUXEHU B 3aBUCUMOCTH OT J0-
MYCTUMOTO YPOBHS TIOTPEIIHOCTH.

Hpocreiias cxema Merona uckmouenns (Faycca). Bapuaurst.
B naHHOW nexuyu peyb MONAET O MPAMBIX METOAAX. DTO, KAK MPABUIIO,
Pa3INYHbIC BAPUAHTHI METOAA MOCACAOBATEIBHOIO MCKIKUCHHUS HCHU3BE-
CTHBIX. MBI paccMoTpuM mpocreitniue.

Ouesnnno, uto cnoxHoCTH cucTeMbl (2.1) onpexpensercs CTPYKTYpoi
matpuubl A. Ecin A — puaronaneuas marpuna

d, 0

28

TO CMCTEMA PACHAZACTCs HA 1 JUHCHAHBIX YpaBHEHWHU, KAXA0E U3 KOTO-
PBIX CONEPXUT OAHY HEM3BECTHYIO BEJIMUMHY, U Npo0ieM ¢ BBIUHCICHH-
SIMH HE BO3HHKAET.

IIpocro pemwaercs 3amaua (2.1) u B c1yuae, xorna Marpulia A gasis-
erca tpeyrosbHOM. [lycrs, Hanpumep,

a,, ay; .. 4y,
a,, ... a
22 2
A=A, = ",
0 a

OueBunno, 14 Beex i a;; # 0, Tak xak det A # 0. Toraa u3 nocaenxero
YpPaBHCHUS

1

Aanee, Xx, = a_ (fm T Xy T Aup—1Xn—1 T eee T amm+1xm+1) A
mm

m=n—1,n—2,...,2, 1.

3ameuanue. Beuay 6osnpmoro MHOroOGpasus METONOB DPEIICHUS
3agaun (2.1) (ma m apyrux 3agad, ¢ KOTOPHIMH MBI OyAEM HMETH HEJIO)
B JAJBHEUINEM BAXHYIO posib OyAET MrpaTh TAKOi Kputepuil orGopa,
KaK TPYAOEMKOCTb METOAA, BHIPAXKEHHAS B KOJHMYECTBE TpeByeMbix
apuMETHUECKUX OMEPaluil. A

OuennM o0beM BHIYMCACHUM, CBA3AHHBIA C PCUIEHUEM CHCTEMBI C
TPEYrobHOM MaTpuueit. UTOOB BEIUMCIMTD X,, HAZO BBIIOJHHTH OJHY
OnepaumIo, A1 BHIYMCACHUS X, | — TPH, X,_, — NsTh U T. 1. Hetpyn-
HO yCMOTPETD, U4TO OOWIEE YMCIO ONCPALMIA PABHO

n
Q=% (2m—1) = nZ

m=1

IlepeiineM Teneph K OOCYXAEHMIO BADMAHTOB MCTONA HMCKJIIOUEHUS
s cucremsr (2.1) ¢ matpuneit obmero Buaa.

Tunuunas cxema peanum3auyy METOAA MCKJIIOUEHUS PasCaseTcss Ha
ABA 3JTamna: npsmoi xo0 — NPUBEICHUC HCXOZHOM MATpULBI K Tpe-
YTOJIBHOMY BUIY M obpamHubill X00 — PELICHUE CHCTEMBI C TPEYTOJbHON
matpuned. PaccMoTpuM peanusanmio npsiMoro xopa.

[Iyctp a;; # 0. B mpoTuBHOM cCayuae BCerjga MOXHO HEPECTABUTD
ypaBHenus B (2.1), Tak uT0GBI 3T0 yCAOBHME BBHINOAHSIOCH (BBHAY TOTO,
uto det A 7 0, Bce 2JEMEHTHI MEPBOro cT061a HE MOIYT OHHOBPEMCHHO
ObTh  HysneBmIMM). YMHOXas mepsoe  ypaBHenme (2.1)  ma
Y = —a, /a,, 1 ckIanBBAs PE3YIIBTAT C i-M YPABHEHMEM, HCKIOUACM U3
{-TO ypaBHCHHMS HEU3BCCTHYIO x,. IIposenas aTy omepaumio co BCCMU ypin-
HECHMSMM, HAumMHAadA co BToporo (i =2, 3, ..., n), IPAAEM K CUCTCMC ypaB-
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HEHUHU CJCAYIOUICIO BHAA

apx; tapx, tagx,+..0+ a,x, =1

aldx, + ax; + ... + allx, = s,

aldx, + alix; + ... + alx, = fv,

me  aY=a;+ Ve, O=f+8f am i=23,..,n,
j=2,3,...,n
Hpeanonarasi, uro ab) # 0 (ccam 210 HE TaK, TO JOCTATOUHO NCPCCTA-

BUTb AOMXHBIM 00pa3oM ypasHCHust s (=2, 3, ..., n), U HCNIOAb3YS
xoaddunuente 1 = —al)/ull), nexnouacm x, us Beex ypasHenmit ans
i=3,4,..,n Ananornunnm o6pa3oM M3 OCTAIOWIMXCS YPABHCHUI MCK-

JIOUATCH X5, X, U TaK jaice. Oucsuano, Boimoauus (n— 1) waros
noA00HOrO POAA, MPUACM K CHCTCMC YPABHCHMIA C TPEYTOILHOM MATPULICIH,
KOTOpasl PCIIACTCR TAK, KAK ObLIO CKA3aHO BuiuIC (ITO yXe OOpATHBIA XOX).

KaxoBa tpymocmkocTb ororo mcerona? OBGpaTHbiil X0, KaK MBI BULE-
7, Tpebyer BhmonHeHus n? apudMeTnucckux oncpauumii. B To xe Bpe-
Mg 13 001X COOOPAXEHMI SCHO, UTO MOJHOC YMCIO ONCPALMii JOIKHO
OBITh IPONOPIMOHANBHO n° (MBI MLICM 7 HCHM3BCCTHBIX, KAXAAS M3 KO-
TOPBIX JIOJKHA 3ABUCETh OT 1 BICMCHTOB MaTpusl). B camom acne, ak-
KYPATHBIA MOACYET ONEpalui, BBIMOJHSICMBIX Hd TCPBOM DTANC HMCKIFO-
YEHUS, IPUBOSHUT K CACAYIOMECH OLCHKE 0OBbCMi BBIUHCIUTCAbHON pado-

1
Thl B paMKaXx HpsAMOro xoga: 2 = g n(n—1)(4n + 7).
" 2
[pu GoABIIMX A KOJMUYECTBO OMEPALAI Q~-3- n3. D10 BNOJIHC NpUCM-

nemas seumunna (npu n~ 10%, 6uicrponeitcTeuu OBM nopsaka 10° one-
pauumit B CeKyHAy TpeOyeMoe Ans pacuera BpeMs [OPAAKa OAHOTO udca).

Mul paccMOTpPENH NPOCTEHIIYIO CXEMY MCK/IIOUCHHS (9TOT MCTOA Ha-
3BIBAIOT TAKXe MeToaoM laycca) m manexo He nyyuryio. O6paTumcs ce
pas K npuMepy, KOTOPBIA MpUBOAMiCH B «[IpeABapHTENbHBIX 3AMCYAHK-
ax» K JaexumsaM. PaccmarpuBanace cucrema

1077%, +x, =1,
x, +2x,=4.

MEI BUAEIH, YTO B OAHOM M3 BAPHMAHTOB METOJA MCKJIIOYEHHUS PC3YJ/IbTATHI
MOIYY4IMCh COBEPIUEHHO HEBEPHBIMH. HAmMOMHMM «MEXaHM3M» BO3HHK-
HOBEHHUS OOJBIIKMX NOIPENTHOCTEH: ACICHUE HA MAJIbIE YUMC/IA, NOSBJICHUC
Gospiumx (O BEIMUMHE) MPOMEXYTOUHBIX PE3YJIbTATOB, MOTCPSI TOUHO-
CTM TIpY BHIYMTAHUM Gonbmux (61M3KUX APYT K APYTY) 4MCE.

TaxkuM 00pa3zoM, TOPSIKOK NOCAEAOBATCABHOIO MCKIIOUEHUS] HCHU3BL-
CTHBIX MOXET CHJBHO CKA3aThCsl HA pesynbTaTax pacuyeroB (rem Gonee
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/U1l CHCTEM BBICOKOTO TNMOPSAKA TAKOU MCXON BECHbMA BEPOSTCH). YMCHb-
LT OMACHOCTh NMOJOOHOIO POAA, T.€. YMEHBIIUTD B IPOLCCCE BbIKIALOK
BCPOSITHOCTb JEJEHUS HA MAaJbIC UNCJA, MO3BOJSIOT BAPMAHTHI MCTOAA
'aycca ¢ BBIOOpOM zragnozo snemenma.

Buibop 2AGHOZ0 2EMENMA nO CMOAGUAM. I[lepen MCKTIOUYEHHCM X,
OTI)ICKI/IBaCTCSI(\IIlaX | a; [} Homyctitm, MakcuMyM COOTBETCIBYeT i= i,
RS N i

Torna nepsoe ypaBHCHHE B UCXOAHO#M cucteme (2.1) MeHseM MecTamu ¢
iy-M ypaBuenueM. ([na DBM sta npouenypa cpg3aHa ¢ nepecTAHOBKON
ABYX CTPOK paciumpenHod mMarpuusl (2.1).) ITocne aroro ocywecteaser-
CSl MEPBHIA IAr MCKIIOUCHMA. 34TCM MEPEA UCKIIOUCHUCM X, M3 OCTaB-
IIMXCS YPABHCHUN OTHICKMBACTCH ng?gnmg;n, OCYIICCTBJIACTCS COOTBET-

CTBYIOIIASl IEPECTAHOBKA YPABHEHMIA H T. 1.

Buibop enagnozo snemenma no cmpoke. Ilepea MCKIIOYECHAEM X, OTHI-
CKHMBAETCH max |a1/ |. Iycrb makcnmym nocturaercs npu j = j,. Torma
J

ITOMCHAEM B3dMMHO HOMCPA Y HCHU3BCCTHBIX X u xj (MaKCI/IMa]lebII\/II no
0

BCJAMYMHE U3 KOIPHUUNCHTOB |-r0 yPABHCHHUS OKAXETCS B NMO3ULMHA a, )
W IPUCTYIIMM K MPONEAYype UCKAIOUCHMUS X|, U T. . Haubosee HaxexHbIM
SIBJIACTCS METOA MCKJIOUCHUS € Gbl0pOM 2AAGHOZ0 2JeMEHMa No écell
smampuye K03(pGUIUEHTOB HA KAXKAOM 1HAT¢ UCKTIOUCHMS.

PaccmoTpenHbie Moandukanun Meroga [aycca no3BoasioT, Kak npa-
BUJIO, CYIIECTBEHHO YMCHBLIMTH HCONArONPUATHOC BJMSHHUE HOrPEIIHO-
CTCA OKPYIJICHMS HA PE3YJbTAThl PACUCTA.

BripoueM, B NMpUKJIagHbIX 3a0a4ax AOBOJBHO YACTO MPUXOTUTCH CTAJI-
KMBATBCSE C JIMHCHHBIMH CHCTCMAMH, NMpPU PCUICHHH KOTOPHIX MOXHO HE
3a00THTBCH O «BPEAHOM» BO3ACHCTBMM HCYCTPAHMMBIX NMOTPEINHOCTENR Ha
PCLIEHNC, CIIOKOMHO MPUMEHSS NPOCTCHILYIO CXEMY TraycCcoBa MCKIIIOUE-
tusa (6e3 BHOOpA [IABHOIO 37ACMCHTA). DTO CHCTEMBI, AJS MATPRL, KO-
TOPBIX BBIIOJHEHO YCA08UE OUQZOHWIbILOZO NPeobadanust:

la;1 > la;| ans seex i=1,2,...,n
ji
MoxHO 1moKasarh {CM. ympaxKHcHuE 4), UTO YCJAOBHE AUATOHAJIBHOTO

npeobsagaHus OCTAETCH CIPABCAMBLIM MOCJIE KAXAOIO IIAra MCKIIoYe-
HUI B IIPOLECCE MPMBEACHMUS MATPUIbl K TPCYroJbHOMY BHAY, T.C.

n
k k c_
10 >3 [a®], i=kk+1, .., n

i=k

i
ans Beex k=1, 2, ..., n— 1. 910 03Hauaer, 4YTO HEPEN KAXABIM HCKJIIO-
YEeHHEM OYEPEAHOi HEM3BECTHOMN IIABHBIN 2J1EMEHT OymeT HAXOXUTHCS B
«HYXXHO! MO3ULUKS.



Bonee noppoOGHO BONPOCH, CBA3AHHEIC C MOBEACHUEM FEYCHPAHUMbBLX
nozpeuiHocmell TPU PEUICHUM JIMHCHHBIX CHCTEM, OYAYT 3aTPOHYTH B
JOTIOJTHCHHHU K JICKLMH.

B 3akoueHHE pacCMOTPUM BAXHBIU CAYyUAU CUCHIEM CHEUUAIbHOZO
euda (¢ mpexduazonanviod mampuyeil):

byx  + ¢ x, =/
ax, + byx, + ¢,x, ‘ =fy
azxy + byxy + cxy =/3 (2.2)

Ay Xp-2 + bn-lxn—l + CpatXn = fn—l 4
a,x, +bx,=/1, .

Mbl yBMAMM B AANBLHCHIICM, uTO HCOBOXOAMMOCTb PELIaTh MOXOOHBIC CH-
CTCMBI JOBOJIBHO HACTO BO3ZHHKICT B KAUCCTBC COCTABHOTO 371EMCHTA MpU
peanu3auMM PasaMuHBIX UHCACHHBIX MCTONoB pemenus auddeperu-
aNbHBIX YPABHCHHH.

[TpumcHuM ans pewcHus cueremnt (2.2) npocTeHIIyo cxeMy Merona
Faycca (6¢3 suibopa rassoro sacmenra). [loacaus nepsoe ypaBHEHME
Ha b, MCPENUIIEM CrO B BMAC

¢ _
x + px,=q, Py = ”17‘ G =5

YMHoXxas 3ro YPaBHCHUEC HA 4, U BbIUWUTAS CI'O U3 BTOPOro YpaBHCHNS,
KUCKJIDUYAEM M3 IOCJCOAHEIO Xy

(by — aypy)xy + X3 = [ — a4y

[TepenuceiBacm MOCAEAHEC YPABHCHUE B BUAC
) J 2_‘71“2)

x2+p2x3=q2, (pzzbz_l’laz’ qz_bz_l-’laz

HckaouaeM ¢ mOMOLIBIO 3TOTO COOTHOIICHUS X, U3 TPETLLIO YPABHCHHSA
u T.nAO. B wurore NPpUXOAUM K CUCTCMC ypaBHGHPIﬁ C ABYXAUArOHAIbHOU

Marpauei .
x, ¥ pxip =4, i=1,2,..,n—1,
(2.3)

X, =4,

x09(MMULUMEHTE ¥ TIPABbIE YACTH KOTOPOil BHIUKCAAIOTCH 110 HopMy.1aM

cy ¢ . _

_ — = ——— l=2 3,...,” I,

[)1 17 pl bi"pi——lai’ 3 (24)
f f,—aq,_,a
21 [ S bt N = .

G5y GTh ey TR

Ha ocHOBE NMPOACAAHHBIX BBIKJAZOK MOXHO CHOPMYIMPOBATH ANI0-
put™ pemcHus 3agauu (2.2), COCTOAUIMI M3 JABYX OTAMOB:
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1) mo dopmynam (2.4) BHIUMCASIOTCS MAcCUMBBL p; M g3
2) mo copmynam

X,=q, X;=¢;—pX;.p i=n—1,n-=-2..,1, (2.3)

saiTeKaromuM u3 (2.3), BHUKMCISIETCS MCKOMOE pELICHUE.

3TOT aNropuT™M M3BECTEH MON HA3BAHUEM Memoda npozoHKU IS CH-
CTCM C TPEXAMATOHaNbHOM MaTpuuci. [lepsblit oTan — Tak HaszbiBaeMad
npamas. npozoHKa, BTOPOH — 0OpamHast NPOZOHKQ.

Beuny onacHoctu oOpamenus 3uaMcHarens B ¢opmymax (2.4) B
HOJb BO3HUKACT BONPOC 00 YCJAOBUAX NMPUMEHUMOCTY METOAA MPOTOHKH.
TakoBBIMHU SBJISIOTCS, B YACTHOCTH, YCJOBHS JHArOHAILHOrO npeobaana-
Husl B MCXomHOM marpuue: |b,| > |a;| + |c¢;| ana Bcex i. B camom ne-
ac, B 9TOM cayyae |p| < 1.

Wcnonpgys J0ruKy MHAyKUMH, MOKaxeM, 4ro |p,| <1 mna Bcex

i=12,3,...,n— 1. Urak, nycrs |p,_,| < 1; Torma
fe,l le;l Ic;l el
| = < d < d < =1
il ib;—p,_a,l ~ 1o —1p,_Hall ~ 16,1 —1a1l ~ T¢I

Yreepxaenue gokasano. [IpuBeacHHas Henouka HEPABEHCTB ITOKA3BIBA-
CT OAHOBPEMEHHO, uTo |6, — p;_a;| > |¢;| =0, To ecTb 3HaMenarenp B
(opmynax (2.4) Bcerma OTJIMUCH OT HYJIS.

3ameuanue. TouHO TaKXKC MOXHO OOOCHOBATH MPUMEHUMOCTh
MPOTOHKM, OPTAHU30BAHHON B OOpATHOM nopsake («CHM3Y BBEPX»). A

OTMETHM, UYTO METOH MPOTOHKN OTHOCHUTCH K KJACCY 2KOHOMUMHBLX
MCTONOB. IKOHOMUUHBIMU HAZBIGAIOMCSL MEMOObL, OISt KOMOPBLX YUCAO
mpebyembiX apugmemuueckux Onepauuil NPoOROPUUOHANLHO HUCTLY iHe-
uszsecmubtx. Herpynao Buacrs, uro pacuetr no gopmynam (2.4), (2.5)
ACHUCTBUTENBHO TPEOYCT BHINOJHCHUS NOPSAAKA 84 5NEMEHTAPHEIX Oomepa-
umit. DKOHOMHYHOCTh B JAHHOM Cayuac (B NMPOTUBOBEC OOIIEMY CAYUAIO
(2.1)) mocTHUrHyTa 3a CYCT TOTG, UTO NPM PCANH3ALMH METOAA MCKIIO-
ucHusg, npusenuero K dopmysaam (2.4) u (2.5), Mbl HE BHIIOJHAIN OIE-
pauuif Hag HYJICBBIMHM 3JICMEHTAMH MCXOOHOM MATPHIIH.

AONONHEHME K NEKUUH 2

O HeyCTPaHUMOM MOrpeliHOCTH MPH PEIleHHH JTUHEHHBIX CUCTEM
METONOM HUCKAWueHus. [IpuMep, pacCMOTPCHHBIA B JICKIUHK 2, MOKA3bI-
BAET, UTO IIPY HEYOAYHOU MOCJICJOBATCHBHOCTH ACHCTBHHA B IIPOLIECCE
MCKJIIOUEHHS! HEU3BECTHBIX MOXET MPOM30UTH HEAOMYCTUMOE MCKAXCHHE
pcayapTaToB. «MexaHn3M» ITOr0 UBJECHHS: AEJEHUE HA MAJIOE UUCAO —
BHIUMTAHME OOJIBLIMX UMCEN — MOTEPS TOYHOCTH. B KayecTBE MpPEBEH-
TUBHBIX MCP, MO3BOJMIOIMX CHU3UTL HeOAAronpuaTHui a¢gdexT, npen-
J1arajioch MCTMOJIb30BaTh MOAM(MKALIMU METOAA rayCccoBa MCKJIIOUCHHS C
BHIOOPOM TJIABHOIO 27¢MeHTa. Ilpu 3TOM orpanmumpaerca poct (10 Be-
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JMYHHE) NEPECUATHIBAEMBIX 3JIEMEHTOB MATPHLBL HA HTATC IPSIMOTO XO-
Ad, ¥ BEPOATHOCTh 3HAYMTEIbHON MOTEPU TOUYHOCTH CYUICCTBEHHO TOHM-
xaerca (cM. ynpaxHenus 2, 3).

OcTanoBUMCS HECKOJILKO MOAPOOHEH HA OLIEHKE BO3MOXHOI neycmpa-
HUMOU TIOPEMIHOCTH PEIICHUS CUCTEMBI JUHCHHBIX YpaBHCHUA. U3BecT-
HO, YTO MCTOUHMKAMMN HCYCTPAHUMOM NOTPEMIHOCTH SBJISIOTCH HC TOJBKO
OKPYIVICHHS N1PY BBINOJHCHUM MAIMIUHHBIX ONEPANUI, HO TaKXC onbKH,
CofIEpXaluecs B MCXOAHBIX JaHHBIX. PasbepeMca cHAYaa ¢ NOCACAHUMH,
Npeanoaarasd, 4To apu@MCTUYCCKHUE ONEPALMM BBIIOJHIIOTCS TOUHO.

Urak, nycTh BMCCTO CUCTEMBL

AX =f (2.6)
pcmaeTcsa 3anada
(A+ 0A) (X + 8X) =f + of. (2.7)

3acch A — MATPULA BOIMYIUCHUH, MOACAMPYIOIIMX OMMOKH KO3(-
duuueHTos  ucxopmmix  ypasucunit  (2.6), &f — CcOOTBETCTBCHHO
BO3MYLUCHUS MpasbiX 4acrcu, oX — oGycnonneHHbIﬁ 3THMH BO3-
MYIICHHAMU BCKTOP <«OWMO0K», oTanuaowmit pemenue (2.7) or
pewenus (2.6).

[MepenucwiBasg (2.7) B BUAC

AX+ AJX + 3AX + dA X =1 + of

U BBHIUMTAS M3 MOCACAHCTO COOTHOWCHUS (2.0), NPUXOAMM K CHUCTCME
ypaBHEHUIA

ASX + 8A 8X = of — A X, (2.8)

KOTOpAasl OMUCHIBAET 3aBUCUMOCTh O0X OT BoamyucHui (0wnboK) ucxom-
HBIX JA3HHBIX.

Hance 6yaemM 00aarath, yTo BO3MyLICHAS KOO(POULMCHTOB yPaBHCHHIA
0A n morpemHocTH pewicHUd oX B JOCTATOYHOM MCPE Majhi, TAK UTO B
ypaBHcHHSX (2.8) MOXHO npcHeGpeyb KBAAPATUYHBIMH UacHAMHU dA &X.
Torna uHTEpecyomy0 Hac owubKy 6X MOXHO MPEACTABUTH B BUAC

3X = A7I(8f — 84 X).

BBOI(SI B paCCMOTPEHUE HOPMbBI BCKTOPOB M COIVIACOBAHHBLIC ¢ HUMH HOP-
Mbl MATpUI, NOAYYHUM OLUCHKY BCJIMUYHHBI NMOIPCUIHOCTU:

Xl = 147 (3f — dA X)Il < NAT' I (lI3fIl + HdAll-I1XI) =

— 1 nafi Al
=ty (i it 2250 ).

Yuurmsas, uto |if|| = || AX]|| < ||A]l- || X||, noayuaem pance
St 34
Iex | < 1474 (I[All HXH"ml” + (Al [1X]] ”[A”")
_ ! 131, 1184l
a0 a1 (3L + ok

34

B utore oucHxa A OTHOCMTEILHOM MOIPECHMIHOCTH PELUCHUS MOXCT
OBbITh 3aIIMCaHA B BURE

18xi N8l | 1184] 2.9
e < Pa g A (29)
rae py = ||A7Y]| || All. 3nauenne w, HA3BIBACTCS HUCAOM OBYCAOGAENIO-

cmu mampuybt A. VIMEHHO 9Ta BeIMUMHA ONpPEAEASCT, HACKOMIBKO CHJlb-
HO TIOTPEMIHOCTH BXOAHBIX JAHHBIX MOTYT IOBJUSATb HAa PEIICHUE CUCTC-

Mu (2.6).

Bcerma um,=1. B camom ngene, umeem E = A7'A, Orcrona
l=|E||=|lA""A|| < |47"||-||A|l = u,. Eciu 3mauemme p, sBasercs
ymepeHHbIM (@, ~1—10), ommbky BXOAHBIX AAHHBIX C1a00 cKasbiBa-
I0TCS Ha pemeHuH; cucrema (2.6) B 9TOM Clyuae HasbIBAETCH XOPOULO
obycroeaennoi. Ecnm p, semnko (u, = 10%), cucrema (2.6) nuoxo o6yc-

J106JleHa, PELIEHHUE €€ CUABHO 3aBUCAT OT OIIMOOK B MPABHIX YACTIX M KO-
as¢dunmenTax.

Samcuanuc l. BooSuwe rosopg, Gojece TOUHOE NPEACTABIACHHUE
O XOpOIIeH WM MJI0X0W OGYCAOBJEHHOCTH CHCTEMBI JOJXHO OMMPATHC
Ha TpeOOBaHMS, NpPEXbABASEMBIE K pellcHmo. Ecrm, K IpuMmepy, Ho-
IPELIHOCTh BXOAHBIX AaHHbM ~ 1070 a momycTuMas morpemHocTs pere-
s ~1072, to maxe npu u~10* cuCTEMY MOXHO CUMTATH XODOLIO
00yC/IOBJIEHHOM. A

3amMeuanne 2. Xorenoch 6l NOMYCPKHYTH, UTO JAHHOE CBOMCTBO
(06yCMOBAEHHOCTD ), BHIPAXAEMOE HCPABEHCTBOM (2.9), HUKAK HE CBSI3a-
HO C NPENNOJAraEMBIM METONOM PCUICHUS CHCTEMBI, 4 IBJISETCS W3HA-
YaJIbHOM XapaKTEPUCTHKOH DPEIIAEMOi 3a]auu. A

[Ipumep. Paccmorpum cucremy

100x, + 99x, = 199,
99x, + 98x, = 197.

Ee pemenne: x; = x, = 1.
Hckasum Teneps cierka ec npaebie YacTH:
100x, + 99x, = 198.99,

99x, + 98x, = 197.01.

Pemenne «MCKaXeHHON» CHCTEMEL: X =< 2,97, x, >~ —0.99.

UTo6bl COMOCTABUTH MOMYYEHHBIE PE3YJBTATH C oneHkoi (2.9), 6y-
ACM MOJb30BATHCA CACAYIOLIMMH COIACOBAHHBIME HOPMAMH JJIS BEKTO-
POB M MaTpMII;

”X” =m;;1x |xil1 1Al =m?x 2 |aij|-
7



ILast paccMOTPEHHOTO NpUMEPa MMEEM

_ (199 _ {—90.01
f_(197)’ Bf-—( 0.01)’

OTHOCPITCJII)H&SI NOTrpCIIHOCTD "”61.‘;'"
J1ad BCJIMUHNHA.
Hanee, || Al =199,
_ -1 _ (—98
det A I, A7 = ( 99

—100

el =199, ||of|l =0.01.

5+107*=0.005%. Dto oucHb Ma-

99 ) A7 = 199,

= (199)% = 39601 ~

4-10%,

Coraacso (2.9) "”%‘”ﬂ

C pE3yaAbTATAMHMU PCUICHUS PACCMOTPCHHBIX CUCTEM.

f
3ameuanue. Ectu 6o ana Bennuun %, L, MBI MCTIONb30BAIH

107
< 4-10* - =2(!), uro, KaK BuAHO, COrnaCcyeTCs!

TOYHBIE 3HAYCHMS, TO NOAyuuau Obl, YUTO B AAHHOM TIPUMEPE OUCHKA
(2.9) nna ommbku pemenus gocturacres. ClCOOBATENBHO, 3T OLEHKA
HE SBJISETCS 3aBBIIICHHOMN. A

Bosspamasce Kk BOmpocy o0 OLICHKE BJIHSHMSI HA PEUICHHE CHCTCMBI
NMOrPEMIHOCTEH OKPYIVIEHUS HPU BHIMOJHCHHUM apu(PMETHUYECKMX Omepa-~
uui, OyaeM KpaTKuMu ¥, cieays [8], nuub coumieMmcs Ha pe3yabTaTh
U3BECTHBLIX MCCJICIOBAHUMH.

MoxHo mokasate [6, 8], uro Mammanoe pemenue X' = X + 8X su-
HEAHOM CHCTEMBI, BBIUHCICHHOEC MeromoM [aycca (¢ ToM wam MHOHU
cxeMoit BbIOOpA IVIABHOTO 37eMeHTa MM Boobme 6e3 Bebopa), TOUHO
YAOBJIETBOPSIET YPABHCHUSM C ONMPEREJCHHEIM 00pa30M BO3MYINCHHBIMH
koaddbuumeHTaMu

(A4+ )X =f.

Ilng HOpMBI MaTpUUbl TaK HA3BIBAEMHIX DKBHBAJICHTHHIX BO3MYLICHHH
OA cripaBensvBa OUEHKA BUAA

34|l ~ ng(A) || Allp™".

3mecy n — TMOPSIHNOK CHUCTEMBI, p — OCHOBAHME MAIIMHHOA apUMETH-
KM (KaK mpaBwio, p=2), { — UMCIO 3HAYAIMX LUQP, YUUTHBACMBIX
max |a(k)|

2

IpH BHIIONHEHUH apudMeTHUECKuMX omepaumit, g(A) = max el

ko TR
rae k — HOMEp mara Ha 3Tane NPSMOTO XOHA METONA MCKIIOYCHHI.
(Takum ofpasoM, BenmnuuHa g(A) MOKA3HBAET, HACKOJBKO MOTYT BO3-
pacTH NEPECUMTHIBAEMBIE SJEMEHTHl MATPUIIB HA CTAOUU HPUBCACHUA
ee K )Tpeyronbnomy suny. Orciona ee HasBaHme — KOI(DMULUEHT
pocra.
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[Npusnexas panee (2.9), moaydaem ONEHKY OIIMOOK PELICHUS CHCTE-
mbl (2.6) 33 CMCT MOrPEIIHOCTEH BBIYMCICHUM:
aX
exy ~ w,ng(A)p™. (2.10)
X
Ecnu, Hanpumep, pemaercs cucrema u3 10° ypasnenmit u p, ~ 1,

g(A) & 1, To npu cueTe ¢ OPIUHAPHON TOUHOCTBIO HA 32-pa3psAHbIX Ma-
wuHax (p=2, {=726) Henp3s PACCUUTBIBATH HAa TOYHOCTH JIYUIIYIO,

II<3XII~ 2641 7|
HCXEH Xl n-2" n 10" e t10®

TO MOXCT HpOHBOﬁTH NOJHAA NIOTEPA TOUHOCTHU.

~107*. Ecau npu arom n, = 104,

Bameuanue. [110x0 00yC/OBICHHBIC CHCTCMBI BHI3LIBAIOT OMNpeE-
ACJEHHBIE TPyAHOCTH npu peiuenuu., W3 (2.9) caeayer, uto peuicHue
MX CWJIBHO 33aBHCHT OT OmMOOK BXOAHBIX AaHHbX, a u3 (2.10) BbI-
TCKAET, 4TO AAXE INPH OTCYTCTBMM OMIMOOK BO BXOAHLIX BCJMUYMHAX
MOXET IPOM30HTH 3HAUMTENbHAS (€CAM HE MOJHAS) MOTEPSl TOYHOCTH
HAa CTaJMM BHIUMCJAEHHI 0o Merogy [aycca 3a cuer mnorpemsocTed
OKPYIVICHUH. A

Bonee mnompobHBLIC CBEREHMS NO PACCMOTPEHHBIM 31ECH BOIPOCAM
MoxHO wHaitm B |1, c 122—173], [2, c.257-268, 303—308],
[3, T. 2, c. 9-53], (4, c. 15-70], [8], [9, c. 126—138], [11, c. 85—-95],
[12, c. 48—81], [16].

BONMPOCHI U YMNPAXXHEHUA

1. Ilpeanonaraercs, 4To AJis peLICHHUSA CHUCTCMbI
ay X+ apx =1
apXy +apXy +aypx; =/,
m1*1 + am2%2 +.. Anm*m + Am+1¥m+1 = fm'

ap1*; + ap2%2 +..t Dn—1%n—1 + App*n = fn‘

ucnosb3yercsa meron I'aycca 6e3 BeiGopa 11aBHOTO 37IEMEHTA, HO € YUCTOM CIELH-
(pUKH MaTpHlbl (Hal HYJCBBIMHU 2JICMCHTaMK apUPMETHUECKUE AEHCTBHS He T1Po-
W3BOASATCS).

OLEHUTb KOJIMIECTBO /IEMEHTAPHBIX apUMETHUECKUX OITepaliMil, Heobxonu-
MbIX /1Sl BHIMMCJICHUS PCLIEHMS, €CJIM UCKJIIOUCHHUE D/IEMEHTOB [1POU3BOANTCS

a) «CBEPXY BHHU3»;

6) «CHH3Y BBEDPX>.

2. IlokasaTh, uYTO TNpHU WCIOJB3OBAHUM METONA MWCK/IOUEHUS ¢ BhiGopom
I'JIaBHOTO 3jIeMeHTa 1o CToNA0IAaM MaKCUMalibHbl 110 MOAYJ/IIO 3JIEMCHT nepe-
CUMTAHHON MaTPULBl TIOC/E KaXJAOro liara MCKJOUeHHs e MoxeT Gonce ueM
B 1BA pasa INPEBOCXOAUTb MAKCUMAJIbHBIN [0 MOAYJIO 2NEMEHT NPEALIAYIIEH
MaTpHLbI.

3. To Xe aig MeToa HCKJIOUEHUS C BbIOOPOM TIJIABHOrO 3NeMeHTa Mo
CTPOKaM.
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4* Hoxaaarb, 4YTO CBOWMCTBO AUATOHAJIBHOIO npeo6nanaﬂuﬂ MaTpulibl COXpaHa-~
€TCA MPH UCTIONB30OBAHHH IS PELLCHUS CUCTEMBI METoAa l"aycca 6e3 Bbl60pa rjas-
HOI'o 3JIeMeHTA.

5. Kak, ucnonsays uneonoruso Merona l'aycca, BLIMHMCIUTD OlIPCACTUTEND 3a-
IaHHOM MaTpHUbI?

6. Kak na#iti Matpuuy, obpaTHyIO 3a5aHHON?
7. Anst cucTemsl
10—3x1 +x, =1
X tx,=1,
OTBETUTD Ha CJIEAYIOLIUC BOIIPOCHL.
a) KakoBo unc/io 06y c/ioBNeHHOCTH MaTpHLBI 3TOM CHCTEMb?

6) Kaxosa ponycTuMas OTHOCHTEIbHAS HOMPEIIHOCTD NpaBbiX YACTCH, [IPH KO-
TOPO¥ OTHOCUTC/ILHAS 110IPCHIHOCTD PELIEHHS HE MPEBOCXOAUT 10~ 7
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NEKUMSA 3

MTEPALLMOHHbBIE METOADI
PELUEHMA NIMHEUHbIX CUCTEM

Memod npocmbix umepayui. JJocmamounoe ycaodue cxodumocmit. IIpumepbt umepayion-
1nbLxX npoyeccos: memod Hxobu, memod 3eidens, odnonapamempuveckuii memod umepa-
uutl. Onmumusayus napamempa. Bosmoxnve 0600uenus. Bausnie HEYCIMPAHUMBLX NO-
ZpeutHocmel. Ha nocaedodamesibHule npubauxenust.

MeToj NPOCTHIX uTepauui. Mel nepexoauM K 00CYXKACHHIO UTEpPa-
LIKOHHBIX MCTOAOB (TO €CTh METOZOB MOCAEAOBATCAbLHBIX NPUOAMXKCHUI)
PCLICHUS JIMHEMHBIX CUCTEM yPaBHEHHM:

AX =f. (3.1)
(Kak ¥ B npowmwoi JcKLUUMK, Mbl cuuTtacM, yto pcuicHue (3.1) cyuiecr-
BYCT M €IMHCTBCHHO.)

PaznnuHbic BAPUAHTHL MCTOAA TIPOCTBIX MTCPAUMI CBA3aHbL C nepe-
xonoM oT cucteMbl (3.1) K 5KBMBAJIEHTHOM CHCTEME
X=rX+g (3.2)
Urepauuonnnii npoucce, onupasice Ba {3.2), CTpOMM OUCBHIHBIM
obpazom:
X® = px*k=1 4 g X zanauo. (3.3)

3aeck k — HoMmep npubanxcHus.
VCA0BMY  CXOOMMOCTH MCTOA4 MOCJCAOBATEABHBIX NMPUOINXKCHUN
(3.3) dopmynupyroTCa B CACAYIOUIMX TCOPCMAX.

Tcopemal. Jracxodumocmu umepayui (3.3) K peuenuro cucmembt
(3.2) docmamouno, umobol 6 Kakoli-a1ubo HopMe GbLNOJHSLIOCE YCAOBUE

Pl <g<I.
Toeda nesasucumo om avibopa X©®
IX® — X*|| < ¢*IX@ ~ X, (3.4)
rne X' — rtounoe peurenue (3.2).

Hokazamenvcmao. Toacranoska Tounoro pewenus B (3.2) obpawaer
MOC/CTHEE B TOXACCTRO:

X =pPX +g
Boiuuras ero nz (3.3), nonyunm
X® — x* = p(X*-D —x*),

rac (X® — X) — BekTop norpemHocTy (MM IPOCTO TOTPEUIHOCTS k-0
npubIMXCHNS ).
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OueHuBas NOrpewIHOCTH MO Kakoii-mubo Hopme (c KOTOpO# corvia-
COBAHA HOpPMA MATPHULb, (DUIYPHPYIOIAS B YCJIOBHH TEOPCMBL), MHO-
Jiyuaem

IX® — X < [P - 1X%D — x*|| <
< gIX%*D — X*|| < ... < ¢FXO — X7

Ouesuano, uro npu g < 1 I{im X k) — x*.

Teopema 2 (6¢c3 noxasareapcrsa). Jas cxodumocmu umepayui
(3.3) « pewenuio cucmemor (3.2) neobxodumo u docmamouno, 4model
éce cobcmaenible 3navenust mampuubl P no abcosvomnon seauuuite
OblLnu Menblie eOuHULbL,

Onmpascr Ha (3.4), MOXHO NONYYMTH ANPUOPHYIO OUCHKY “HCAA
NpuOAMXEHUIA, TAPaHTUPYIOUIYIO, YTO BHIUMCICHHOE pewicuue Gyt oT-
JIMUATbCH OT TOYHOrO He 0osiee, YEM HA MAJIOE YHCO €.

IX® — X < ¢HIX©@ — X°|| <ce.

Paspewas nocnennree HCpaBCHCTBO OTHOCHTENBHO k, MOAYHACM

£

g —————
k> | IXO-x| (3.5)
g g
KBagpatHbie ckxofku o3HauaoT Gauxaimee ueaoe (CBCpXy) K sHaue-

HMIO BBIPAXCHUA, 3AKIIOUEHHOro B 3T CKOOKM. OucHkoit (3.5) moxHo
BOCIIO/Ib30BATBCS, ECAH MaXXOPHMpPOBATb KAKHM-TO Pa3yMHBIM 00pazom
HEU3BECTHYI0 HAyanbHyl morpemwHocTs [|X© — X*|| (M. ynpaxie-
Hue 3).

Teneps camoc Bpems oco3HaTh, 3aueMm, COBCTBEHHO, HYXHbI MTCpa-
HUOHHBIC MCTOABI, €CJIN MBI YMEEM BHIYKMCJATH PEUICHHUE, TOABL3YSCh, Ha-
npumep, kakoi-nubo mogudukaumeint merona laycca. Bonpoc cranosut-
CSl SICHBIM, €CAM OUECHUTD 3DHEKTHBHOCTD PA3IUYHBIX MOAXOAOB ¢ TOUKH
3pEHMs BBIMMCIUTCABHBIX 34TparT.

Merox laycca (B npocreitmeit UHTEPIPETALMH), KAK Mbl BHACTH,
npu n>>1 tpebyer BoinonueHus npubnuaurensuo (2/3)n® apudmernuc-
ckux omepauui. Meron mrepaumit (3.3) peanmsyerca npubAM3UTCALHO
3a (2n*)K onepanmit (2n? yMHOXCHHIA M CIOXKCHUIA CBA3AHO C YMHOXC-
Huem Matpuipl P Ha sektop X*~Y, K — uncno npubamxcunit). Ecaun
AOIyCTHMAsl NOrPEIHOCTh gocTuraetTcss npu K < n/3, To Mcroj urepa-
UM CTAHOBUTCS NPEXIIOYTUTEABHCH. B 3amauax, ¢ KOTOPHIMM NpaKThuC-
CKU NPUXOOMTCS UMETh AEJO, 3audcTyro K<< p.

Kpome Toro, meromst urepaumit MOryT 0KasaTbCs NPCANOMTHTCb-
HEil C TOYKM 3PECHHA YCTOMYMBOCTH BBHIUMCIACHHUH, B CMBICIC BAMHHUS
BBIYMCAUTEABHBIX NOFPEIHOCTENR HA PE3YJLTATHI PACuUCTOB (CM. AONOJ-
HCHHUA K JICKIIHH ).
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IIpuMepbl UTEPaLMOHHBIX NPOLECCOR

Memod Sxobu. 3anumem kaxpoe ypasdenue (3.1) B Bume, paspe-
LICHHOM OTHOCHUTEJIBHO HEM3BECTHOTrO C KO3(hOUUMEHTOM HA TIABHOM QH-
aAroHas M MaTpuLbl A:

1

Xy == (f g = QX1 = Q1 X1 = Qs X1 = o = LX)
mm
m=1,2,..., n.
To ects Mb nepenucanu (3.1) B Buge (3.2) ¢ marpunci
o 2 % 4y,
a, ay g
i 0 23 Qo
P=— 22 a2 a2
ﬂ 42 93 . 0
ann ann nn

Ecam BBeCTH B paccMOTPCHUC AMATOHAIBHYI0 MATPHLLY
a, 0

a

D= 2 o P=—D7(A=D),

A g=D7f.
0 anll
Urepauyonnsii npoucce (3.3) ¢ onpeaesennoi TakuM o0pasoM Mar-
purieit P naswmiBaercs memodom Hdxobu. OakTUueCKu BBHIUMCACHHS IIPO-
BopaTcd no dopmynaam

! - k=1
xSrI:) = a (fm - aml'xYc D amm—len——l)
mm
- k-1 -
Qima X570 — o=, X%y, m=1,2,...,n.  (3.6)

Huna cxoguMocTn Meroga SIkobM mOCTaTOYHO, YTOOBI OIS MCXOTHOU
MATPULBI A MMEJIO MECTO AMANOHAJBLHOE npeobaagaHue, T. €. 4ToObl KO-
2hHUIMEHTH HCXOAHBIX YPABHCHUMA YOOBJETBOPSUIA YCAOBHAM

la;;l >2 Iaijl

j#i

1S BCEX .

B camom xene, Torma ycsioBuc TeopeMsl | BBIIONIHEHO AJIst HOpMHL || P|f .

2 el
la..| i
Pl| . = max i —=max & — < 1.
171l i ; la;l i la;l
J*xi
Memod 3eiidenst. ITOT MeTOA OTAMUAETCH OT MeToaa JKoOM TOMbKO
TEM, YTO MPW BBIUMCACHUM k-ro npuOIvKEeHusS M- KOMIIOHEHTHI HC-
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HOJIB3YIOTCH YXE BHIUMCICHHBIE k- npubanxedua npeapiaywmx (1-if,
2-i, ..., (m — 1)-it) KoMnoHeHT:

x) = ;1% (fy — apx$™Y —apxf=D — . — q, x%D),
x&k) - ‘712; (f2— a21x§k) - azsxgk_l) e “2")‘5,“ D)
(3.7)
x{k) = a; (= @y x® — @ x — . —a, xR
mm
— ammﬂx%‘;ll) — .= um”.\'ﬁ,"' "l)),

Ecnn nmpeactasuts Matpuuy A B Buac cymmpl A=A + D+ A,
(A_, A,, D — HuXHSS TPCYroabHasi, BCPXHAS TPCYTOJLHAS W 1MAro-

HaibHAs MATPHUbL C DACMCHTAMM MCXOJHOH MaTpuum A), T0 McTOmy
3eiaens COOTBETCTBYET MATPULA

P=—(A— A+)_1A+ =—(A + D)_1A~o~

MoXHO ROKa3aTh, YTO MCTOA 3CHACAS FAPANTUPOBAHO CXOINTCS, CCAM
— BBINOJIHCHO YCJIOBMC AMATOHAJLHOIO NPCoO/IHN MATPHILK A

WK
— MaTpula A gBasSeTCd CUMMETPMUHOU M MOJOXHUTCALHOM.

B omuBakoBHIX yC1oBUAX (IPH HAMMUMM AMATOHAILHOIO npcobiaana-

HUS) MCTOA 3cHaess CXOMMTCA NPUMCPHO B ABA pasa ObicTpee meroaa
Axobmn.

Odnonapamempuueckui memod umepayui. Iepennmem (3.1) v Bu-
ne X=X —1(AX —f) = (E—t4)X + f, e 1 — noka uconpeac-
JICHHBIM MapaMeTp.

Mui dakruueckn npusenn (3.1) x dopme (3.2) ¢ P=(F —14),
g = 1f. Yrobn obecneunTs CXOQUMOCTE UTEPALMIT

X®) = pX*~Y + g, (3.8)

napameTp T Hajgo NopobpaTs TakK, YTOGH N0 KAKOH-TO M3 HOPM Ohij0 Bbi-
NoAHEHO ycaoBMe [|Pllsg< 1.

Hanee GymeM mpeamnonaraTb, yTo MATpUlA HUCXOMHOM CHUCTCMBI CUM-
METPUYHA ¥ NOJMIOXHUTENbHA (T.e. A= A u A>0) ¥ uTO U3BCCTHL rpa-
HULBL CIEKTPA MAaTpuibl A (MUHMMAIBHOE W MAKCHMAJbHOC COOCTBCH-
Heie 3HaueHusd). IIpu 9TMX NpeAnonoXenusx Mbl HE TOJLKO OMPCACIUM
AMAnasoH 3HAYCHWH T, TApaHTHPYIOLUMX CXOAMMOCTb, HO M HAMACM On-
TUMAJIBHOE T, IP¥ KOTOPOM BEJIMYUMHA TNOTPENIHOCTH TPHOAMXCHHI y6bI-
BAET ¢ HOMEpOM npubykenus Hambosce GHICTPO.
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Urak, 3ameuas, uto
X'=PX"+g, (3.9)

X* — tounoe pewenue (3.1), 1 BBOAS B pacCMOTPEHHE BEKTOP Owub-
k1 k-ro npubmrxenns r®) = X®) — X* noayuum, Bmumras (3.9) u3

(3.8):

r®) = pr-D, (3.10)
Tak kak MaTpuna A — CMMMETPHUHAS, TO CYLIECTBYET OPTOHOPMU-
POBAHHBIA Ga3uc M3 COOCTBCHHBIX BEKTOPOB {e,, i =1, 2, ..., n}, Takux

uto Ae; = A,e;, A, — COOTBETCTBYIOmME COOCTBEHHBIE 3HaueHus. [Ipu-
YEM B CMJIy NOJOXHTEIbHOCTM MaTtpuisl A min A, > 0. Bynem nmanee
i

nojgarath, 4to {A;} yHOPRAOYCHB IO BO3PACTAHMIO U 00O3HAYMM
A=min A; ¥ A =max A,.
14 4

n

Mycrs ré—1 = 3 c,e; — pasnoxcHue MO dneMeHTaM 6a3uca BEKTO-
i=1

pa omubku (k — 1)-ro npubanmxenns. (ITonb3ysach €BKIMZOBOA METPH-

ko, mmeem [[ré~D)|2 = (r-D, (k=) = $ ¢2)
Ioncrasasas 510 pasaoxcuue B (3.10), nmoayunm

"= P( 2 cie") =2 c;(Pe;) = ¢;(E—tA)e; =

2 4
=3 c,(1—tr)e; = cpue.  (3.11)
i i

Kak caeayer m3 nenouku coornomenuit (3.11), w; — i-e cobcrpen-
HOE 3HAYEHME MATPUUDL 2 OHO CBH3AHO C {-M COOCTBCHHBIM 3HAUCHHCM
MaTpunsl A paBEHCTBOM

w,=1—1A,
Hanee n3 (3.11) caenyer, uto
Ie®3 =3 clu} < max uf ir®= V)13 (3.12)
i

Takum ofpasom, ecam max |[u;| <¢<1, To morpemHocTs Oyzer
14

yOBIBATH C HOMEPOM NPHOAMXKEHMS KAK WIEH reOMETPUUYECKOH Mporpec-
CHM CO 3HAMCHATCJICM (.

3ameuanune 1. Mo Mo Ob 1 cpa3y (63 BHXIANOK, CBA3aHHBIX
¢ TpPUBJIEYEHMEM pa3jIoXeHus Bekropa omubok mo Gasucy) chopmynn-
poBAaTh JTOT BHIBOA, 3dAMETMB, YTO P — CHUMMETPMYHAd MAaTPULA
(P" = P), 1 BCOOMHHB, YTO HOPMa MATPHUH P, NONUAHEHHAS CBKJIMAO-
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BOH HOPMC BEKTOp3, ONPEAENSCTCSs B OTOM cayuac Kak ||P||,=
=max |u,|. &
i

3ameuanue 2. [lponenanHbie BHIKAAAKM 1O CYUCCTBY NPCACTAB-
ASIOT COOOIi NOKA3ATENBCTBO TCOPEMBI 2 O CXOAMMOCTH MTCPALMOHHOTO
nmporecca aad yactHoro cayuas A" = A> 0. B camom jcne, pocratou-
HocTs caenyer w3 (3.12). HeoGxomuMocTh BHITEKACT M3 C/IC/1YIOWETO
paccyXaeHus.

ITycts m?x ptf AOCTHraeTcs mpu =i, u lptio| = 1. llycrs pance

BEKTOD (g)nmﬁxn HyJICBOTO MPUOIMXEHNS MMECT JIMWbL OjHY KOMMO-
nenty r® =c, e, . Ouesuano, Torma P =c, uke, ; cacnonareanuo,
[] (V] 1]

0
B =
Ir®)| = C,-OI M,-OI" Z¢; M CXOMMMOCTh OTCYTCTBYET. A

OnTumu3zauus napamerpa. Uto6ul pa3obparbesi, Mpu Kakux JHAUC-
HHUSX NApaMETPa T BBIIOCJHCHBI HAMJCHHBIC OTPAHMUCHUS (Mix IS
1

<g< 1), obecnieynBaromume CXORMMOCTD OCACROBATCAbH LI X npubinxe-
Huid, obpaTuMcs K puc. 3.1, Ha KOTOpOM MJUHIOCTPUPYCTCH  Paclo/I0xNe-
HME COOCTBEHHBIX YHCEJ] A; m u; B miockoctu (A, w).

OueBuaHO, COOCTBEHHBIE YHMCIA B, =1—1k, gcxar wa 1npsmoix

w=1-— 1tk Cc TaHreHcOM yrna HakjaoHA —T. M3 PUCYHKA BHAHO, UTO
ycaosue |p;| < 1 Bemonuserca npu Bcex i (T.e. mpu Beex A < A, < A),
KOraa COOTBETCTBYIOWIME IPSMBIE JIEXAT BHYTPU 3aIUTPUXOBAHHOIO CCK-
TOpa, T.€. Koraa )
0<r<X. (3.13)
U3 pasnoxchus (3.11) caenyer, uto Beuumuny [w;i MOoXHO TpikTO-
BATh KaK KOO(PUUMCHT «IOAABIEHHUSI» COCTABJISIONICH BCKTOPA OiHOKK
BI0JIb OPTA €; HIPH NCPCEXOAC

Ml OT OZHOTO MPNBAMXCHNS K
=77 caepyroweMy. Ma puc. 3.1
BHIHO, 4TO MAX [; AOCTHIA-
q i
0 0 A
3 % 3 erca aubo npu A, = A, aubo
Opu A, = A; COOTHCTCTBYIO-
-1
mMasg KOMMOHCHTA oKy
P NpH  YBCJMUCHUM  UHUCIA
uc.3.1 urepauuit yonisacr nanbo-

JIce MEIJICHHO.
OnTUManbHBIM CpeaM BCEX BO3MOXHBIX 3HAUCHMI (3.13) snascrcs
T = T, NP KOTOPOM JOCTHIacTcst
min2 {max |1 -—tA,|}.
0<T<X A<h <A
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R 7

A

g o

3aMeuaHue. DTO BADMAHT TaK HA3BIBAEMOI 331aud O MHHMMAKCE,
O/IHOM M3 OCHOBHBIX 33flay TEOPWUHM ONTHMAJBHOIO YNPABJICHUS. A

13 reomerpuuecknx coobpaxenuit (cM. puc. 3.1) s9cHO, uTo peuicHUe
OT0# 3a7auM JOCTABASET MpsMas, KOTOPask HAMMEHEE YKIOHACTCS OT Hy-
.11 Ha oTpe3ke [A, A], T.e. npsmas, npoxoadmas Uepes CEPeauHy ITOTO
orpeska. CoorsercTByiomee 3Hauenue T, = 2/(A+ A), a MuUHUMaNL-
nuii (1o Moxymo) KoahGbHUIMEHT MOAABICHUS TTOTPEIHOCTH AOCTHIAET-
(s OQHOBPEMEHHO npu A = A u A=A ¥ paBeH
dy=min_ max |1 =t =]l =ty =

<<t M A)

=1 =t Al =1—="=2"2

VIMEHHO BENWYMHA @, ONPCACTSICT PCAJIbHBIA TeMN YOLIBAHMS MO-

I'NCUIHOCTH C HOMCPOM IIpPIGJIPl)KCHPISI B paMKax ONTHMaJbHOrO OaHONA-
PDAMETPHUECKOTNO MTCPALMOHHOIO npoiecca. WMeeT MeCcTo OLECHKA

If®) < ggllr ). (3.14)

Ilycts M = A/A, Torma go = (1 — n)/(1 + 7).

3aMeuaHue. B gaHHOM cayyac BeanumHA 1) 0OPATHO HPOMOPIUO-
naabHa umcay obycnosncHHocTd  marpuusl A, B camom  gexe,
Hy = LAYl ||Al|. TIpu cAcAaHHBIX TPEANOAOXKEHUSX OTHOCHTEIBHO
marpuigsl A (A" = A > 0) mogu¥HCHHAS €BKJIMIOBON METPHMKE BEKTOPHO-
r0 TMPOCTPAHCTBA CHEKTPaJbHAS HOPMA [JJs MAaTpul, [PUBOAMT K
All,=Amn A7, = 1/A, r.e. p, = A/ A

Ucnonwsaya (3.14), nonyuacm anpuopHyio OLCHKY uucaa npubmmxe-
HUii, TADAHTHPYIOMMX AOCTHXKCHUE 33AaHHOM TOYHOCTH €
£
[Ead

In g,

In

k= ko=

Ecim n<<1 (uucno o0yCa0BJICHHOCTH BEIMKO), TO

lnq0=lni—T:=ln(1—n)—ln(l—i—n)z—Zn

19y
ko~ 5, In = (3.15)

3ameuanue. 3uech ¥ Aajiee NPUBOAATCS HEKOTOPBIE OLECHKHU IS
CHCTEM C GosblIMM YMCJIOM 00YCIOBACHHOCTH. DTO HE cayuaiHo. [eao
B TOM, YTO C TAKMMM CUCTCMAMHM NPUXOAMTCH UMETH €10 JOBOJBHO Ha-
CTO NPH YMCJICHHOM PEUICHHWM YPABHCHUH C YACTHBIMHM IPOM3BOXHBIMH,
K4K Mbl YBUOAMM B Jekumsx 11 u 12, A



Mpumep. Ilycrs Hago pewnts cucreMy u3 #n = 10* nnHciHBIX
YPaBHCHUH C CHMMETDUUHOM IOJOXHUTEIbHON MaTpuueil. Mcerox aycca
Tpefyer B 3TOM Cilyuyae BBIIOAHEHMS mopsaka n°~ 10'% onemcHTapHbix
oncpauMii. B HTEpanMoHHBIX METONAX A1 MEPCX0Aa OT OAHOrO Npubau-
XKEHHS K C/IEAyIOIEeMY HeoOXOAMMO BBIIOJHHUTL MOPS/AKA A% OHCPALMIL.
Taxkum 06pasoM, 00bEM BHIUMCIAEHMIT, KOTOPBI CONPSKCH € MCTOAOM
MTEPALMiA C ONHMM ONTMMAJBHBIM napamerpom (kyn?), corsacno (3.15),

1 1
nopsaka P In . 103, u npu He caMmWKOM GOABPWIMX UMCANX 00yCAOBICH-
HOCTH 3TOT MeToa adexTnBHee Meroma laycca.

AOMONHEHMUS K NEKLMM 3

Bo3amoxHbie 0000wenns. ToapoBHEIE aHAMM3 ORHOMAPIMCTPHUC-
CKOF0 METOAd UTEPALMI IPHOTKPHLIBAET (B METOAMYCCKOM ILULINC) NYTH
nocrpocHus 6Oosnec 3hheKTHBHBIX MTEpaUMOHHEX npoucccos. Hanpnm-
MED, CCJM NPH NICPCXOIC OT OAHOTO NPUOIMXEHHMS K APYIOMY HCIIOAB30-
BAThb PA3JIMYHBIC WTCPALMOHHBIC MAPAMCTPBI, TO, OKA3BIBACTCS, MOXHO
HAWTH TaKyl0 HX TIOCJCAOBATEABHOCTb, UTO CKOPOCTHL CXO,IMMOCTH
CYIL{CCTBCHHO BO3PACTACT CPABHUTEIBHO C OXHONAPAMCTPHUCCKHM MCTO-
noMm. Hanpumep, B m-napamerpuueckoM (MIH, KaK MHOAA TOBOPST,
M-11arOBOM) MTEPALMOHHOM TPOLIECCE NOCAEAOBATEABHBLIC HpulIMXe-
HUS BHIYHCASIOTCH 10 dhopmyiam

X® = (E— 1 HX* D+ 1f, k=1,2,...,m

(3areM m-c npubnvkeHUEe NPUHUMAETCA 32 HYJAEBOC, LMKJ NOBTOPSICT-
Cd M T.1., A0 CXOAUMOCTU C TPeOyeMOi TOUHOCTHIO.)

INocncnoBarciabubie owMbOKKM (B Npeacaax OFHOTO UMKJAL) T

=X® — X* (X' — TOuHOE PEMICHMEC MCXOZHON CHCTCMBI) B DTOM CIy-
yae CBS3aHBI MEXAY COOOM COOTHONICHHEM

"™ = (E — rmA)r("’—l) =

(k) —

m
=(E—t A)(E—r1, Armd=_ = [](E—1,4)[r9;
k=1

m
IeN < IS 1EQ, e S, =[] (E—1,4).
k=1

B npeamonoxennu, uro A" = A > (0}, uMeeT MECTO paBCHCTBO
m
ISl = max H (I —7d) |,
k=1
rae A; — COOCTBEHHBIC 3HAYCHHMS MATLULH A.
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Hanee MoMCK ONTHMAJIBHOM MOCJAEAOBATEABHOCTH Napamerpos {t}'}
CBOOUTCS K OTHICKAHHUIO MOJIMHOMA m-# creneHu W(A):

m
w=I1 0 — ),
k=1

HAUMEHEE YKJIOHSIIOMIEroCH OT HyJss npu A < A < A. Pemrenue 3Toil 3a-
J4yy Bblpaxaercd yepes Kopuu noauHoma Yebpimesa (cum. [Ipunoxenus
I, II). IIpu 3TOM yMeHblueHMe OUMOKM 33 M LIATOB MUTEPALMOHHOIO
MKJIA ONPERENIETCH BEJIMUMHON

m
@O = ||S%)| = min { max [] ‘ (1 — T, A"
{1,(} FES TN k=1

Hanpumep, piag nioxo o6ycmoBacHHBIX cHCTEM (1)<< 1) MOXHO OAYUNTh

ont 9 l_ﬁ "
mn 1+vn

OueHnBasi, 3a CKOABKO WAros owubxa OyaeT McHbUIE 33AaHHOHW BEIM-
YUHHI E, HOJIy‘-IPIM

©
L g U

2/ €

CpasauTenasHo ¢ oueHkoi (3.15) ans ogHOWAroBOro MPoueCca ¢ ONTH-
MAaJIbHBIM TTAPAMETPOM 3TO CYWICCTBCHHO nyuie. [IpuMEeHUTENBHO K pac-
CMOTPEHHOMY B KOHLE JIEKLMM NPUMCPY JAHHbIM METOA TPCOyeT BBIUMC-

~

1 1 .
JICHHS TIOpSAAKa F In < 108 oncpauuit. TakuM o6pa3oM, AaXe AJAs CHCTE-
L]

MBI ¢ unciom obycnosaeHnocTi p, ~ 10* (n~107*) on Gymer HamHOrO
odpexTnsuee meTona I'aycca (He rosops yxe o ToM, uTo Meroa I'aycca B
TAKOM CATYALNH, COMIACHO OLICHKAM, NPUBEACHHBM B AOTICJIHCHUH K JIEK-
UMM 2, MOXET OKa3aThCd HENPUMCHMMBIM MPU KCIOJb30BaHMM 32-pas-
PSAAHBIX MALWIMH M3-32 NPAKTUUCCKON NOTEPH TOUHOCTH ).

O norpemHOCTH OKPYrJAeHWH NPy MUCNOJb30BAHHU MTEPALAOH-
HbIX METOAO0B. MBI GyAEM rOBOPUTH 3IECH O BAXAHMU OMMOOK OKPYIIe-
HUSI HA Pe3yJIbTaThl BRIUMCAcHMi1. Uro kacaerca omubBoK BXOAHBIX AAH-
HBIX, TO BO3MOXHOC MX BJIMSHHMC HA MCKOMOE DCUICHHUE JMHEHHOM CcHc-
TeMbi OBUIO MCCAEAOBAHO B JONOJHEHMH K IPEABIAYIICH JIEKUHMA
1e3a6UCUMO Om Memo0d, KOTOPbLI NPUMEHSETC IS pacyeTa.

AHBJIHB BJNIHUS BBIYHUC/IUTC/IBHBIX HOI‘pGIHHOCTCﬁ Ha nocjacaosa-
TenpHBIE NPHOIMXEHNS ONMUPAETCd Ha TOT (PAKT, UTO CyMMapHbld 3¢-
dexT ommbOK OKPYIJIEHHH NMpPH BHIMOJHCHHM OJHOTO 1HAra MTEPALMOH-
HOFO mpoiecca

X*) = pxk-1 + g

MOXHO TPAKTOBATh KAaK BO3MYILEHME MMpaBoil yacTu (BekTopa g).



Hrak, peanbHbI BEIYMCIATEIbHBIA MPpOoLCCC 3ANUILCM B BUAC
X® = px*-D 4 g 4 3gk).

Toraa pns pasHOCTH MEXAY PCATBHO BBHIUMCASCMBbIME NPHEINKCHU-
avu X&) n «upeanvunivus X®, koropsic noayuanaun Gni, ccan Gbi BE-
YUC/IEHUS IPOBOAMMMCH 0€3 OmMO0K OKpyracHUS, OyjIcM HMCTh

X — X®) = pRU-1) — Xk 4 3gk),

Cunras, 4yTo B KaKOH-TO HOPME BBIMOMHCHO JIOCTATOMHOC YCJIOBAC
CXOmUMOCTH || Pl < ¢ < 1, M OueHMBAs PAZHOCTH 1O COOTHCTCTRYIOUIUM
COIJIACOBAHHBIM HOPMaM, MOMYYUM

IX® — X®) < gIXED — XEV|| + ]3| <
< @IXED = XA + gl sg ) + 1 og ) < ... <

< GHIXO — XO| + (max [[8g@1) (1 + ¢ + ... + 4471,

EcrectseHno cuurathb, yTo ||i(°) — XO) =0 (rak kak HaAILHOC NPH-
OruxeHue 3aaeTcsl, a HE BHIYMCAAETCS ).

O6o3nauas MAKCUMAJIBHO BO3MOXHYIO CYMMapHylo (B npeicaax of-
HOM MTEPaLUM) HEYCTPAHMMYIO IIOTPEIIHOCTh & = max o™l 1 aame-
HAsl CYMMY TEOMCTPMUYECKOM TMPOrpeccMd MO HM3BCCTHON  hopmyne,
NOJyUYUM OKOHUYATENBHYIO OLICHKY OTJIUYMA PCANBHO BLIMHCJICHHOIO 1-TO

npubauXeHns OT «MACATLHOIO

~ k
[X® —x0 gL =L &
g—1 " 1—¢

OI(HOBpCMCHHO ITO MEpPAa MAKCHUMAJIbHO HOCTM)KMMOﬁ TOUHOCTH B
paMkax urepauuoHHOro npouecca. QueBHaHO, 6CCCMBICACHHO JALIBATD-
Csl B KQueCTBE JIONYCTHMOTO YPOBHS IOFPELIHOCTH € BCAMUMHOIL, CYIlC-
CTBEHHO MeHbllel, Hexenn &/(1 — g).

Pasymeercs, nocnensee coobpaxeHue MOXHO (M CACAYCT) HPHHM-
MaTh B PacCueT, TOAbKO €CJM M3BECTHA XOTH Obl rpybast OlcHK:a BCAH-
UHHBL J.

HpCJZ(CTaBJ'ICHI/IB O rIopgaKe 6 MOXHO NOJTYUHNTb HA OCHOBC CJ1C,1V IOUIAX
paccyxnaeHnit. M3 cTaTHCTMYECKOTO aHAMN3a MOrPCLIHOCTCH OKPYIICHUA
npu 60/1b10M 0GbEME BHIUMCAEHHH M3BECTHO |9, ¢. 23], uTo BLIIOAHCHUC
N OpHOTHNHBIX APUMMETHUYECKHX ONEPAUUi NPHBOAMT K CYMMIPHOI
ommbke okpyrienuit mopsaka N'/2Ay, rae A, — norpeuocts okpyic-
HUS IIPH BBINIOJHEHUM OHOM 571EMCHTAPHOU ONCpaLmy,

Hanee, B paccMaTPHBAEMBIX MTEPAMMOHHBIX MCTOAAX MCPCXOA OT OA-
HOTO NpUOMHXKEHHS K CIEAYIOMEMY CBOTMTCS K YMHOXCHMIO MATPULBL
Ha BekTOp. IIpu 5TOM JUIS BEIYHCICHMS KAXAOW KOMMOHCHTH PC3YJhTa-
Ta TpeOyeTCs BHIUIOJIHUTD MOPSAKA 4 YMHOXCHMI M CJIOXCHHH, rAc n —
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nopsaok cucremol. CIeI0BATE/IBHO, MOXHO CUMTATh, YTO HOTPEUIBOCTH
BBIYACJIEHNS KAXI0H KOMIIOHEHTH HOBOLO MpUOIVXEHMS, a TEM CaMbIM
i & CyTb BenmumHbl mopaaka n'/ZA.

MBIl MOyum/IM AOCTATOUHO OJIATONPHSATHYIO OLCHKY [/t HEYCTPAHU-
MBIX IIOTPEITHOCTEN BBHIMMCJICHUI NP HCMOJb30BAHMN MTCPALNOHHBIX
meTonos. Jlaxe ecau uucio o0yclIOBIEHHOCTH, KaK B npnMipe, paCCMO_'l;—
PCHHOM B TpPCOBAYIIEM pasfcie, BEIMKO: W A~10 , m~107%,
| LENOL Y 10*8, TO MOJHOM NOTEpH TOYHOCTH HE NPOUCXOMUT (KaK B Me-
roz:ix ?‘aycca) Mo KpailHeH Mepe mpu O = 1075 u MeHblIMX, UTO, CO-
I1ACHO MA3JOXCHHBIM BBHIIIC COOOPAXEHUSM, BIIOJIHC PEAJBHO /IS CyM-
MAPHOM NOrPEIIHOCTH OKPYIICHWH 33 OAMH 1Al MTEPALMOHHOIO UMK
;laXe JUls CHCTEM OYEHb BBICOKOTO MOpsiaka (BIIOTH A0 10%) mpu cran-

- -8
APTHON TOYHOCTM MAIMHHBIX BbruMcacHmin (Ay,~107°).

3aMmeuaHne. Ha npakTuke MTCPALMOHHBIE METOABI 4acTO TIPHME-
HSIOTCS 77151 PELUICHHSI CHCTCM C CHJIBHO PA3PEXEHHOM MaTpuueit (¢ uuc-
;IOM HEHYJICBBIX DJICMEHTOB MOpsaka n). B atom ciyuac d~A,, cooT-
BCTCTBEHHO TIPMMCHUTENLHO K PACCMATPUBAEMOMY NPUMEPY OLIEHKA HE-
yCTPAHMMOM MOTPCUIHOCTY YMCHBIIACTCA HA /BA MOPAAKA. A

O KaHOHMYECKON 33aMUCH UTEPALMOHHbIX IPONEcCoB. MHOXeCTBO
WTCPAIMOHHBIX CXEM, CKOHCTPYMPOBAHHBIX [ PCILICHHS Pa3JuuHBIX
JIMHEHHBIX CHCTEM, YKJAAbiBACTCA B KAHOHUYCCKYIO (opMy 3ammcu:

xk+D _x®

ky _ ¢.
By + AX® = £;
k+1

B, =FE -— 4BHbIC WMTCPALUUOHHBIC TPOUCCCHI, B, # E — uedBHbIC,
B, =B, 1, =T — CTAUMOHAPHbHIC TPOLUCCCHI.

MBI paccMOTPENN 3AECh CACAYIOWMUC YACTHHIC CAyYau:

a) B,=E 1y, =1 — OHOMAPAMETPUUECKUI MECTON;

6) B,=E, 1, €{y, k=1,2,...,m} — M-1IATrOBbI MUTCPALIOH-
HBIA OPOLLECC;

B) B, =D, 1, =1 — merox Axobu;

r) Bp=D+A_, y, = 1 — meron 3eipensa.

Bosiee mosiHBIE CBEAEHMS 00 MTEPALUMOHHBIX METOJAX PCUICHUS JIK-
HCIMHBIX CHCTEM YpaBHCHMII MOXHO Haitn B [l, c. 174—189], [2,
¢. 269—308], [3, 1.2, c. 44-75], [9, c. 153—155, 301—-423], [10, c.
17—35, 4201, [11, c. 96—129], [12, c. 82—126], [13].

BOMPOCHI U YMPAXHEHMUSA

1. JokasaTsb, 4TO
a) max Ial-jl HE 9BJISETCH HOPMOW MaTpHIIbL;
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1/2
6) Al = 2 alzj ABJIACTCA HOPMOM MATPHILLL,
i
B) Al =n (max laij I) ABJIICTCS HOPMOM MATPHUILLI.
i J
2. lokasatb, 4TO HOpMa [lAll 5, cornacosana ¢ Hopmamu XM 5 .

3. Iokasath, 4TO B yCJIOBHSIX TeopeMbl 1 cipaBeasiMBa onectika
.
X — X7J < 721X @ - x 9y

4. [laHa cucTeMa ypaBHEHHI

{
W Wi jrr T U j + Uy +U

i1, i =4V ) =1y L= 1 N1,

Uo_j:UN'j=Ui_0=ULN=0, l,]:O,N

az Haiity unciio apudmernuecknx orepaiit, HeOOXOUUMBI X JU1 BhIIOJIHCHUS
OAHOM UTepalHu MeTofa AKoGU Hpy pelleHUH 3TOM CUCTEMBI.
6) To xe gna Merona 3eitnens.

5. lns peuwieHus cUcTeMbl
le + xZ = fl’
X +2x,=1,
NpeAronaraeTcs MNpUMEHUTL MeTox SIKo6u.

2) OUEHWTb KONMUECTBO NPUBIIMKEHUIT, YMEHBLIAIOIIMX OUIMOKY HAUA/IBIOrD
npubanxenus s 103 pas,

6) To xe ang ofHoNapaMeTPUYECKOrO METOAA MTepalmii ¢ T = 0.3,

B) To Xe A/ ONTHMMAJILHOIO 3HAYEHMS MTEPALMOHHOIO Napamcrpa (HaiTH
TpebyeMoe OrTHMabHOE 3HAUYCHMUE) .
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NEKUNSA 4

YACNEHHOE PELUEHME
CHUCTEM HEJIMHEAHbBIX YPABHEHHUH

hopmynuposica 3adauu. Memod Hviomona. Memod npocmoix umepayuii. Teopema o 0o-
cmamounom yeaosuu cxodumocnu. Ckopocmey cxodumocmu. Bapuanmol WMepayuonibLx
cvem. Kanmonuuecxas opma 3anucu umepayuoHHuIX CcXeM. Brusnue noepewnocmei
OKDYCACHUS.

[Ipu 0BCYyXHEHMH MCTOZOB BHIYMCJICHUS PCHICHUS HEJBHEMHBIX CHCTEM

Mbl, B OCHOBHOM, OyZeM CJieqoBATh IUIAHY, PCAJM30BAHHOMY B JIEK-

nuu 1, roe peus mua 00 OTHICKAHMKM KOPHEH HEJIMHEUHBIX YDPABHCHHIA.
HTak, paccMaTpMBAETCS CUCTEMA

filx % 00 x,)=0, i=1,2,...,n, (4.1)
WM B BEKTOPHOM 3amnucu
F(X) =0, (4.1

¢ X — BEKTOp HEW3BECTHHIX BeawumH, a F(X) — Bekrop-(yHKuud,
ONpefeNSIom@as CTPYKTypy yPaBHEHMH CUCTEMBI:

X, [i(xps s X))
X = Xy , F(X) = fa(xy oo X,
xn f,,(xlv s x,,)

ByneM cuurars, uto cucrema (4.1) umeer mo KpauHe# mepe of-
HO pCIICHHE M UTO MHTEpecylmee nac peumeHuc X' NPHHALIEXHUT
M3BCCTHOM OKpECTHOCTH U,, BBISBJACHHOW HA CTaaMM JIOKAIM3aLKMU
PCIUCHMS.

3ameuanue. Kak u B cayuae OfHOro ypaBHCHMS, JIOKAJH3AUMA
PCHICHMS OCYINECTBJISICTCA MO0 HAa OCHOBE (PU3MUCCKHMX COOOpaXEHHI
(ccmm 3amaua mMeeT pu3Mueckoe comepxanuc), anbo ¢ NpUBJICYEHUEM
MCTOZOB MATEMATHUECKOrO aHaiu3a (Hanpumcep, AI8 CHUCTEMBL JIBYX
ypPaBHEHMI MOXHO NPUOJHMKEHHO OLEHUTb MCCTOPACTIONOXEHHME KOPHEH,
JHAJM3UPYS HA IUIOCKOCTH (X, X,) TOBEACHME KPHBHIX, 3a4aBACMBIX

ypaBHeHUSIMH f,(x;, X;) = 0, f,(x, x;) =0). &

Metox HbIOTOHA XaK METOJ, JHHEAPM3ALMM MCXOJHOM 3a1ayH.
IMycrs X € U, — suibpannoe HauanpHOe npubamxenue. B okpecrHo-

ctu X© nuneapusyem ypasrenus (4.1), npeactaBus Kaxmyio u3 dyHK-
umit sepoit uactu (4.1) B Bupe orpeska psaga Teiyopa aias (hyHKIHA 7
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TIEPEMEHHBIX:

n af (0)
14kt %o s 3,) 2 £, (60, 59, oy 50 4+ 3 2V 0 =
=1 j

n 0)
af.
=fO+ 3 (x—xM =0, i=1,2,..,n (42)
j=t

Bmecro sanaum (4.1) pemmm aumeitnyo cucremy (4.2), npumcHss
M3BECTHHIC MeTOAb (Hanpumep, Meron aycca). HaitmeHoc peuwcHue
6yneM CuMTATb NEPBBHIM MPUOIKEHHEM M T. 1.

CymecTsyer Teopema, KOTOpas yCTaHAB/JIMBAET, YTO IIPH HCKOTOPBIX
2
TPEOOBAHMSX, MPEABABIIEMBIX K —- :
p » TPCA ax;’ ox,0x,
CTHOCTH U,, MOCNENOBATENBHOCT BBHIMUCASEMBIX TAKUM 00pasoM mpu-
Gamkennii cxonurcs K pemennio X* (2], [3, 1. 2]).

Cucrema ypasnesmit nnst nepexoma or (k — 1)-ro npubanmxecHus
K k-My B pamKax NAHHOTO METOAA COMJIACHO M3JOKEHHOMY BBILIE
HMEET BHA:

B paccMaTpuBacMoOM OKpe-

(k~1)
Sl P —xEDY =D =12, (43)
1

me fED = f,(x{0, xf0, L xGoD)y,

Cucremy Hesbicokoro mopsiaka (n =2, 3) MOXHO 3amiCaTh B paspe-
meHHoM Buae oTHocureabho x¥) T e. B BHae pacueTHbIx dopmyn.
Hanpumep, ang n =2

g0 2|67V ey O, 67D
x(k) _ x(k—l) _ 6x2 ax2
: l o, oy, Ay ey
axl axz <3xl 0x2) (44)
of  [k—1) af, | k=1
k=1 1 _ fle—h T2
f2 dx ! ax,

X = x(=1) — !

(gf_, of, o, afl} *=1

Ins cucteM Gosice BBICOKOTO MOPSIAKA (n=4) peannsauusa nepe-
XOAa OT OfIHOTO MpPHMOMIXKCHHS K CAEAYIOWEMY, KaK yXC OTMCUAIoCh,
COCTOMT B DEHIEHUM M3BECTHBIMH METOAAMH CHUCTEMBl JIMHEHHBIX
ypasrennid (4.3).

52

Ecom BBecTH B paccMorpenme marpuuy SJkobu aas BekTop-¢yHK-
unn F(X):

of, of, of,
ax, ox, = ox_
D= __D_E _ 1 2 n
- Dx haael e e e s e e )
af, af, af, (4.5)
ax, ax,  ox,

TO cuctemy (4.3) MOXHO 3anMcaTb KOMIAKTHBIM 00pa3oM B BEKTOPHOM
BH/E

D=1 <x<") — x(k—l)> = k=1, (4.6)

dopmansro paspemas (4.6) ornocutessro X%, mpuxomuM k 3amucu
merona HeioTOHA 11 CUCTEMBl HCAMHCHHBIX YPABHCHHUM, CXOXCi ¢ ¢op-
Mysoit HpIOTOHA T CKAJISIPHOTO Cyuast:

X0 = xk-1) _ [Dw—l)] T -1, (4.7)

OuesunHo, uto (4.4) cCTh HC YTO MHOC, KAK TOKOMIOHEHTHAS 3amuch
(4.7) pna n=2.

MeTton npocThix urepaumit. Jonyctum, uro ypasHeHus (4.1) ka-
KMM-TO 00pa3oM NpuBENEHH K BUAY

x; =@;(x), xp, o0y x,), i=1,2,...,n, (4.8)
WM B BEKTOpPHOU ¢hopMme
X =2(X) (4.8")
Pr(xy s X,)
¢ Bekrop-dynkiumenn ®(X) = P (Xps s X,)
‘P(xl - .xn)

Onupasch Ha (4.8"), MOXHO BBIUMC/ISTD MOCACAOBATCILHOCTD
X® = @(x*D) (4.9)

(npu 3ananHoM X©). IIpu HCKOTOPHIX YCIOBMSX DTA TOC/AEAOBATE/b-
HOCTb MOXET cxoautbes K pecuicuuio (4.1). Dtu ycmosust opmyanpy-
I0TCSL B CJIEOYIOLIEA TEOPEME.

Teopema. Iycmbv X* — uckomoe pewenue 3adauu (4.1) unu, umo
mo xe, sadauu (4.8'). Ecau o okpecmnocmu U,={||X —X'||<r}
sexmop-gynkyuss O(X) yoosremaopsiem ycaosuro Kowu—Jlunwuua,
m.e. das aiobex X', X' € U, umeem mecmo

(X)) — (X" <q X —X"||, g¢=-const, (4.10)
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u ecau npu 3mom g < 1, mo nocaedosanmensiocmes X®, svruucasemorx
coznacro (4.9) ¢ X©O € U,, cxodumes x pewenuio, m.e.

IX® —Xx|| = 0.
Hpu IMOM umeem mecmo oueHkKa
IX® — X < g*IX© — X7 (4.11)

Hoxazamenbcmaeo NOCIOBHO COBNAZAET ¢ A0KA3ATEABCTBOM COOTBET-
CTBYIOIIETO YTBEPXACHMS B Jekumu | (GAMHCTBEHHOE OTAMUMC: 30CCh
UCHOMB3YETCS ONEHKA 3HAUCHMUA MO HOPME, a4 TaM — TNo abcomoTHOM
BEJUUMHE).

B cnyuac opHoro HeamHciiHOro ypasHeHust (B CKAnsipHOM  CIy-
yae) BMecTO YyciaoBuad Kowu—Jlmnmuua B KAauecTBE AOCTATOUHOTO
KPHUTEPHSL CXOAMMOCTHM MBI IPOBEPS/IM B PACCMATPUBAEMONM OKPCCTHO-
CTM pEWEHUd BRIIOJIHEHUWE HepaseHersa |¢'(x)| <1 (eMm. sekummo.
1). Ceituac MBI 0600IMM ITOT KPUTEPUil NMPHMCHUTCABHO K AAHHOM
CHTyaLuu.

3anumieM BHIPAXCHME IS PA3HOCTH MEXAY KOMIIOHEHTAMM Kk-TO
NprOAMXKEHAS, BHIYUCICHHOIO no mctoay (4.9), u TouHbIM (MCKOMBIM)
PCLICHUEM PACCMATPUBAEMOM 3aJ4uM:

x0 — xt = @(xf*Y, x=N, L kDY — o(x], x5, ..., X)) =
(o Teopeme o cpeaHeM i (HDYHKLUMM MHOTMX NCPCMEHHBIX)
n
_ v % k1) _ » -_
—26—; (xg. —x}), i=1,2,..,n
=1 Tlgev,

Beenem B paccmorpeHue Marpuuy Axobu Bextop-hyHxmau @ (X):

o
ox; Uoax,

— b _
M(p =Hx =
LA
ax, 7 oax

n

C ee noMoupi0 COBOKYNHOCTb BHIMMCAHHEIX COOTHOMICHMIT MOXHO 3aTIH-
CaTh B BEKTOPHO# hopme:

X® — X' = M (XD — ) (4.12)
(uMes B BHAY, YTO IJIEMEHTHl PA3NMYHBIX CTPOK MATPHILI BHIUHC/ISIOT-
cst, BOOOLIC rOBOPS, B PA3JMYHBIX Toukax U,).
Iycts, nanee, M — «Maxopupynomas» MaTpEIA C JEMEHTAMH
m;; =max |d¢;/dx;|, Tak 4o Ml < M.

»

54

Torna
[ XE — X[ < IM || I XED — X < ([ M- | XETD — X)L

1M eccnu

Ml <g<1, (4.13)
10 ||IX® — X' < ¢||X¥*™D — X*|| u mocrenoBaTeabHEIE NPUBAMKCHUS
CXOASITCS K peuicHuio X,

Hmenno ycaosue (4.13) npusnekaemes npu anaiuie cxooumocmu
KOHKPEMIBLX UMEPayUONHbLY CXCM.

[Tpumep. PaccMoTpum cucremy

X+ —-6x+3=0,
B —-y?—6y+2=0.

3anucas ec B BUIE X =% (P+3y2+3),y =% (x* — y* + 2), uccaeayem

Hd CXOOMMOCTb COOTBETCTBYIOIIMI METOX MTCPALMM N9 KOPHS, TIPUHAL-
aexamero obnactmu 0< x<1,0<y< 1.
B pnansOM cayuac

2y it
2 3 2 3
M(P= xz y , M= il
2 3 23
1 1 5
IMl|,=5+3=¢<1

CncpoBarenbHo, cornacHo (4.11) MOXHO pacCuMTHIBATL HA CXOAMMOCT,
TAK YTO

5751

IX® — X, = max {]x, = x.|, |y, — 1.1} < (g) =

. i
(B npeanonoxenun, uto x, = y, = 0.5, umeem || X — X < 5.)

3amcuadue. B mocnenHem absaune ckazaHo, YTO «MOXHO PACCUH-
ThiBATh HA CXOMMMOCTb». [leno BOT B ueM. B Teopeme paccmaTpHBanach

okpecTrocTh U, ¢ uentpoMm B Touke X'. Peanbno, Kak B 5TOM mpumepe,

YCJI0BUE CXOAMMOCTU IPOBEPSICTCH B HEKOTOPOH OKPCCTHOCTH, OTHOCH-
TCAbHO KOTOPOM JIMIIb M3BECTHO, YTO MCKOMOEC DPCUICHUC NPUHAIIEXUT
cit. CTporo rosopsi, Mbl HC [APAHTHPOBAHK B OTOM CJIy4a¢ OT TOIO, UTO
KAKOC-TO TpUOIMXKEHNE HA HAYAJLHOM CTAguM UTEPALLMU HE BBIAACT 3a
1PCAEJB OKPECTHOCTH, i€ BhiNoaHeHo ycaosuce (4.13). (Wamocrpaius
noAoOHOM CATyauuH NPUMCHUTENBHO K OJHOMY HEJIMHCHHOMY ypaBHE-
HUIO TIpUBeneHa Ha puc. 1.6 B nonosHenuax x jsekuuu 1.) B arom cay-
uac HeoOXOAMMO BEPHYTHCH K JTany JIOKAJM3AUMH PEIICHMS, UTOOM
YTOUHHTH («CY3UTh») PACCMATPUBAEMYIO OKPECTHOCTh. A
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BapuaHTbl WMTEpauMoOHHBIX cxeM. Ilepenmmem cucremy (4.1)
B BHAE

X =X + 1F(X),
Tae T — HEKAad KOHCTAaHTA.

Tpebys, utobn B paccMaTpuBaeMoit OKPECTHOCTH pclucHus U, Buona-
HSJIOCh AOCTATOYHOE YCJIOBUE CXOXMMOCTH,

M= 22] = | £+ 28 <1,

nonbepeM napamerp t. IT0 memod penaxcayuu ¢ OOHUM NAPAMCTPOM.

3ameuanue. Besvka BEpoATHOCTb, UTO IOCICAHCC HCPABCHCTBO
NI0CJI€ KOHKDETH3aluMu BHIOOPA HOPMBI CBEAETCS K HECOBMCCTHOM (fuist
OIHOTO T) MOC/ICAOBATEIBHOCTH HEpaBeHCTs. HampumMep, ccim ncnonb3o-
BATh PABHOMCPHYK MCTPHKY, TO HEOOXOOMMO YAOB/JCTBOPUTH 7 Hepa-
BCHCTBAM JJIsl OOHOTO NnapaMerpa

+Z

JEi

1+r— <1, i=1,2,...,n & (4.15)

U*

O606meHye 3TOr0 MOAXOAA COCTOMT B TOM, YTO BBOXMTCS B PACCMOT-
PCHUE HC OIMH, 4 MHOXECTBO CBOOOAHBIX mapamerpos. B ofmem cayuac
n? snemenToB marpunst T = {; j}:

X =X + TF(X) = ®(X).

Torna M,=E+T g_)F( =E+TD u ycnosue cxomumoctu [|M || <1

APUBOAMTCS K n HepaBeHcTBaM tuna (4.15) ang n? cBoBogHBIX napamer-
poB. JTO 3ajaua, B KOTOPOM MOXHO «IIOrpSI3HYTb» M HE BHIOPATHCH M3
Hee. Bnpouem, eciu ne TpefoBaTh MOCTOSHCTBA MAPAMETPOB T; j» @ cun-
Tath MX (¢yskousMun X ©  BHOpaTh MOCAETHHE TaK, 4TO

-1
T(X)=—(§§) , TO MB npuaeM K merogy Herorowa (cm. (4.7)).

[TonmeTB 370 0BCTOATENBCTBO, MOXHO HAGOp M3 72 NOCTOSHHLIX Napa-
METPOB ONpPEE/JUTh CACAYIOWUM 0bpazom:

-1
DF
T=—|+- )
x=x©

DX
T.¢. OfMH pa3 obpatute MaTpuny D =

DF
Dx B TOUKE HAYaTBHOTO npuban-

KCHHYI M [AJeC MCMONb30BATh €€ IPH BHIYMCACHUHM KAXIOTO CAEAYIole-
ro. OT0 TaK HasBIBAEMBIM 0zpybaenHbli Memod Heromona 1 CHCTEMbI
HEJIMHEHHBIX YPaBHEHUI.
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B pamkax mowcka moaxoasimeir CXeMel METONA pesIaKcauuMid pazym-
HbIM TIOAXOIOM IPEACTABJSETCS BBEAEHHE N CBOGOAHBIX NAPAMETPOB B
BUOC JIEMEHTOB AUATOHAJIBHOM MAaTPHUILLI

. DF
lorna ycjaoBue CXOAMMOCTH ”E +T ﬁ“ < | npu UCHONB30BAHME HOP-

Mol |||l CBODUTCS K CHUCTEMC 1 HCPAaBEHCTB
’1+,ax +2 || <Loi=h2n
J*=i

*

AJISL A apaMETPOB T,.

KaHOHHYECKAs 3an(Ch O/HOLIArOBLIX WTEPALHMOHHbIX NPOLECCOB.
PaccMOTpeHHBIE METOABI MTCPALMIt MOXHO 3aNUCATh B EXUHOOODA3HOI,
KAHOHMYECKOH hopme:

xt) _ xk=1) _
B, =————+F(X*" V) =0;
k T,

53, — 3ajaHHbBIC MATPUUM, T, — 33aQAHHLIE CKATSIPHBIC 11apaMeTpHl.
YacTHbie Cayuau:

B=E, 1, =1 — MeTo] pcaakcauui ¢ OAHUM NapaMeTpoM;

1
— 0
T
1
T
B, = 2 » Tp =1 — n-nmapaMeTpuuecKuit METON PEIAKCAITIA;
1
0 —
Tll
DF _ .
B, = DX lx("” T, =1 — merox Heworona;
B =2F T, =1 — «orpybnennsiit» Meron Hprotona
k™ DX [y Tk ’

OTMeTMM TakXe BO3MOXHOCTH MCHO/b3OBAHUS 3CHACACBCKHX BApH-
{HTOB UTEPAUMOHHBIX CXEM ISl pewcHus cucrems (4.1).
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[Tepenuwem, Hanpumep, (4.1) B BUAC COOTHOLICHHUMN, CBA3bIBAIOLIMX F

3HaueHus k-x 1 (kK — 1)-X KOMNOHCHT pCLUCHHMS:

FL G0, XD, 6D, kD) =,

So(x(0, x50 XD xkDy =0,

(k k k— L~y
F1GH0, oo 0, XD, e D) =0,

W3 nepsoro ypashchust naxomutcs xi¢), us sroporo — x5 (npu yxe
u3BccTHOM 3HaucHun x{%) u T.1. Tlpu Takoil opraHM3aLMN BHIUMCACHUI
KaXO0C YPABHCHUC COACPXKMT JMIIb OAHY HCH3BCCTHYIO, COOTBCTCTBCHHO
A/ PACuCTa NPUBJACKAIOTCHS MCTOAbL M3 ApPCCHANA CPCACTB PCLICHUS CKa-
JAPHBIX YPABHCHUM, 0OCYyXnasmuxcs B jaexuun 1.

Axanornuno cucremy (4.8) MoXHO 3aDucaThb B BHIE

— d C -1 -1 F—
xg.") = «pi(xgk), x(z"), . x(i"), xE"H )L, xflk N, i=1,2,....n
M /9 BHIYMCACHMS i~ KOMNOHCHTHI <«HTCPMPOBATLY (DAKTHUCCKM CKa-
nspHoe i-¢ coothowchue (n6o x{¥, ..., x{¥) x sTOMy MOMEHTY yxC Bbi-
UYHCJICHBL).

3eiile/ICBCKUMM 9T BAPUAHTHL MTEPALIMOHHBIX CXCM HA3BAHBI BBHAY
UX OYEBUAHON AHAJOIMM C METOAOM J3CHACAY AAA JUHEHHBIX CUCTCM
ypaBHeHuit (cM. jexumio 3).
C TOYKM 3pCHUS NPOrpAMMHOM OpPraHM3anuy Nogo0HbIe CXeMbl OyAyT
NPEACTABAATL COOOM BIOXEHHBIE UTEPALMOHHBIE LIMKJIbI:
— BHYTPEHHUC MTCPAUUM [/ PCUIEHMS CKAASPHBIX YPABHCHUM IS
KaXN0#H KOMMOHCHTHI (1MOKA, HANPUMEP, HEC BLUTOJHMTCH YCJI0BUC
| (xf) ) — (x¥)6=D| < ¢, rae s — nomep npubamxchus ans x{)
BO BHYTPEHHEM WTCPAUMOHHOM LMKJIE);
— BHEMHHA WTEPAUMOHHBIA LMKA 3aMBIKACTCA TNPOBCPKOH YCJIOBHS
IX® — x*=D)l < ¢ nocne Toro, kak BbumcacHst  Bee  x()
(i=1,2,...,n).

3amMcuaHue. BOHpOCbI CXOMMMOCTH MCTOXOB IIOII06HOI‘0 THUNa Mbl
3A€Ch HC pacCMAaTpUBACM. A

AONONHEHHUE K NEKLUMH 4

BiausiHME HEYCTPAHMMbIX NMOrPELIHOCTER HA BBIYUCASEMbIE NPH-
Onvxenus. BiusHuc norpeiuHoCTeit OKpyrJieHus Ha BHIYMCIISICMbIE TIPH-
ONMKEHHS AHANMZUPYETCS TAK XKC, KaK Ui UTEPALMOHHBIX CXCM pelle-
HHUS CUCTCM JIMHEUHbIX YPABHCHUH.

Mycte X% = @(X*V) — «uneanpnbiil» MTCPAIMOHHbBIA NPOLECC,
NpM peasu3auiy KOTOPOr0 HC MPUHUMAKOTCS B PACYCT [IOrPELIHOCTH
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OKPYTJI€HMH TIPU BHIMOJHCHUM 3JICMEHTAPHBIX ApudMETHUECKuX oncpa-

wit. X = @®(X*D) + 3% — «peanbHbil> BHYACAUTEABHBIA MPO-
ILCCC, COOTBETCTBYIOIMA PACCMATPMBAEMOMY METOAY MTepaumi. 3acch
X*) — peanbHO BHUMCAseMble npubmkenus, %) — copokynnoe Bau-
SIHUC TIOPELUHOCTEN OKPYI/ICHMM B MPEAEAAX OJHOTO wara (CBS3aHHOro
¢ nepexogoM ot (k — 1)-ro npubanxerua K k-my).

BbiunTas ¥3 BTOPOro COOTHOLICHHS TEPBOE, MOJTYUYHM

XE — XH®) = @(XE-D) — p(X*~D) +3®),
Hpennonaran, YTO BBIIMOJHCHO HOCTATOYHOC YCJIOBHUEC CXOOAMMOCTH,

OUCHHUM HEYCTPAHMMYIO HOrPEIIHOCTb k-r0 npuOanmkeHws MO Kakoii-
anbo HOpME:

[X®) — XO|| < |o(X* D) — (X V)| + |3®)] <

< glIX* D — XE=D| + |30 <
< g(ql X*2 — XED|| 4 | 3%-D)) + |80 =
= g?|X%~2 — X*-D|| + g 3% V|| + 80 < ... <

< FIXO-XOY + ¢4 18D 4 ¢ HBD| + ... + gl 3% + 3P

OucBHAHO, x® = X© rak kax HauaabHOC NPHOIMXCHUE HE BBIYMCISA-
CTCH, a 3aJacTCs.

Beomg B paccMOTpPEHME MAKCHMAJBHYIO MOTPEIIHOCTD, HAKOMUICHHYIO
32 CUET OKPYIJIEHMH HA OJHOM LATE MUTEPALMOHHOrO IpoLecca

& = max [|3%)]],
1

IOYUYUM OKOHYATCABHYIO OLICHKY MOrPCUIHOCTHA HA k-M wiare

(1 —g < 8

IX® —X®| <8(g* '+ ¢+ 2+ ...+ 1) = e ST

OTKyAa C/IEAYET, UTO BJAMSHUC NOrPCUIHOCTH OXPYIVIEHMH YMEPEHHO, eC-
U ¢ HE CJIMIUKOM OJM3KO K EAUMHUIIE,

HononuurensHble CBEACHNS O BOTIPOCAX, PACCMOTPEHHBIX B JieKUUU 4
¥ B JONOJHEHMM K HEH, MOXHO Hauté B [1, c. 191-210], [2, c. 317—
3561, [5, c. 11—-17], [7, c. 183—189, 193, 196], [9, c. 150—155], [12,
c. 207-213].

BONMPOCHI M YMNPAYXXHEHHA

1. MCHOJIb:in HIACKO METOAA CCKYNHIMX 19 OMHOI0 ypaBHEHHUA, NTOCTPOUTL UTEC-
pauHOHHblﬁ npouecc ajig peuleHrs CUCTECMbI

f(x, =0, g(xy =0.
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HpOBCpHTb, BBIITOJIHEHO JIK YCJIOBUE CXOLMMOCTH 3aJaHHbIX HUTCPALHOHHBbIX
NpouUeccoB OJ IPHUBEACHHbLIX HHUXE CUCTEM B OKPECTHOCTHU pCUJCHI/Iﬁ (TO‘H{CC, B
YKa3aHHbIX TOUKaAX, MpUHaANCKaALIUX YIIOMAHYTbhIM OKpCCTHOCTﬂM).

2 X1 =V2(x, + ). xt+yt—1=0,
’ yk+l={/1——xz, x%/2—x—y=0
B TOUKax: a) x, =1, y, = —0.5; 6) Xg=—07,y,=009.

3 X1 =V231 ¥y, X2+ y2=125,9,
yeer = V259 - 52, y—x3+4231=0
B TOUKax: a) x, = 3, y, = 4; 0) Xg=2.6, y,=—43.

1/3
v} —1.98

x o= ———— — 2 p— =
4, JTktL ( 2 ) " LIS CHCTeMBI {;13 _xy2 +1i(_)938 :0(')

B TOuKe X = I, yg =

l+yi
Xk+1= 2 ’

5 ' 2x3—y2—1=0,
. 4 13 A1 CUCTCMBI xy3_y_4:0
y,+4
y 3
k+1 Xt
B TOUKE X = 1.2, yo = 1.7,

—_— — y2
e =01 —xg +2y,2,, x+x2—2yz=0.1,

6. {¥ps1=¥F—3%,2, — 0.2, nunscucremsi |y — y2+ 3xz= —0.2,

241 =03-—-22 —2x,y, z+ 224+ 2xy=0.3

B ToUKe X = 0, y; = 0.2, z,=0.2,
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NEKUMA 5

NPUBJIMKEHUE YHKLIMH

lHocmanoska 3a0avu 06 unmepnoauposanuy QyHKyuy CMeneH oM NOAUHOMamu. Tonu-
nomot Jaepanxa, Horomona. Ouubka unmepnoasuyuu. Kycounas unmepnonauus. Cped-
nexgadpamuumnoe npubnuxenue. Memod naumenvuux keadpamos. Heycmpanumvie no-
CPCULHOCMUL DU UHMEPNORAUUU. BO3moXHbie 0000wenun 3a0auu 06 UHMEPNOAUPOGAHIUL.

llycrs dynxnmsa f(x) 3amaHa MHOXECTBOM CBOMX 3HAYEHHM [JIs [uC-
kpcTHOro Habopa touek (T.e. Tabauneit):

X0 Xy Xp

fo 1 fa

aaceb f; = f(x;).
Tpebyercs HaiiTn npubnuxeHHoe 3HAUeHHE f(X) md x # X,
JTO OfHA W3 CaMBIX YaCTO BCTPEUYAIOIIMXCHA NPUKJIALHBIX 3a7ad.
TabnnyHbie 3HAYEHMS MOTYT ObITH MOJYYEHH MO0 B PE3y/nbTaTe pac-
YCTOB, NMPOBEACHHBIX HA DBM, nubo B npouecce 3aMepoB, OCYIIECTBIEH-
HBIX B PAMKAX KAKOro-Jmbo HKCIIEPUMEHTA. )

Ouesupno, st gocTaTouHO moxpobuHoi Tabmuusl (koraa |x; — x| —
MAJIBIe BEJIMUMHEBL) JUISL X & X; MOXHO OIoXuTs f(x) & f,. [lorpemHocTs
aroro npubmuxenns f(x) — f,; =~ f'(x)(x — x,).
/) firn Hasepuoe, 0Oosiee TOuHOE NpPUOAMXEHME NOJY-
uuM, e i x € [x;, x;, ] samenum dynkuumio
1 f(x) oTpe3koM npIMOH, TPOXOASIIMM UYEPE3 TOU-
ku (x;, f;), (x;44 f;41)» Kax 3TO MOKa3aHO Ha
puc. 5.1:

Jimi— 7,
f(x)%f,--l-#(x—x,-)-

] Xi+1

Puc. 5.1 Taxum 06pasoM, BbIPUCOBLIBAETCA HIES MpH-

OmXeHusT (yHKIAKM CTENEHHBIMA TOJUHOMAME,

IIPUHAMAIOLUIMMHE B 33/IJaHHBIX TOUKAX 3ajaHHble (TaOJuuHbie) 3HAUCHMUS.
JTa uAes IEXKUT B OCHOBE TEOPHH METEPIIOIAPOBAHHS.

HpubGnuxenne GyHKOMHA HHTEPNONALHOHHLIMM TOJIMHOMAaMM.
Mrak, mycrs dyakuma f(x) 3agasa tabauueit
{fl'=f(xi)a l=07 19 27-“5”}7
coaepxauei 3Havenus B (n + 1)-i Touke, NpHYEM X; TONApHO pas-
JIMYHEIL,
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Bymem uckarp nosmHoM OT X, MpoXoaswnii yepes TabIUUHBIE TOUYKH:
P (x)=a,+ax+..+a,x" (5.1)

Tpebyst, uToObl B KaXXa0#l TaGAMUHOM TOUKE 3HAYCHUC MOJIMHOMA COB-
nagano ¢ 3aiaHHbIM 3HAUYCHHEM (DyHKUMHU, NOAYYHM 3AMKHYTYIO CHC-
TEMY JIMHEAHBIX YPABHEHHI OTHOCHTE/NBHO HEONPEACICHHBIX K0addu-
uueHToB {a,}:

2 .
ao+a1xi+a2xi+...+anx;'=fi, i=0,1, ..., n (5.2)
OnpenenureneM 3ToM CUCTEMbl FBISETCS PACCMATPUBACMBIA B Kypcax

MaTCMATHUYECCKOIO0 AdHAN3d ONPEREJIUTEIDL BaHIlepMOH}.Ia A9 CHCTCMBI
HCCOBONAAAKOMIMX TOUCK:

2 n
I x, x5 X
1 x, x> ... x i

. 1 1 . 1] _
A= = [] (x;—x;) =0,
..... 2 i j=0
) . o

1 xn xn xn (i)

T.€. HCKOMBIA TOJIMHOM CYLICCTBYCT W €AMHCTBEHEH (UTO COOTBETCTBYET
M3BECTHOM TeopeMe anrebpsl o ToM, uto ueped (n+ 1) Touky MOXHO
NIPOBECTH €AMHCTBEHHYIO napaboay n-# CTeneHw).

3aMeuaTeNbHO TO, YTO PEIUCHME MOCTAB/ICHHONM 3aXa4yd MOXHO BBI-
[INCATh B ABHOM BHE:

(x—x)(x—x5)...(x—x,)

LX) = oG mapm—xyx —xy Tt
(x—xo)...(x—xk_l)(x—ka)...(x—xn)
T/ (e —xg)ee e (X =X, _ )X~ X, ) (X, —x,) Tt
(X—x(x—x)...(x—x, _ l) & LB
T/ (x, —x) (x, —x))...(x,— X, _; 2 Te o L®(x )’ (5.3)
e LP(x) = (x — x¢)... (X — x4 ) (x — X4 )eer (¥ — X,) — nonmHO-

MBL n-i CTENEHU COEUNAABHOTO BHAA.

B camom pene, ouesmupHo, uro (5.3) mpeacraBaser coboit MOSTMHOM
n-# CTEMCHN ¥ YTO NPU NMOACTAHOBKE B (5.3) 3HAUCHUS X = X, NOJy4HM
P, (x,) = [, mna moboro k.

[TonuHoM, npoxopdamuii uepe3 TaOAMUHBIE TOYKHM M 3AMMCAHHBIA B

dopme (5.3), HA3BIBACTCH UHMEPNOAAUUOHHBIM nOAuHOMOM Jlazpanxa.
3uauenus {x;; i=0, 1, ..., n} HasbBaOT yaaamu unmepnorsyuu. Ecim
Y3/Ibl yNOPSJOUYEHBI 110 BEIMYKMHE, T.€. X, > X; JUIS BCCX [, TO BCIMYM-
ol {h;=x,, —x;;i=0,1,..., n— 1} HaswBaOT waeamu unmepno-
asyuu. Ecna h, = h = const, TaK uto X, =x,+ Ahi, i=0,1, ..., n, TO
roBOpAT 00 UHMEPnOASUUU MO DPAGHOOMCMOSUUM Y3NAM. OTpeaoK
[xg, x,] — ompesox unmepnonayuu.
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BeeaeM B paccMOTpeHHE ele OJUH MOJIMHOM CIECUUAJBHOTO BHAA
(n 4+ 1)-# crenenn:

n
0,4 (X) = (x = x)(x = x)... (x — x,) =[] (x = x;).
i=0
Toraa, ouesnano, LP(x,) = w,,(x;), a LO(x) = w4, (x)/(x — x),
w nomuHoM Jlarpanxa MOXHO 3amMCaTh C HCHOJIb30BAHMEM 4 (x)
B BHAC:
fy

P —_—. 5.4
2(%) = 0, (%) 2 1 (X (x—x)) (54
3amemum, umo koapguyuenm npu x*, kax credyem uz (5.3), pacen
n
S
= (8.5)
*
" k=0 Ln )(xk)

[IpuBenem emie opuy opMy 3anucu MHTEPNOASIMOHHOrO NOJIMHOMA:
P(x)=A4,+ A(x —x5) + A,(x —x)(x—x) + ... +

+A,(x—x)(x—x)..(x—x,_). (5.6)

TpefoBanue COBNAACHUS 3HAYCHHMIA IOAMHOMA C 3aJdHHBIMHM 3Haue-

HusMi (DYHKIUM TPUBOAMT K CHUCTCME JIMHEHHBIX YPABHEHW# C Tpe-
YIOIbHOM ~MAaTpUUEH Uit HeonpeacnacHHbIX kodbduumentos {4

1=0,1,..., n}
()=an
Ag+ A(x,—xp) =1,
Ag + A (x, — xp) + Ay (%, — x0) (3, — %)) = [,

(5.7)

YMCJICHHOE PEINCHMUE KOTOPOii, KAK OTMEUAJOCh B JCKUHUHM 2, HE COCTaB-
JSICT TPYAA.

VHTepnonsunoHHbLIA OMHOM, 3amucannbii B popme (5.6), HasbiBa-
erest noaunomom Horomona. OH MHTEPECEH TEM, UTO KaXOas YacTHU-
Hast cyMMa ero nepseix (m -+ 1) cnaraemeix npeacrasascT co0oil HHTEp-
IOASLUOHHBIA TIOJMHOM m-id CTENEHHW, MOCTPOECHHbIA IO HEPBHIM
(m 4+ 1) TabiuuHbBIM JAHHBIM.

3aMmeuanue. [Ipuanmasa Bo suumanue (5.5), MOXHO BHIIHCATDH B
$IBHOM BHAE pemieHue cucremsi (5.7):

m

=2;<J:— m=0,1,..,n a4 (5.8)
k=0 "m

m

HanoMHuM, 4TO B CHTY €AMHCTBEHHOCTH DPEINEHUS 33444 O NOCTpoe-
HUU MHTEPNOJISIHUOHHOrO mosuHoMma (5.1), (5.3), (5.6) — 210 pasanunbe
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¢hopMBI 3anMCH otHOrO HosMHOMA, HeBE3BHTEPECHO CONOCTABUTD ITH (POPMBI
3aMNUCH € TOUKY 3PCHUS YROOCTBA MCTIOIB3OBAHMS TIPH MIPAKTHUECKOM MH-
repnouposanuu. OQHAKO CHAYA/IA CAEAACM CACHYIOUICE 3aMEUAHME,

3ameuannc. Ecam Hano BHYMCAMT NPUOIMXEHHOE 3HAYCHHE
¢bynkuuu mpu Hekoropom x = x; (i=0,1,...,n), To 9T0 BOBCE HC
03HAYAET, YTO HAJO0 NPUBJEKAThL MHTCPIONSLUOHHBIA MOJMHOM, HOCTPO-
CHHBI 1O BCCM TabAMyHBIM ToukaM. s 60/1bMI0r0 4Mcaa TAOIMUHBIX
TOYEK 3TO OCCCMBICJCHHO, M MBIl €IIE€ KOCHEMCS JTOr0 BOIPOCA HHUXE.
IMocTynamoTr Tak: CTPOST MOJMHOM HEBLICOKXOHM CTEMEHHM MO yanaam, Onu-
XaMIMM K TOYKE X, M MCIOJb3YIOT €r0 /IS BhIUUCIeHUst f(x). A

Bosspamaemcs x Bonpocy 06 yao6cTBax MCIONB30BAHUS TOW MUK
MHON (POPMBI 3AMMCH MHTEPIOMILUOHHOIO MOJHHOMA.

Yro kacaerca nmoanHoMa Jlarparxa, To oH yaoOHeR pyrux, ecau Tpe-
Oyerca npubauxarth pasanyHbie QYHKUMHU, 3a0aHHbIC TAOJMUHBIMYA 3HA-
YEHUSIMH B OIHUX M TE€X XK€ TOUKax. Eciu xe B KauecTBe pe3ysibTaTa Hy X~
HA HCIOCPCACTBCHHO (opmyna, npubnmxatowas ¢byukuuio f(x), To, KO-
HEYHO, MPENTOUTUTCAbHECH MHOrouaeH B dopme (5.1) mam mosauHOM
Hetotona (¢ mosunuit Hatero oOBIYHOrO BOCIPUSTHS (POPMYJIHI).

Ho uro6sbt Haiitu koadduuuentor (5.1), HEOOXOAUMO PEILUTH CUCTE-
My JIMHEHHHIX ypaBHeHu# ofiiero Buaa (5.2), B 70 BpeMs Kak koaddu-
LIMEHTHI [MOJIMHOMA HbIOTOHA OTHICKMBAIOTCS M3 TIPOCTOM cuctemb (5.7)
unn Beruucasiorest no dopmyaam (5.8). Onummuem B KayecTBE mMpumepa
CIEAYIOMYIO CHTYALMIO.

YuuThIBas MOCACAHEE 3AMEUYAHHUE, HOMYCTAM, YTO BOAN3M X = X, MBI
TOCTPOM/IM TIOJIMHOM TPCThEW CTeTeHH (110 TOUKAM X, X, X, X3), @ 3a-
TEM BBISICHUJIOCH, UTO TOYHOCTb, KOTOPYIO OH OOECrneumBaeT, HEXoCTa-
TOYHA ¥ HAAO WMCIOJNB30BATh MHTCPTOJASIMIO UCTBEPTOM cremenu. st
nojanHoMa HBIOTOHA MOBHILICHME €0 MOPSAXa HA CAMHHULYY CBOOHUTCA K
ROBABMEHUIO OZHONO CIATAEMOTO, T.€. B HALIECM CAy4ae K BHIUMCACHHIO
xoacpcpuuuenta A, (Hanpumep, no dopmynae (5.8)), B To BpeMs Kak uc-
Nmoap30BaHue noauaoMa B opme (5.1) Tpebyer npu MOBBILICHNHM NOPSA-
Ka MHTEPNOJALUMM PEUICHAA CHCTEMBI JUHEHHBIX ypaBHeHHH (5.2) (B
paccMaTpUBaEMOM CIyuYae -—— YETBEPTOro TOPAIKa).

3amecuanue. Pagymeerca, nonuaoM B hopme HproToHa MOXHO 3a-
[MCaTh B OKPECTHOCTH J000M TAGAMYHOM TOYKH, «HA3BAB» CC Y3JIOM
Xy, a Omwkaimue TabauuHbie ToukK (C 1000 CTOPOHBL M B J11060M 1O~

pAAKE) — y3naMu Xx;, X, U T.J. A

Horpemnocts uHTEpnonsiuun. Ommnbka npubankeHus QyHKUMH
MHTEPNOAIIMOHHFIM TIOJIMHOMOM H-HM  CTEICHM B TOYKEC X — 3910
Pa3HOCTh

R, (x) = /(x) = P, (x).
OuenuTh BENMUNHY MOTPCINHOCTH MO3BOJSICT CACAYIOWAS TEOpPEMa.
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i 3.

Teopema. IHyecms wna ompeske la, b], maxom, umo
[xq, x,]1 C [a, b], pynkyus f(x) (n+ 1) pas nenpepviano ougpgepenuu-
pyema. Tozoa

_ f(n+1)(xf)

R, (%) =" @pe (%), (5.9)

ede x' € [a, b].
Hokaszamenbcmao. ByneM nckaTh MOTPEIIHOCTh B BHAC

R, (%) = C(x)w, (%),

rie C(x) — ¢yHxiusa, orpanuueHHas Ha [a, b} (npu takoi dopme 3a-
MUCH BBIPAXEHUS JIJIS1 TIOTPCITHOCTH TAPAHTHPYETCH, YTO OHA obpamaer-
CSl B HOJIb B Y3JIaX WHTCPIIONAUHUN).,

Urobs momyunth npeacrasaenue o C(x), paccMOTPUM BCIIOMOTra-
TEJABHYI0 (DYHKUIMIO

?(x) = f(x) = P, (x) — C(E)w,4(x), (5.11)

rae & — HekoTopoe (PMKCHMpOBaHHOE 3HAYEHHME HA oTpeske [a, b]. Oue-
BUAHO, Ha [a, b] dynkuus ¢(x) umcer (n + 2) Hyna. DTo y3/b MHTED-
nonsiuMy M Touka x = £. ComracHo teopeme Posng, cymectByer Touka
x' € [a, b], B koropoit ¢**V(x') =0. poauddepenunposas (5.11)
(n+ 1) pa3 n noacrasus x = x', NOAyYnM

0= @+ D(x') = 7¥D(x") — (n+ DIC(E).

(n+1)( )
Orcrona C(§) =152,

pacnonoxenus Hynaell pyHKOUM @(x); TEM CaMbiM x' NPEACTABIAET CO-

(5.10)

(ScHo, uto x' B Teopeme Ponns 3aBMCHT OT

@,41(x)

x| X xz\/x3 x| X

Puc. 5.2

60l HEKOTOPYIO HESBHYIO 3aBUCMMOCTh X' = x'(E) M MOJyYEHHOE OTHO-
IWCHUE REMCTBUTEIbHO onpeaenser pyHKumo or £.)

ITepeoGosnauas C(&) va C(x) u yuurmsas (5.10), noxyyaem yrsep-
XKICHHE TEOPEMHI.
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U3 (5.9) cneayer ounenka IIOI"pCH.IHOCTPI MHTEPHOSIN
+1
|R (x)l (I’L-:l)' Iwn+l(x)l7

M, = max | /"D (x)].
[a, b]

(5.12)

Konkpernas BesiMuWHA MOTPCIIHOCTY B TOYKE X 3aBMCHT, OYEBHAHO, OT
3HAYEHMI NOJIMHOMA ®, . ;(X) B 2TO# TOouke. KauecTBeHHBI xapaxrep

rpaduka w,, (x) WAIOCTpPHpYeTCS Ha puc. 5.2.
3a npeaenaMu OTPE3KA MHTEPHOAAUUH (T.e. TIPU IKCMPanoasiyiu)
|w,,;(x)] 6BICTPO pacTeT, IKCTPEMAJIbHBIC 3HAUCHMS MCHbBIUC B OKpE-

CTHOCTHM CCPEAMHBI OTPE3KA MHTEPIIONSAIITH.
HAnst paBroorcrosimmux yanos (x; = x, -+ ih) nnsa x € [x,, x,]:

m)zclxlwn+l(x)| ~~
~ | w,,(xg+ h/2)| < h-h-(2h)-(3h)...(nh) = nlA"*!,

[Tooromy Ha orpeskc unrepnonamuyn (x € [xg, x,]):

|R,(x)] € nth gt

n S+ :

OTO CHIBHO 3aBBIMIEHHAS OUEHKA omwMOkM, [ HOayuyeHHMS TOYHOI
OUEHKHU HAA0 MCKATh IKCTPEMYMBL w, ¢ (x).

3ameuanuc 1. Ouenxka (5.12) gn14 DOrpemIHOCTH MHTEPHOINPOBA-
HUS HE ABJSCTCS 3aBLIICHHOU. MOXHO NOKa3aTh, UTO OHA AOCTUTAETCH,
HANMpUMEp, NPK UHTEPIOINPOBAHME MOJUHOMOM - CTENEHH MOJIMHOMA
(n 4+ 1)-it crenenu. A

3ameuanue 2. MoxHo 32 cuer BHOOpa Y3708 HHTEPIIONMPOBAHUS
MUHUMH3HUPOBATH BEJIUUMHY

max I u)n+1(x) l
[x x,]

M TEM CaMBIM JOOMTBCS YMCHBIIEHUS MOTPEMIHOCTH MHTEPTOMALMAN
(cm. TTpunoxenne 2). A
I[Ipumepuor. [Npubausum dynkumio f(x) nna x € [x4, x,] no pas-

HOOTCTOSIIIMM Y3/aM IOJMHOMAMM PA3JTHUHOM CTEHNEHM M OLCHUM IO-
TPEIIHOCTD.

1) F() & Py(x) = fo + 210

(x —xp);

(x') M
Ry(x) —f—i—(x—xo)(x %), |R(x)| <52 1%, max kax
hZ
max | w,(x)| =max |(x — x,)(x — x;) | =T
[xg %]
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2)f(x)wz(x>=fo+fl f°(x—xo)+ﬁ%,f;ifﬂ(x—xo)(x—xl>;
(x) 3 Ms s
R0 = L (x—x) (= x) (= x), IR | < gt B2 I

f3_3f2+3f1—fo
6h’

3) £(x) & Py(x) = Py(x) + (x — x0) (x = x1) (x = x2);

(IVy, 1 M
Ry(x) =L5E2 (x—x) (x—x) (x — ) (x — %), [Ry(x)| <57 A

Kycounas wnHrepnonsiuus. OLCHKA HOrperHOCTH HHTEPMOISLKAM
(5.12) nonyuyeHa B npcanoJoXeHuH cymecrsosanus (n + 1)-i nenpe-
poiBHOM mpoussonHo# f(x). Jlaseko He BCerna mMpUXOIMTCS UMETh NEJ0

C OYEHb TIAAKMMHA (DYHKIMIMH, ITO OOCTOATEJLCTBO ABJSCTCS aPryMeH-
TOM B NOJb3Y TaK HasbiBaeMo# kycounoud unmepnonsuyuu. CyTb ee B
TOM, YTO A8 NpuOMHXeHUd PYHKIMHA B TOUKE X CTPOUTCS IOJIMHOM HE-
BBLICOKOHM CTENEHM N0 JAHHBIM B TaOAMUHBIX TOYKAX, OJAMXKAUIINM K X.
[To cyTs mena pacCMOTPEHHBIE PMMEPHL NPEACTABJISIOT CO00M KyCOUHYIO
WHTEPHOJSLHMIO B OKPECTHOCTH [x,, x;]. IlpuBenem pomosHuTENbHBIE
NPUMEDHI.

ITycrs namo Beuucaute f(x) ot x € [x;, x; ]

a) Kycouno-aunetinas unmepnoasyus.. Yicnoiap3yercs NMHEHHOE
npubINXKEHUE

fii— 1,
f(x)zfi+—ﬁ—1,;~—'(x—xi).

6) Kycouno-keadpamuunas unmepnonsyus. [lpusaekacrcd eme ogHa
tabauuHas Touka (x;_, WM X;,,) W CTPOMTCS MOJMHOM BTOPOH CTENCHH.

Hanpumep,

Jip =2+

fim— 7 i
S R f i = ()

(x— x,')(x - x,’+1)’
U T, I

CpeadexpaapaTuyHOe NpUOIMKeHHe. PaccMOTpUM KOPOTKO HpHH-
UMOMANBHO MHOM crocol npubiamxkeHus (QyHKOMN, 3aTaHHBIX Tabauuei
ceomx 3Hauenmid {f;;i=0, 1, ..., n} B Toukax x;. Bynem uckarp npu-

6iiMXKeHne B BUAE NMOJMHOMA CTENEHH M:
— m
P (x)=ay+ax+..+a,x

TAKOro, KOTOPHI MUHHMH3MPYET CYMMY KBAaZpaTOB OTKJOHEHMI TOJH-
HOMA OT 3aJaHHBIX 3HAUCHHH (DyHKIMHU:

8(ag s -vs @) =3 [P (x;) — f,1% (5.13)
i=0
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OueBnaHO, NpPY M = A PEIICHHUEM TOCTABJICHHOHN 3ajaudl SBJLETCS MH-
TEPHOAAUMOHHLIA MOJUHOM, MO0 HA HEM AOCTUTAeTCs abCOMIOTHHIA MM-
aumyM (5.13): 8 =0. Ussectno (cM., Hanpumep, [3, 1. 1]), uto npm
m<n TOCTABJICHHASA 3aAavya HMEET CAMHCTBEHHOE pcuicHue (npu
m > n, OUEBMRHO, OECKOHEYHO MHOIO PELIEHHMH AOCTABASAIOT abcoaoT-
HBIA MHHHMYM BeauumHe O: mpoussosasHnie (n + 1) xoadduunenros
ONPERCIAIOTCS U3 YCJIOBHH MHTEPIOAAUUN, OCTAJBHBIC NONAraTCs PaB-
HbIMH HYJ10). MTak, OCTaHOBMMCS Ha caydyae m < n.

BrinuuieM w3BECTHHE M3 MATEMATHUYECKOTO aHAJM3a YCJOBUS MHHH-
myma (5.13):

n

4%

E=220[Pm(xi)—fi]x€'=0, k=0,l,....m.
= .

WIN TOCJIE NMOACTAHOBKHM BHIPaXXEHUS Iiaa P, (x;) M ncperpynnuposkm
CJIaraeMBIX

n i Yoon n n
aOExi-‘+al Nkt ta, D xtr=N fxk, k=01, m
i=0 i=0 i=0 i=0 (5.14)
Ins meonpeneneHHbix koaddunuentos {a,, a,, ..., a,} Mu nonyunnn

3aMKHYTYIO CHCTEMY JHMHEHHBIX anrc0panuyecKux ypaBHCHHH ¢ CHMMET-
pUUYHOM MaTpULEHh

(n+1) Zx, Ex? .. ZxP W
Zx, Ex? ZJci3 Zx:"“
Tk Ik} Bkt L Dt

I t

JIEMEHTH KOTOPOH BHIUMCISIOTCS YEPE3 KOOPAMHATH TABANUHWX TOUEK.
B cBow ouepeas mpaswie yactu (5.14), xax BMAHO, ONPCACASIOTCS 3a-
BaHHKIMH Ta6IMYHBIMA 3HAYEHNUSIMHM (DYHKINH,

IloauHoM crenecan m < n ¢ kodcdbduimenramu, HARACHHBIME K3

(5.14), HasmiBaeTca cpedHexdadpamuuiblm NPUBAUXCHUUCM DYHKLUU,
3a0annoi mabauyeli (MHOTOA €ro HA3BIBAIOT TAKXKE MAUJAYNIUM CDedu
NOAUHOMOG Crmenenu m npubnuxenuem K GyHKyuu no mabauunvim oan-
nbtm). COOTBETCTBYIOWAS MOTPELIHOCTD MPHOMMXCHUS XdPAKTCPU3yeTcs

CPeIHEKBAAPATHUHBIM OTKJIOHCHHEM A = 7{};1_ 2 [p,(x)—/ ,]2.

14
OcnoBnas cdepa ero npumeHenus — o00paboTKa 3IKCNCPHUMCHTAIb-
HBIX JAHHBIX (MOCTpOEHME HMMEpUYeckux ¢opmya). Heno B toM, uto
pe3yJbTATH JKCICPUMEHTAJIBHBIX H3MEPEHUH, KaK MPABMAO, Xapakre-
pu3yoTcs 3ameTHBIM pasbpocom (puc. 5.3). D10 cacacTaue OWMOOK
W3MEPCHUN, SKCICPUMEHTANBHBIA «IIYM». VIHTEpNoAsSuMoHHLIil noau-
HOM, HOCTPOCHHHIA MmO (OTMEUEHHHIM HAa puc. 3.3 KpccTvkaMu) 3HA-
YeHUIM (DYHKUMH, WCOBITHIBAET C/MLIKOM CHJIBHOE BJMSHUC «HIyMa»
4
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e

M IUIOXO NpuO/INXaeT UCTHHHYIO 3aBHCEMOCTh f(X), B TO BpeMs Kak
CPEAHEKBAAPATUYHBIA IIOIMHOM, MWHHUMH3UDYS CYMMy KBagpaToB OT-

f

Puc. 5.3

KJIOHCHHA ¥ TIPOXOAS MEXAY OTMCUCHHBIMHM 3HAYECHHSAMH, obianaer
OYEBHUIHBIM IIPCUMYIICCTBOM: <«CITIAXKHBACT LOYM» (m’rpnxonaﬂ JINHHUA
Ha puc. 5.3).

‘\ .
3ameyaune. Munumusauus (5.13) HaseiBaeTcs METONOM Hau-
MEHBIINX KBaAparoB. B gaHHOM ciiyuae 9TOT METOX MCHOJB3OBAH ISt
peuieHud 3apaun 0 npHOIMXCHUM QYHKUUH. A

AOTONHEHUS K NEKLMM 5

HeycTpaHuMbie NOrpeiiHOCTA NPH MHTEPNOAMpoBaHHMH. Oummb-
Ka uHTEpnoaduuum R, (x) — 3ro ommbKa MeTOma, M, KaK 3TO CBOI-
CTBEHHO METOAMYCCKOW IIOTPEINHOCTH, OHA «yNPAaB/AAEMa». €€ MOXHO
YMCHBIATh, CTYIIAsl Y3JIbI MHTCPHOJMPOBAHMS WM ([P HEKOTOPHX
TpeboBanngx K f(x)) MOBHIlAs CTENEHb MOMHHOMA. MCTOUHMKOM He-
YCTPAaHMMOM TMOTPEHIHOCTH WHTEPNOASUMH CAYXAaT OWMOKHM BXOXHBIX
RAHHHEIX, T.€. IOTPEIIHOCTH TAOJMYHBIX 3HAYCHHM mnpuOmKacMoR
bysxnun.

WUrak, nycts B Toukax {x;} M3BECTHH 3HAUECHMS {?i =f,*+A}, e
f; — Tounsle 3HaueHus f(x;), a * A, — NOrpemHOCTH TabMIMYHBIX
JAHHBIX, NPHYEM BEJMUMHY A == max A, MOXHO CUMTaTh H3BECTHON

(310, HampuMep, TNOrPEMHOCTb M3MEPEHHA TIPA OKCIECPHUMEHTE).
ﬁn(x) — HHTEPAONSHUOHHBIA NMOJMHOM, KOTOPHIA PEAJbHO MOXHO IO-
CTPOMTH MO HAJMYHBIM JAHHBIM, P, (X) — «HMACATbHBIN» MHTECPIOAIH-
OHHBIH TOJIMHOM, OTBCYAIOMHUM TOUHBIM 3HaueHusM f; = f(x;). Torma
peanbHas MOTPEMIHOCTD

IR, (x)| = [£(x) = P,(x)| = |f(x) = P,(x) + P,(x) — B,(x)| <

< |f(x) = P,(x)| 4 | P,(x) — P, (x)| = [R,(x)| + 4,
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NPEACTABASET CYMMY METOAMYECKON morpcmHoctv |R,(x)| m morpem-
HOCTH, 00yCJI0BAEHHON OmUOKAMM TaGIMUHBIX JAHHBIX,

A, =B, (x)—P,(x)].

Yro6Bl OLEHNTD MOCAEAHION, YAOGHO MCIONb30BATH JarpaHxesy hopmy
3aNHCH MHTEPHOJASUMOHHOIO IOJMHOMA;

n

~ LB " Li(x) " L9
A= |37l o5y, Dy [
P i 70 i T = ——| < KA
oo TPy A7 L) go 19k -
n L(i)(x) j
me K= max ®(x), a O(x) =Y (= ‘ T
[xo' x,,] i=0 Lf:)(x,-)

Wccaenosats mosencune $(x) B obiem ciyuae 3aTpyaHuTcabHo. [Ipuse-
AeM (ISl OPUEHTHPOBKHM) PE3Y/IBTATH B MPOCTEHIIMX CIyuasx.

a) Kycouno-iuneinas unmepnonsyus. [Tycrs x € [x;, x;,,] 1

~ ~ X—X, ~ X—X.
X)RP(X)=f, —H 4 F %
1) 1) =1 X=X i Xip1 =%,
Torna
D(x) = X=X + X | _ X7 X X=X =1
X Xir1 Xip1—X; Y= Xip1 X T X ’
T.e. A, =A(!).
6) Kycouno-xeadpamuunas unmepnonsyus. Oycrex € [x;_|, x;,,]n
~ ~ x—x)(x—x_ )
f(x ~ P x) = 7. i i+1
) 2(%) fim1 O =X —x, ) +
+7. Ce—x;_x—x,) ~ (x—x;,_D(x—x)
Fg—x,_pO—x,.) L =X P —x)
Torna
®(x) = (x—x)(x—x,.) +
G =X =X )

(r—x,_Plx—x,,))
=, (x,~

(x— Xi_l)(X—xl.)
i =X PG —x) |

+

X4

PaccMarpuBas mno oraensrOCTH Cryvam, kxorma x € [x;_;, x;] wu
- 14

X € [x;, x;4,] (uT06H M36aBUTHCH OT MOAy/€ei), MOXHO MONYYHTh, YTO

D(x) < 1.25.

vBaxmouasr 9TOT pasnes, OTMETUM, YTO B LEJIOM BJIMSHUE MOTPELIHO-
CTeil TabAMYHHX NAHHLIX HA npubnvxenue QYHKIMA C NOMOLIBIO MH-
TCPIONSIMHA NOJTMHOMAMU HEBHICOKOM CTEIEHH CPaBHMTENBHO HEBEJIMKO.
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Bo3aMmoxHbie 0000weHus NpUOIHXeHna (DYHKIMA C TOMOLIBLIO
HHTEPNOJAALMH.

1. TTo ananorum c (5.1) MoxHO uMCKaTh npubnvxeHue B Buae 0606-
IIEHHOTO MHTEPHOASLUOHHOTO MOJMHOMA

P, (x) = aypo(x) + a;(x) + ... + a,¢,(x)

[0 cHCTeMe JMHelHo He3aBucuMbix dyukumin {¢,(x); £=0,1, ..., n}.
Hcxoas 13 ycaoBui MHTEpnonsuuy (COBIAACHUS 3HAUEHHMM TIOJUHOMA C
TaOIMUHBIMY 3HAYEHMAME DYHKLUMHU), A/15 HCOPEACACHHBIX K02(duiu-
eHTOB {a;} MoTyyaeM CHCTEMY JIMHEWHBIX yPABHEHHMI

agpo(x) + ayp(x;) +... +a,0,(x)=/, i=0,1,...,n

JIis CymecTBOBaHMS M EAMHCTBEHHOCTH PEUICHHS HEOOXOmMMO
[3, T. 1], uTOOBI AETCPMHHAHT YNOBJCTBOPS YCJIOBUIO

Po(xg) P(xg) - @,(Xg)
Polx) P1(*) -0 P, (x)

(pO(xn) (Pl(xn) .. “Pn(xn)

Hanpumep, nepuoanueckyro QyHKUMIO MOXET 0Ka3aTbCsl YAOOHBIM NpH-
6ruxars B Buge mnonuHomMa mno cucreme dynkuni  {¢, (x) =1,
cos kx, sin kx (k=1,2, ..., m, rak uro (2m + 1) = n). 10 Taxk HA3HI-
Baemas mpuzonomempuueckas unmepnoasyus (cM. [Tpunoxenue 4).

A = = 0.

2. Ecau B TaONMUHbBIX TOUKAX 3aKAHBI HE TOJIBKO 3HAUCHUS DyHKLMH,
HO U €€ IIPOM3BOAHBIE, TO M5 NpuOMMKeHM s (DYHKIMH UCITONB3YIOTCS NO-
JUHOMbBL Ipmuma, AN TOCTPOEHHUS KOTOPBIX HCIOJb3YIOTCH YCAOBHSL:

— B TaOJMYHBIX TOUKAX HOJHHOM NPUHAMACT 3aJaHHBIC 3HAUCHHA,
— TIPOHU3BOAHBIC OT MOJHMHOMA TAKXKC NPUHAMAKOT 3aJaHHBIC 3HAUCHM.

ECTECTBEHHO, YTO MOJMHOMBI JpMHUTA 0BECnEuMBaKOT ayymiee npudau-
XEHUE CPABHUTENBHO C OOBIYHOM MHTEpHOIALUEH.

3. Hnumepnoasyus xybuweckumu cnaainamu. B ornmume or xycoy-
HO-KyOMUHOM JIarpaHXeBOi MHTCPNOJSLMY, 3[ECh NMPHU TIEPEXOAE OT Of-
HOrO y4acTKa MHTEPHOJSLNA K ApYromy HE IPETEPHEBAIOT pa3pbiBa HE
TOJIBKO HEPBHIE MPOM3BOAHBIC, HO M BTOpbIE. DTO 3HAYUT, YTO CILIAM-
HOBas MHTEPHONSALMS OOECneuMBaeT ck@osnoe (HAa BCCM OTPE3KE MH-
TEpnoMpOBaHms ) riankoe npubmuxenue k dyskuun f(x) B BUAe Ho-
JIHHOMOB TPETBEU CTEMECHMU.

Crpostca oHM ciaenyrowum obpasom. Ha xaxmom orpeske [X,, X, ]

WILETCS MOMMHOM TpeThelt cremennm PP = a, + byx + ¢, x* + d x* co

cBouMHM Koadpdunuenramu. Tpebys, 4Tobpl BCE ITH MOJMHOME B Tabiny-
HBIX TOYKAX NPUHMMAIM 34AAHHBIC 3HAYECHUS W UTOOBI IIOJTMHOMBI HA CO-
CCOHMX OTpe3Kax IagkuM (BILIOTh A0 BTOPHIX NMPOM3BOAHBIX) 00pa3oM
CONpPATaNACh APYT C APYIOM, MOAyYacM 3aMKHYTYIO JIMHEHHYIO CHCTEMY
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ana 4n HeonpeneneHHHX Kod(dHuIMenToB, KoTopas pemaercs OTHOCH~-
TEABHO MPOCTO.

4. Humepnonsiyus ¢pynkyuli 08yx nepemennovix. ycts Ha MHOXeE-
cree Touek {(x;, y;)} 3amaHbl 3HAUECHHA GYHKUMH fi=r(x; yj).
Wmem npubnumxenne (GyHKIHY B BUAE MOJHHOMA

P(x,y)=a+bx+cy+dx®+exy+ fy*+...

Tpebyst, 4ToOB HA HEKOTOPOM MHOXECTBE TAGIMUHEIX TOUCK (B okpect-
HOCTH TOYKHM, B KOTOPOW HYXHO HaiTH NpuOAuXeHUe HYHKLMHN) BHIION-
HsCh Obl paBeHcTBa P(x;, ¥;) = f;j, TONy4YHM CHCTCMY ypaBHEHHIA
g kodpduumenros a, b, c, ...

I pumep. Kycouno-nmueitnoe npubiuxeHue B OKPECTHOCTH TOUKM
(x;, ¥;) (cm. puc. 5.4)

o

f" —f, f," _f,"
FR) R P(x, y) = fy; + " —4 (x —x,) + S (y— y)),
x y

NOCTPOCHHOE MO TalIMYHHIM NAaHHBIM B TOUKax (X;, ¥ido (Xie15 ¥i)s
(x;) Yi+1)-

5. Obpamnas unmepnonsyus. VIHOTIA BO3HHKAET HEOGXOMHMOCTS
OIPENE/NTb, NpH KAKOM 3HAUEHMM X dyHKumsa f(x) npuHumaer 3a-
RaHHOE 3HAYECHHE. YUWTHIBAA, YTO MHpH
y 3ajaHHoit Tabmuue (cM. HavyaIO JIeK-
uMu), ¢ GOPMANBHOM TOUKM 3PCHHS,
BoOOIWE TOBOpS, 6€3Pa3TMYHO, YTO CUM-
TaTh (PYHKUMEHA M UYTO APryMEHTOM, B
9TOM Ciayvyae NpPEACTABASICTCH YAOOHEIM
npubIMXaTh C MOMOIIbIO MHTEPIOSLU-
OHHOTO IOJIMHOMA 3aBMCUMOCTb  Xx(f).
Puc. 5.4 Jto u ecrb obparHas MHTCPNOJIALHUS,
OueBmaHO, HE COCTABASCT TPYAa BHIOU-
CaTb COOTBETCTBYIOINME BBHIPAXCHWS U NOJMHOMOB B popme Jlar-
panxa uwmu Hsiorona.

Bonee noapoGubie cBeAEHHMS MO BOMPOCAM, PACCMOTPCHHBIM B JIGK-
MM 5 M JOMOJHEHUSAX K HEM, MOXHO HAHTH B [1, ¢c. 292—-363], [2, c.
34-731, [3, .1, c.77-216], [5, c. 17-25], 19, ¢.27-170], [12,
c. 127-160], [15, c. 78—98, 210—259].

BOMPOCHI M YMPAMHEHMS ' \

1. HpeanoxuTh SKOHOMMUHBIY CTIOCO6 BBLIUMC/ICHHS 3HAYCHMH HHTEPIO-
JALHOHHONO M0JIMHOMA n-H CTENEHH, 3amucaHHoro B dopme: a) (5.1); 6)
HbioToHa.

Hpennonaraercs, 4To ko3 HHUUEHTE MomMHOMOB ({a i} cootsetcTBenHo {A;}) us-
BECTHBI (YK€ BbIUKC/ICHDI). ’
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3ameuaHue. Ilog 3KOHOMUYHLIM 3AECh MOHUMAETCS CIIOCOO BBIYMCJIEHUH,
TpeOyIOLUHil UKc/ia apUuPMETUUECKUX JeHCTBHIA, NPONOPLMOHAILHONO CTENEHH 10~
JIMHOMA. A

2. C KakoM TOYHOCTBI MOXHO BbIUMC/IUTH Sin 20° 1O M3BECTHBIM 3Haue-
Husm {sin 0°, sin 30°, sin 45°, sin 60°}, ucnone3ys HHTEPNONALMIO: a) JMHEN-
Hywo, ©) KBaapaTHuHyO?

3. Tabmmua 3HaueHuH f(x) = e* naHa Ha orpeske [0, 1] c marom 0.1. Kakosa
HauboJIbLIAS [IOIPELIHOCTD UHTEPNONSALMH: a) IMHERHOH, §) KBaapaTHUHOM?

2 i 2
4. Tabnuua MHTerpaja BEpPOATHOCTH ﬁ S e~ dx Ha orpeske [0, 3] maHa

¢ waroM A =0.01. KakoBa Haubosblnas NOrpelIHOCTb JIMHEMHOM HHTEp-
nonsumu?

5. C Kakoil TOYHOCTBIO MMeeT CMBICT 3ajaBaThb 3HauYeHMs Tab/MLBI
f(x) =sin x na orpeske [0, n], ecan war Tabauupl A = 1/20 U NpeanonaraeTcsa
WCIOJL30BATh JIMHEHHYIO MHTEPNONAUUIo Ans fnpubavxkenns GYHKIUM B HeTab-
JIMUHBIX TOYKax?

6. C KakoiM TOYHOCTBIO MOXHO BBIYMC/IUTh Ky6HUecKMit kopeHb U3 1200, uc-
nonp3yst o6paTHY0 MHTEPNOJALMIO ANt QYHKUMH f(X) = x13 mexny yanamu
xo=103=1000, x; = 113 = 1331, x, = 123 = 17287

7. Haiitu cpensekBafpaTHyHoe NpUOAMXKEHNE CPeAH NMOJTUHOMOB CTENEHU He
BbllIe BTOPOM ANA YHKUMH, 3agaHHOM 3HaueHusmu {—1, 0, 1} B Toukax
{—0.5,0,0.5}. 5

CpaBHuTb HailfeHHOe NMPUOIMXKEHHE C UHTEPNONSLMOHHBIM TOJIMHOMOM 2-#
CTeneH!, NOCTPOSHHBIM 110 TeM Xe AaHHbIM. CpaBHUTb TAKXKe 3HAYEHHE NTOCTPOEH-
HOro NOJIHOMa B Touke X = 0.25 co 3HaueHreM YHKLMH sin 7x.

A
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JEKUMNSG 6

YUCNEHHOE QUMD MEPEHLLUPOBAHUE M MHTETPUPOBAHME

IHocmpoenue Gopmyn 0ns NpUBAUXKEHHOCO BbIMUCTCHUS NPOU3BOOHbIX, AMANU3 NOCPEULHO-
cmu. Heycmoidvusocmes wucrennozo Qudpepenyuposanus. Keadpamypusie ¢opmyasi nps-
MOY2OAbHUKOS, mpaneuuli, Cumncona. IIozpewnocms keadpamypubix dopmyn. Boiucae-
Hue HecODCMBEHHbLLX UHMEZPanoa. .

Incrennoe anddepenunporanue. B stom pasmene Mui obcyauMm cmo-
co0bl KOHCTPYHMpPOBAHMS opMyn, MO3BONAIOIIMX BHIYMCALTD npuban-
KCHHHIC 3HAYCHMS NPOM3BOAHHIX OT (hYHKOWMH, 3afaHHOM Tabmumeit
3HAUCHMI.

Hrak, nycts B Touxkax X;,i=0, 1, ..., n u3BeCTHHI 3HAUECHUS DYHK-
wun f(x): {f;, i=0,1, ..., n}. Ipocreitmnii crocod NOCTPOCHUST (hop-
MyJl YMCIEHHOrO Aucddepenuuposanus cocrout B caenyomem. [lo Tab-
JIMYHBIM [AHHBIM TIPHOIMXaeM (DYyHKIHMIO MHTEPIONSLMOHHBM MOTHHO-
MoM. [Huddepenuupyss nonmHoM HyxHOE umCIO pas, noayvaem
Tpebyemyio opmy.y.

Hanpumep, npu ucnonssosanum nosmsoMa n-it cremenu umeem

F(x) = Pp(x) + R,(x);

R,(x) — ommbka mHTEpTONANMM (MIM OCTATOUHHI WIEH HHTEPIIONA-
poBanus). CooTBeTCTBEHHO mnst k- NPOM3BOIHON OT dbynkuun f(x)
Ha OTpPC3KEC WHTEPMONMPOBAHMA [x,, x,] momyuaem npubamxenuyo
tbopmymy

k d*P_(x) ‘
L P —a (6.1)

~
dx* dx*
TIOrpeIiHOCTb KOTOPOM XapakTepu3yercss k-if MpOM3BOAHOM OT OmHGKH
d*R,(x)
MHTEPIONSIMH; e
X

3aMeuyaHue. AHANN3 TIOTPEIIHOCTH ¢dopmy uncnenHoro ande-
PCHLHUPOBAHUS, ONMPAIOWNICA Ha auddepeHLnpoBaHNE OCTATOYHOIO
‘ICHA, SATPYIHEH TEM, UTO BHIPAXEHHME A/ MOCAEAHETO, KAK CACAYET
u3 crocoba ero BhiBoAa (cM. Jeknmio 5),

_ fn+l(xl '
R (x)= D BT x)(x—x).(x—x,)

COACPXHUT HESBHYIO 3aBHCHMOCTB OT X yepes x' = x'(x) € [xg, x,]. Tem
HE MCHEC, UMCHHO TaKOH CII0CO6 MCC/ICNOBAHMA MOTPEUIHOCTH PEATH30-
BaH B [9]. Mul HMXe MO3HAKOMHUMCS C APYTHM TOAXOAOM K aHAJIHU3y TOY-
HOCTH (hOpMya umMCcIEHHOrO audepenunposanns. A
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Mpumepsn. IycTs Hano npubauanTh npousBoxHEC dyHKIMHA f(x)
B OKpECTHOCTH TabnuuHO# Touku x ~x,. [lanee Mbi Gynem nonararb, 4T0
TaGIMYHBIC TOYKM PABHOOTCTOST APYT OT APYra, T.€. X; = X, + ih. JT10
HENPUHUMIHAILHO C TOUKH 3PEHMS HAMEUEHHOro crnocoba KOHCTPYHpoO-
BaHHUs NpUONIKEHHBIX QOPMYJN Uil IPOM3BOAHBIX, MPOCTO (hopMyJibt Oy-
AYT BHIIISAETH IIPOUIC.

a) IpubauauM B pacCMaTPUBAEMON OKPECTHOCTH (DYHKIMIO MOJIMHO-
MOM IEPBOM CTEICHU:

fi+1'“fi
f(x) & py(x) = £+ (x—x).

Torma »
~ dp(x) _ fipi— 7,

af .
dx h

(6.2)
dx i

x~x,

Mcronp3yst KyCOYHO-ITMHEHHYI0 MHTEPIONSALMIO, MOXHO ObUIO OB npu-
6mu3uTh f(X) B paccMaTpPHBAEMON OKPCCTHOCTH M TakK:

fi—f,'_
f(xX)~p(x)=f;+—F— : (x—x;).
Orcrona
df Ldnx  fi—figy (6.2)
dx x~xi~ dx ~—  h

Mbl momyumaM npocTeimme npubmnkeHsbie (GopMysbl IS NEpBOM
IpOM3BONHOM OT (DYHKUMH, 3anaHHOM Tabnumuno: (6.2) — npadoe pas-
nocmuoe omnowenue, (6.2') — nesoe pasnocmuoe omnowenue. Que-
BHJIHO, MOXHO ObLI0 Obl MX HAMMCATh CPa3y, OMUPASCh HA ONPEAETCHUE
NPOM3BOAHOM OT (DYHKUMM M HE IPHUBJICKAS MHTCPHOMALMIO B KAUECTBE
NPOMEXYTOYHOrO STana. SICHO TakXe, YTO AJis MOJTYYEHHS npubanxen-
HBIX (DOPMYJI JUIS BTOPOi M BBICIIMX TMPOM3BOAHBIX JHMHEHHOIO mpubiu-
XKeHus HYHKIMHU HEROCTATOUHO.

6) Mpubausum B paccMATPUBAEMOI OKPECTHOCTH (DYHKIUIO MOJHHO-
MOM BTOpPOM CTECIICHM:

fict

f,' - ——2fi+fi—1
F(x) & py(x) = f, + -+ —

f i+1 | 2
(x=—x;)+ »" (x—x)% .
(JIerko npoBepSETCH, YTO ITO MHTEPNOISLUOHHBIA OJNHOM, TIOCTPOCH-
HbIA 110 3HAYEHUIM (GYHKIMM B TOYKAX {X,_,, X;, X, ,}. Ml HpHBJIeKJII:I
3mech Takyio (opMy 3amucH MOTOMY, YTO OHA HECKOJbKO KOMNAKTHEH
CPAaBHMTEIBHO C HBIOTOHOBCKOM, TeM Gonee ¢ JarpaHxesoi cdopmamu.)
Iuddepenupys oquH pas, NOAyYaEM HOBYIO NpubIMXeHHYO (opmyy
IU19 1IEPBOH ITPOM3BONHOM:

i1~ F figr—2f+Fi
ﬂ zfl'f'l ft—l + i+1 2: i—1 (x_xi). (63)
dx x~x, 2h K
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3necn, B ormune ot (6.1), (6.2), npubauxenne 3asucHT oT x. B yacTHO-
CTH, JUIS X = X; UIMEEM

daf ~ fin—fin ' (6.4)
dx x=x, 2h :

OTO TaK Ha3BIBAEMOE UEHMPAIbHOE DAZHOCMHOE OMHOULEHUE.
Huddepenunpys nosmuoMm nea pasa, MOMyyaeM NPUOIHXEHHYIO
dopMyny asa BTOpPO#t HpPOM3BOLHOIL: #

d2 f,' —2f‘+f_ i
Z;Q ST (6.5)

¢

AHanornyabM 06pa3oM, NpHUBICKAs MHTEPIONALMIO GOEe BHICOKOTO
TIOpAIKA, MOXHO I0/1y4aTh HOBBIE (DOPMYJIbL /15 NEPBOM M BTOPOIl Ipo-
M3BOIHLIX ¥ (POPMYJIB /IS BHICHIMX NPOM3BOAHBIX.

Ilorpemnocty GoOpMys yucIEeHHOro nnddepenunposanns. Orme-
THM, 4TO s06ast dopmyna s mpuGTHXeHMs M0G0 NPOM3BOTHOIM
6 KOHKPemHOI mo4ke UMEET CIEAYIOWYIO CTPYKTYpY:

d* .
TSt (6.6)

(¢; — mocrosHHbIE KO3((pUIIMEHTEI), THE CYMMHPOBAHHE MPOM3BOIUTCS
N0 HEKOTOPOMY AMAanasoHy TaOJIMYHEIX TAHHBIX.

Ananuz morpemsocrn dopmyns (6.6) cogutcs K Cenyomemy.
Ilpeamonaras HEOOXOAMMYIO TJIanKOCThb Gynkunmn f(x), 3aMeHscM Bce
BXoAsmue B npasyio uvacte (6.6) sHaueHus f ; no dopmynam Teitiopa
OMHOCUMENLHO MOuKU, ONsL KOMOPOU paccmampueaemcst npubiuxe-
nue (6.6). Ilocie nposenenns mpocTwix apuMETHYCCKUX BHIKIANO0K B
K44ECTBC IVIABHOIO WICHA MPAaBOM YACTH HOAYYHM NPUGIMXEHHOE 3HA-
YCHHE TPOM3BORHOW. OcTrasnbHEHE wieHH OymyT XapaKTCPH30BATH IO-
FPEMIHOCTD.

[Ipumep. Ouenuts mnorpemsocTs dopmyan (6.2) mna Toukm
X € [x;, x;4,]. 3amenstem £, u £, no hopmynam Tcitnopa oTHOCHTENDB-
HO TOYKH X:

Fiey =F(x) + F(x) (x4 — %) +%f”(x)(xi+l —x)+
+ % S8 (x4 — X)3,
Fe=FG) £/ () (xy = %) 3 £ () (3, = )2+ § £ (0) (3, — %)%

(Tlocaenrme cnaraemuie npencraBasior coGoit OCTaTOYHLIE WJICHBI, TaK
uro § € [x, x;,,], n € [x;, x].)
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ToncraBagas 5T BHpaXXeHHd B MpaBylo uacts (6.2), noayuaem
fimi— 7

=1 {f'(x)(x,-ﬂ =x) 3[R =07 = (5 =07 +

O TOICOREES VO U

(x;,-%)° x~0)?

=) 3770 (g + %, = 20) + 5 () — () S

Takum o0pa3oM, norpemHocTh ¢opMyan (6.2) aas NPOU3BOIBHOM
Toukn x C [x;, x;,] o e

—F. X. 1+ X, M
A= f’(x)-——-———f'“h L < M, | ’—x’ +-7H, (6.7)
’ " x,-+x,-+1
me M= max |f"(x)|, M;= max |f"(x)|. Dma x=-—
Xp Xl [x4 x4 i
M, h
A~O(h?). Ona ocraneHnix X A < —-22—, T.¢. hopmyna (6.2) asngerca B

obuiem cryuae Gopmya0il NEPBOrO MOPSAKA TOUHOCTH, HO VIS CEPEAMHEL
MHTEPBANA OHAa ofecneumBaeT BTOPOH MOPSIOK.

3ameuanne. BooSme roBops, BTOPOil NOPSAOK TOUHOCTH AOCTHIA-

x.+x,
+11 2
eTCs I/ BCEX TOUEK X, TAKHUX, UTO ‘x - —i—i'— = O(h*). A
YucaeHHOe HHTErpUpoOBaHMe. Peub moiger 0 METOgax BBIYMCICHUS
3HAUCHHUS MHTErpana

b
J= S f(x) dx.

a

M= paccMOTpHM 37€Ch NPOCTEMIIME, HO B TO XE BPEMS IIHPOKO HCITOMb-
3YEMHIC B OPAKTHYECKHX BBIYMCICHUAX HOPMYJIBL NPAMOYTOIbHMKOB (C
LCHTPAJBHOM TOUKOM), Tpaneunit, CuMmncona.
Cniocob MX MOIyueHHsS COCTOMT B CeAyIomeM. PazofbeM oTpe3oK uH-
TerpupoBanus [a, b] Ha N anemenrapubix mwaros. Touxu pasbuchus x,
N—1
(n=0,1,..., N); h,=x,,, —x,, TaK ur0 ¥ h, = b— a. B nansueii-
n=0
weM GyneM Ha3bBaTh X, y31aMu, h, — uiaramu uHTErpupoBaHus. (B ua-
CTHOM CJIyyae 1Oar MHTErPUPOBAHMS MOXET OHTb IIOCTOSHHBIM
h = (b — a)/N.) Taxxe 6ynem nonwb3osatscst oboanauenneM f, = f(x,).

Hckomoe 3HaueHHEe MHTErpana npeacTaBUM B BHAE

N—1%p4 N-1
I=% {rx)dx=3 7, (6.8)
n=0 x, n=0
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rae J, = S f(x) dx.

x'l e ! L

Dopmyna npsamoyeonsnuxos. Cunrtas h, MaabiM [1apaMeTpoM, 3ame-
M J, B (6.8) momanpio mpsMOyroJbHMKA ¢ OCHOBAHMEM A, M BBICO-
TOi1 fn +12=f(x, + h,/2). Torna npuneM x JOKaAbHOM d)opmyne nps-
MOYTOJIbHUKOB:

Jn = hnfn+l/2‘ N (69)

Cymmupys B cootserctBud ¢ (6.8) nmpubnuxcHHbIE 3HAYEHHS 110 BCEM
SJIEMCHTAPHBIM OTPE3KaM, nojy4yaeM (opMysy NpSMOYIOAbHHKOB /st
BBIUMCJICHUAS NPUOIUXEHHS K J:

]

N-1 :
~ ‘ }
J= E hnfn+l/2‘ (6.10)
n=0 '
B wacrHoM cnyuwae, korma h, = h = const, ¢opMyaa NpAMOYIOJLHHKOB
3aNNCHIBACTCA B BHIC N=1
J=h2fn+”2. - (6.10")
n=0

3ameuanue. MOXHO KOHCTPYHPOBATh AHAJIOTHYHBIE (DOPMYJIBI, HC-
HOb3YSI B KAUECTBE BHICOTHI JIEMCHTAPHLIX IPSMOYIOJIbHUKOB 3HAUECHHUE
/(x) He B cepemMHE OTPE3KOB, a, HANIPUMED, Ha rpaHuue (JAEBOM UM mpa-
Boii). Ho B 9TOM CiIyyae CymiecTBEHHO yXyaImaeTcs TOUHOCTb BHIYUCISE-
moro pesyabrata (cM. Huxe «[lorpemHocTs KBanpaTypHbix hopMysi»). A

Qopmyra mpaneyuti. Ha anemenrapHoM oTpeske [x,, x,,+} 3ame-
HAM TIOABIHTETPATbHYIO (DYHKIHMIO MHTEPHOASIUOHKHNM MOJHHOMOM
NEPBOM CTEICHU: P /

n+l” In
f(x) %fn‘f‘x—: (x—xn).
n+1 n
Brinosnsas MHTErpMpoBaHME MO OTPE3KY, NPUXOAMM K JIOKAJIbHOM top-
MyJe Tpanemuit:

7n =% (xn+1 - xn)(fn+l + fn) = % h"('f""‘l + f"). (6.11?

3amevanne. HazsaHue cBS3aHO C TeM, uTO MHTCrpan mo ose-
MEHTapHOMY OTPC3KY 3aMEHSAeTCSl IJIOWANbI TPANEUMHM C OCHOBA-
HUAIMH, DaBHbBIMM 3HAYCHWAM f(X) Ha Kpasx OTpe3Ka, M BHICOTOI,

PaBHOH . A

Cymmupys (6.11) no Bcem orpeskam, momyuaem ¢GopMyy Tpamewmmit
AJist BEIUMCJICHHS HpI/I6JIH)KCHPIH K J:
N-1

3 2 h(f, +f,.+1) (6.12)

n=0Q
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B ciyuae nocTOSHHOIO LIAra MHTErpUPOBaHUS (POpMysa NPUHMMAET BHA
N—1

7=% Z(fn+fn+l)=_;_ [fo+2f1+ "'+2fN”1+fN]°
n=0

@opmyra Cumncona. Ha snemenrapHom orpeske [x,, x,.,], mpu-

BJIEKAd 3HAUCHHC (1)yHKI.[I/II/I B CepeauHe, 3aMCHUM MNOABIHTCTPAJbHYIO
d)yHKU,KIO HHTCPNOJNATNOHHBIM ITONHMHOMOM BTOpOﬁ CTCIICHHU

n fn xn +xn
[ % Py(3) = i + 225 [x——~“2 ]+

. 2
'fn+1_2fn+1/2+fn x_xn+1+xn]
2k J2) 2

(Hamomunm, uto h, = X, —X,,, £, = f(X,), [ 41 = f(x, + h,/2). Boi-
YKCIISS MHTErpas OT MOJMHOMA IO OTpesKy [x,, X, ], Ipuxomum x Jo-
KanbHOU hopmyne CHMICOHA:

B .
J"=?n(fn+4fn+1/2+fn+1)- (6.13)

Cymmupysa (6.13) mo Bcem orpeskam, nonyuaem (opmyry Cumncona

IUISL BHIUKCJECHUS npubauxenns x J:
N-1

1
=35 2 (a4 pript far)- (6.14)
n=0

Jdns  HOCTOSHHOTO  IIara  MHTErpHpoBaHMs A =const=h=

= (b — a)/N dopmyna npuHuMaeT BUA
N-1

~ 1
",=Eh2 (fn+4fn+1lz+fn+1) =

n=0
=% (fo + 4f1/2+ 2f1 + 4f3/2+ et ZfN_l +4fN—112+fN)' (6.15)

3amevanune. Uuorna nocaeaHiorn ¢GopMysy 3anuCHBaIOT 6e3 nc-
TOJb30BaHUS I[pOGHbIX HHACKCOB B BUAC

= ‘3‘ (fo+afi+2f,+4f;+... +2f gy, +4fy_ + fy) (6.15)

K 2T10it 3amucu npuxoguM, €CaIM TOX JIOKAJBHOM (hOpMYJOl NOHHMATh
pe3yJIbTaT MHTETPAPOBAHMUS 110 IAPE 3JEMEHTAPHHX OTPE3KOB

xn+l

‘7n= S i)z(x) dx:% (fn—l +4fn+fn+l)’

rae P,(x) — MHTEPHONALMOHHBIA MOJIMHOM BTOPOH cTemeHH A f(x)
Ha [x,_y, X,+], TOCTPOEHHbI/ IO 3HAYEHMSIM B TOYKAX X, 1, X, Xp4q
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Cymmupys okanbHEE NPHGAMXEHUS MO BCEM TapaM, IOIyYAM (6.15").

Paszymeercs, uncno map Ha [a, 5] B atoM cayuae RoaxHO GbiTh LEJIhIM,
T.e. N — UYCTHBHIM. A oy

@opmybl, UCTIONB3YyEMBIE AN NPUGIHKEHHOTO BHYAC/ACHMS MHTET-
pana, Ha3HBAIOTCA KGAOpamypHsiMmu.

ITorpewHocTs XBaapatypubix opmyn. OauH U3 BOZMOXHBIX CHO-
co6OB OIEHKM TOUHOCTH NMOCTPOEHHHIX (POPMYJ1 COCTOMT B CJIEAYIOLIEM,
PaccmorpamM unTerpan mo ssementapHoMy oTpesKy

xn+1

J,={ f(x) dx.

X
n

BriGepem Ha 9TOM OTpeske Kakyio-mubo «OTIOPHYIO» TOYKY X =2 H

NPEACTABHM NOABIHTErPAJbHYIO (GyHKIHMIO mo Gopmyae Teisnopa oTHO-
CHTEJIbHO 3TOM TOYKH: ‘

JE = 1@+ P (D=2 + (= )P+ R =),

TAe R(X — z) — OCTATOUHBIH YNEH HCIIONb3yeMOH dopmynn Teitnopa.
Briunc/sq mHTErpan or mociemHe# CyMMBI, IOMyyaeM NPEACTABICHHE
J, B BHOE
*net
J,=/(2)h, + AL+ BE, + ... + ( R(x—2) dz,  (6.16)

X
n

rae KoapduuuenTHt A, B, ... 3aBHCAT OT IPOM3BOAHBIX f'(2)
£(2), ... ’

3aMeTHM nmanee, uTO KaXpas M3 PacCMATPHBACMEBIX KBagparyp-
HBIX ¢OpMys1 (NPAMOYTOJLHMKOB, Tpamenuil u Cumncona) B npene-
7laX 5JIEMECHTapHOro orpeska [x,, x,,,] Moxer GmThb mnpencrasacHa
B BHIE

T,=h [rfn tsfprint ‘an+l] et (6.17)

€O CBOMMH koaunuenramn r, s, g. 3amenss B (6.17) xaxnoe u3 3Ha-
ueHN pynxuun f mo dopmyne Teinopa OTHOCHTENBHO TOH XE TOUKM
Z, NOJYYUM TPENCTABJICHUE NMPUOIUKEHHOIO 3HAYCHUS .7,, TaKXe B BH-
ne, ananoruuaom (6.16):

T.=f@h,+ AR +BRE+..+R (6.18)

Cpasuusas npencrasnenns (6.16) u (6.18), obBmapyxusaeM, uTto
Hapspy ¢ mepsbiM ciaraembim B (6.16), (6.18) coBmagaer ewme Heko-
TOpOE KOMMYeCTBO (p— 1) caaraeMmix, Tak uto A= A,B=B,, ...
PasHocTs HecoBmajaromux ciaraembix Gyaer, oueBMAHO, XapaxkTepuso-
BaTb OWHUOKY KBaxpaTypHoit dopmyssl. Ouenusas BEJMYUHY JTOM pas-
HOCTH, TNIPHXOAMM K OLEHKE JAI8 JIOKajbHOM (HA HMHTepBase
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{x,, x,+;]) norpemHocTH: o - I , e

ljn_ J,| €D max |f(p)|hf1’“, - (619)

[xn' xn+1]

rae D — 4nc/I0Bas KOHCTAHTa, a fP) — p-g npoussopHas GyHkuuu f(x).
CyMMupys JIOKaJIbHBIC IOTPEITHOCTH N0 BCEM MHTEPBAJIAM, MOJIYyYUM
TpefyeMyI0 OLEHKY MOrpeUIHOCTH PAcCMATPUBAEMOM (hOpMyJIEL:

‘ | T~ J| <D(b— a)M,hP, (6.20)
rae M,=max |fP)| mo scemy orpesky [a, ], a E=m§1x h,, ecnm

h, = const. CTenens p MPUHATO HA3BIBATH NMOPSAKOM TOYHOCTH KBajpa-

TypHOH! (HOPMYJIHL.
Jlns pacCMOTPEHHBIX 3/IECh KBAAPATYPHLIX (DOPMYJ MOJIy4aeMBIE Ta-
K¥M 00pa3oM OHEHKH MOTPEIIHOCTH MMEIOT BHA:

¢opMyna mpaMOYTrOJbHUKOB — |T—J| < %‘: (b— a)Mzﬁz, "
¢opmysna Tpamemuit — |J — J| < 1—12- (b— a)Mz—liz, ' (6.20")
tdopmyna Cumncona (6.15) — |T—J| < 751% (b— a)Mﬁ“, 188

R PR ¢ |
dopmyna Cummncona (6.15") — |J—J| sllﬁ (b— a)Mh*.

Bameuvanue 1. Or BeOOpPa «OMOPHOI» TOUKH Pe3y/bTAaT HE 3aBH-
cut. Hampumep, asst oneHky morpeirHoctd GopMys1 DpsSMOYTOJbHAKOB
CuMncoHa Lenecoo0pasHo B3sATh B KAUECTBE 2z CCPEAMHY OTpE3Ka
[x,, x,4,] (BHIKIA7KM MpM 3TOM ynpomaioTcs). A i

Bameuanue 2. [Ina dopmyn tpanenuit 1 CHMIICOHA TAKHE OLEH-
KHY MOXHO ObLJI0 OB MOJIYYNTh, MHTETPUPYS 10 31CMEHTAPHBIM OTPE3KaM
BBIPAXKEHUE IS OCTATOUHOIO WICHA COOTBETCTBYIOLIETO MHTEPHOIALM-
OHHOIO HOJMHOMA. A

Bamcuanne 3. [ToryueHnsle OLECHKH, KaK CJIETyET U3 UX BHAA, 3a-
BHCST OT IVIAAKOCTH TIONBIHTErpanbHoit dynkuuu. Hanpumep, ecmn f(x)
TOJIBKO TPUXAH HempephiBHO nuddepenuupyema Ha [a, b], To ouenka
norpemiHocTH (popmy sl CHMIICOHA YXYAWAETCS HA MOPANOK. A

Ec/1 M3BECTHEI OUEHKM A/18 a0COMIOTHEIX BEIUYUH COOTBCTCTBYIOIINX
FIPOM3BONHBIX, TO, Mcronb3ys (6.20), MOXHO ampuopu (IO NPOBEACHUS
pacueTa) ONMpeaeaMTb WAr HHTETPUPOBAHMS A = const, MPU KOTOPOM MO-
IPEIIHOCTDb BBIUMCJIEHHOTO PE3YJIbTaTa rapaHTHPOBAHO HE MPEBBIAET 10~
TlyCTMMOIO YPOBHS NMOTPEIIHOCTH e. [Ijis 3TOrO, Kak CJACAYET U3 (6.20),
JOCTATOYHO DELIMTh OTHOCHTENbHO A HepasencTso D(b—a) M ph" <e.

OnHAKO TUIHYHOU SIBJISETCH CHUTYalHs, KOrAa BEJMUMHBI HYXHBIX |
[POM3BOAHEIX HE MOANAIOTCK OLEHKE. Toraa KOHTPOJAb 3@ TOYHOCTBIO
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BBIMHCIISIEMBIX PE3YJbTATOB MOXHO OpPraHn3oBaTh, IPOBOAT BHIYUCIIC-
HHS Ha MNOCJACHOBATE/IBHO Crylmamomencs ceTke Yy3J10B HHTErpupoBaHNA.

Konmpons 3a mounocmeio evuucasemoeo snauenus unmezpara,
ITyctb mar umrerpuposanms h = const, J® — prupcrenHoe ¢ marom
h npubmuxenue x J. Ecm, Jajiee, BEUMCIACHO TakXe npubaMXeHHOe
snauerne J? ¢ marom 4/2, To B KauecTse HpUGIMXEHHOM OLCHKH MO-

PPpCHIHOCTH TIOCJACAHErO BBIYKUCJACHHOTO 3HAYCHHUS MOXHO paccMarpu-
BATh BEINYHHY

| 4D — g o | g0 _ )

IIpr Heo6x0AMMOCTH BHIUMC/IUTS PesyAbTAT C Tpefyemoil TOUHOCTBIO (&)
BRIUMCICHMS.  MOBTOPSIOTCS € TMOCJACAOBATENBHO — YMEHBLIAIOMUMCA
(BABOE) WAaroM KO TexX HOp, MOKA HE BHIIOAHHTCS ycaoBue

| 4D — g6 <,

Cuem c asmomamuyeckum avibopom wazos unmezpupoasarus. Moxuo
TIPUMEHSIT YKA3aHHOE MPABMIIO U1 KOHTPOIS 32 JIOKANBHOM I0rPELIHo-
CTBIO Ha KAX/I0M 51EMEHTAaPHOM MHTEpBaIe. [1py 3TOM AMHA OYEpeRHOrO
VHTEpBana h, =x, ., — X,, MOCPEACTBOM IOCAEA0BATE/IBHONO YMEHbIIE-
HAS (WM yBeMMYeHus!) HAYAIBHON NUTHHEL BABOE, YCTAHABJMBAETCA Ta-
KOM, YTOOBI JIOKAIbHAS TIOTPELIHOCTD YAOBJIETBOPSIA HEPABEHCTBY

[T, — T, =~ | I0 — 02| < eh,/(b— a).

Torna B xynmenm cayuae omubka BHUMCIEHHOTO 3HAYEHHS 1O BCEMY OT-
PE3Ky MHTErpupoBaHus He GyAeT MPEBOCXOAMTH CYMMY JOKANBHHX I10-
IPEIIHOCTEN 2 eh,/(b — a) = ¢, 1.e. He Gyner npeBOCXOUTH 3aJaHHOIO
n

YPOBHS MOrPENTHOCTH.

Cnioco6 BBIUMCIEHMS C ABTOMATHYECKUM BHIGOpOM HMeeT To mpe-
MMYIIECTBO, 4TO OH <«IPHCHOCAONMBAETCS» K OCOGCHHOCTSM TIONBIH-
TErpanbHOM (yHKUMM: B O6MAacTSX pE3KOTO M3MEHEHHS (11350914071

ar yMCHBINACTCH, & TaM, rae (ynkuus mensercs caabo, — yBe-
JIMYHBAETCH.

AONOJTHEHMS K NEKLMM 6

. .

HeycroitumBocTs yHuCcIeHHOrO auddepenumposanuns. Peus noiiger
O BJIMSHMA HOrPEIIHOCTEH BXONHBIX NAHHBIX HA PE3YJ/bTAT BRIYMC/ICHAS
MPOM3BOAHKX MO (hopMynaM UMCIEHHOIO aucpdepeHumposanng. Pasbe-
PEMCSL C CYTBIO BOIIPOCA HA KOHKPETHOM IpHMEpE.

Ilycte B TOuxkax {x;,i=1,2, ..., n} saganm 3Hauemmus byHKuMn
{/:}, xoTopEE OTMMYAIOTCH OT TOUHHX 3HAUEHMI fi=71(x):
fi=ri£3,;, E
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d; — morpemHocTH TabnuuHBIX AaHHHIX. Kak mpaswmio, omenka abco-
JIOTHHIX TIOrPEMIHOCTEN MCXOOHBIX AAHHBIX

4 = max 9J; k (6.21)
4

SBJSIETCS U3BECTHOM BEJIMYMHOM.
ITycTb B TOUKE X == X, Hy>XHO NPHOIN3UTE MEPBYIO IPOM3BOAHYIO OT
¢byukunu f(x). VcnonbayeMm mas 9TOM Leau Kakyio-aubo npubamxeH-

HYIO (hOpMYJy, I/ ONPERENEHHOCTH — MpPOCTEHIIYIO:
dr) Imh (6.22)
dx ~ h .

x=xi

Ee norpemsocts

~ ~ _ ) _ ) ’~. —?
d fipi— 7, - df fi+1 i fivt fz_ft+1 z:]
é‘ +h l - [2}" I h

| =

l
f,"—:f','
h

A=

fi+1_?i+l

df fi+1"fi
ax h

dx h

ITepsoe cnaraemoe MpeacTaBaseT co60M METOAMYECKYIO OWHOKY M CO-

+

+

f
<

2
IJIACHO OUEHKE, NOMYYEHHOH B JICKLMH, HE NPEBOCXOAMT —= A, TAE
M, = max | f"(x)].
(X
Yuuresas (6.21), nonyuyaem

A<ZEh+ 2 o). (6.23)

OueBHAHO, TIPH A~ & HEYCTPAHMMAs NOFPEIIHOCTH MOXET CTaTh BE/H-
yuHOH mopsaka O(1). B stoM nposdBasieTrcds HEyCTOHUYMBOCTD UHMC/IEH-
Horo aucddepeHINpOBaHNS: NOrPEIHOCTH 'I;&6]IM‘-IHbIX N@HHBIX MOIYT
KdK YTOAHO CHUJIbHO MCKA3UTH BEIUMC/ISEMBbI no npuliauxeHHOH dop-
MyJIe PC3YJIbTAT. 3

Kak BugHo u3 (6.23), cymecTByer onTuMaibHBlA mar A, ., Opu Ko-

TOPOM OLICHKA AJS BO3MOXHOM omnbku MuHMMAanbHa. Halinem ero:
dothy M, 28 —0

dh 2 A

M 3 1 M
8 = 2,940 2 =
Orcrona Ay, = ZVE. Hpu srom @ (hey,) = 2\] W, +28:5\
=2/M,8.

Takum 06pasomM, B JIyumeM cayuae (IIpM ONTHMAJBHOM MIATE) MOXKHO
JINIb TAPaHTUPOBATH, UTO MPOU3BOAHANA OT f(Xx), BHUMCIEHHAs no ¢op-
Mmyae (6.22), MOXET OTJIMYATBHCA OT TOYHOIO 3HAUYCHHUA He Oosee, ueM Ha
2VM,%. Ecin, Hanpumep, & < 0.01, to A~0.1 (npu M,~1). Touno Tax
xe ans moboi apyroi dopMyan uncaeHHOro auddepeHIpoBaHus pH
W3BECTHBIX OUEHKAX A/ BEJUUMH POU3BOAHKIX OT f(x), TpeOyeMbIx 1ipu
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AHAJIU3€, MOXET OHITH HalM/IeH BKIAK B HTOTOBYIO OIMGKY HEYCTPAHMMBIX
TOTPEIIHOCTEH BXOAHBIX JAHHBIX U ONTHMAJIBHbIA LIAr, IPA KOTOPOM CyM-
MapHag MOTPELIHOCTE MMHUMHA3UPYETCH.

YcToiuMBoCTb XBaapaTypHbix dopmya. [Ipu unciaeHHOM MHTErpH-

POBAHMM BJHSHHME MOrPEUIHOCTEH BXOAHHEIX AAHHBIX HA PE3yJILTAT BHI-
YUC/ICHUH BIIOJIHE yMepeHHO. B camom aene, mobas M3 paccCMOTPEHHBIX
HaMM KBaZpATYPHHX (OPMYJ MOXeT OBITh NMPEACTABJICHA B BHAC

T= > c,f; (¢;>0 — mocrosHEbie K0bDdULIMEHTEH),

Te CyMMUPOBAHHE NMPOM3BOMUTCS IO BCEM y3/aM MHTErpupoBanus. He-
TPYAHO TIOHSITh, UTO 2 ¢; = b— a. (B camom nene, mobas ksagparyp-
Hast (POPMYJIa AAET TOUHEBIN PE3yJbTAT, ECAM f = CONSt, B YACTHOCTH MPH
f =1.) Takum obpazom, ais _7,- = f,+ 9§, umeeM

I=T= /=S ef|=|(1=Ses) + (Ec,.f,.—Zc,-?iHs
<|7=Seti| +Telfi—Fil.

Hepsoe craraemMoe B TpaBOi YacTH HepaBEeHCTBA — ommOKa METOAa,
BTOPOE — HEYCTPAHMMAA TNOTPELIHOCTh, O0YCIOBJIECHHAS MOTPELIHOCTS~
MH BXOAHBIX NaHHBIX. [/ mocaeqHeit nosyyaem oueHky:

Ecilfi_?i '<6Ec,~=5(b—a),

T.€. HEYCTPAHMMAs IOTPEINHOCTD IIPH BHYMCJIECHASX MO KBAaAPATyPHBIM
(opmysaM OCTaeTCs OrpaHMYEHHOM (UM SBASETCS BEJIMYMHOIN nopaaka
TIOrPEIIHOCTH CAMMX BXONHBIX JAHHHIX, €C/IM JUIMHA OTPE3Ka WHTErPHpO-
BaHMS MOPSAAKA COUHULIBL),

IIpnemMsbl BHIYMCIEHHST HECOGCTBEHHBIX MHTerpanoB. Vmewrcs B
BUAY CXOASINMECS MHTErPAIK ABYX THIIOB
b

1) Sf(x) dx, npnueM f(x)—> o npu x—a, .-
: [T, S SV

2) { 7(x) dx. :

ReCw 8§ &

3ameuaumne. Bropoit mHTerpan, Boobuie roBOpsi, MOXET GHITH CBE-
ACH K NEPBOMY 33MCHOU NMEPEMEHHOM uHTErpupoBanus ¢ = 1/x. Iloato-
My noka 6yAeM roBOpUTb 06 MHTErpagax HEpPBOro THIMA. A

OueBHHO, HENOCPEACTBEHHOE UCTIONb30BAHUE KBaapaTypHbix (hopMyt
Tpancuui 1 CUMNCOHA VISt BBIYMC/IEHMS TAKMX HHTEIPAIOB HEBO3MOXHO
(Tak kak Touka X = q, B KOTOPOH IOABIHTETPAIbHAY (DYHKUHA HE Ompe-
ACTICHA, ABASETCS U1 9THX (POPMYJT y3/I0M MHTErpupoBanus ). Ilo merony
NpSIMOYTOIBHAKOB BHIYUCICHUS (HOPMAILHO IIPOBECTU MOXHO, HO PE3YJIb-
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tar OyaeT COMHMTEJbHBIM, TAK KAK OUEHKA MOTPEIIHOCTH TEPSET CMBICH
(npon3BOIHBIE NOABIHTErPAJLHOM (DYHKIIMK HE OTPAHUYEHBL).

ITpomeMOHCTpHUpYEM TIPMEMEI, KOTOPHIE MO3BOJILIOT NOJYy4YaTh HAAEX-
HBIE PE3YABTATH B MOAOOHBIX C/lyyadx, Ha IpPUMEPe MHTErpana
1

COSs X
J= S 7 dx.

a) HWnorpma moaxopguias 3aMeHa MepeEMEHHOM MHTETPUPOBAHHUS TI03BO-
nser Boobwe n3baButbea oT ocobenHocty. B paccmarpuBaemMoM npumepe
THOC/IE 3aAMEHH X = {2 TI0/TyYacM '

1 L cwakh
o J=2 S cos t2dt, . Y
5 ,
M MHTErpaj BBIUMCISETCH C TpeOyeMO# TOUHOCTBIO O JI000W U3 KBajg-
paTypHBIX GOpMy.I.

6) Ta xe uenp (usbasneHue or OCOGEHHOCTH) AOCTHracTCs MHOIAA

NPEABAPUTEIbHEM HHTEIPHPOBAHUEM [0 YACTAM:
1

1.
J= S cos X dx=2\/3?cosx|1 +2 S vx sin x dx.
o VX 0 0

Tocneauuit uuTerpan HOpMaabHO MOXET OBITh BHIUMCJICH CTAHAAPTHHIM
00pa3oM, HO OIIEHKA HOrpeInHOCTH Aas 0008 KBaapaTypHOR GopMys
OyIer MMETh JIMIIb NEPBBIA NOPANOK, TAK KakK npu x = ( HE CyLuecTByeT
BTOPOU IMPOM3BOAHON OT MOAMHTErpaibHOM ynkuuu. [1poBoas eme ma-
py pa3 HMHTEIPHPOBAHME IO YACTSIM, MPUAEM K HMHTErpany OT JBAXXIHI
HenpepwBHO AudgepeHuupyeMoit QyHKUMH, KOTOPHIH ¢ rapaHTHPOBAH-
HOM TOYHOCTBIO MOXET ObITh BHIYMCJICH MO (OpPMyJaaM Tpameuui Wid
NPSIMOYTOJIbHHKOB.

B) Eciim ynomsiHyTHIME IpPOCTHIMH CPEACTBAMM M30aBHTBCS OT OCO-
OeHHOCTH HE YAACTCS, TO NPUOETalOT K YHUBEPCANBHOMY METOAY BHIIE-
JeHug ocobennocTn. B Hamem Cyuyac npcacraBuM MHTErpdaJl B BHAC
CYMMH ABYX: :

3 1
COs X COs X
I=nh+1, J,={%dx, J,={Fax
0 [}

Vx Vx

Bropoit uHTErpas ocoGEHHOCTH HE COAEPXMT M BHUYMCAIETCS IO 000
KBagpatypHoit ¢opmyne. (Bompoc o Beibope & ofcyxpaercs Huxe.)
Ilepeniii uHTCrpas ¢ TpeGyeMOil TOUHOCTHIO BHIYMCASEM AHATHTHYECCKH,
UCOOJb3YS NPEICTABJICHUE TMONABHTETPANLHON (DYHKUMH B OKPECTHOCTH
ocoboit Toukn (x = 0) B BMAe OTpPe3Ka psaa MO CTEMEHSM X, KOTOPHIH
TOJIy4HM IIOCJIE€ 3aMEHBI COS X COOTBETCTBYIOMMUM pagoM Teitnopa:

2 4 .
8 1—I X 4 (= E—
= 24 (2m)! = 12524 12590
Jl—§ = ; dx=2/8 — 5 £8P+ 5582+
() Lo oo N . '
N _ 1 1 2m+1/2
Foe + (D" Gt Gar vt 0 +o
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HomycTrM, YTO MBI PEIIKIM OTPAHUYMTRLCS ICPBBIMH M C/IaraeMBIMK
B MOJIYYEHHOM NPEACTaB/ICHNM. [IpU 5TOM MOrpeIIHOCTb HE NPEBOCXOAUT
TNIOC/IEHETO MIPUBEACHHOTO B 3aNHUCH JUig J, c1araeMoro (B Cuily 3HAKO-
NEePEMEHHOCTH MoNyueHHoro psaa). CregosaTenbHo, ans BwbOpa aByx
napamerpos (& U m) UMeEEM YCIOBHE

L1 swmti2 E
2m)! 2m+1/2)! =2

(Ewme £/2 oTBOAMTCS B K34eCTBE AOMYCTMMOTO yPOBHS NMOrPEMIHOCTH IIPH
BHYMCICHUN J,.)

Takum o6pasoM, onuH M3 napamerpoB (m umu &) MOXHO 3a1aBaTh
110 CBOEMY YCMOTDEHHIO, BTOPOH ~— ONPEAeaseTCs U3 HepaBeHCTBa. Ilpu
9TOM HYXHO IPHHATH B PACUET CACAyIOLIEE cOOOpakeHue.

Ecmn d<<1, TO CYIIECTBEHHO YXyAIAETCS OHEHKA MOTPCIIHOCTH ISt
mo6oit KBagpaTypHOi (POPMYJIBI, KOTOPYIO MbI IIJTAHUPYEM HCIOAb30BATh
A BRIYMCHEHUS J,, TaK Kak B KauecTBe koddduuuenra npu A” (rae

P — TNOpSOK TOYHOCTM BHIOPAHHOH (HOPMYJIBI) (DHUIYPUPYET MAKCH-
ManbHOe Ha [8, 1] 3HaueHme p-ii NpPOM3BOOHOM OT NOABIHTErpPanbHON
GyHKOMH, KOTOPOE npu X =0 B HAWIEM CIyyae MMEET MOPSHOK
8+ Cneposatenbho, 1enecooBpasHO 3aAaBaTh «HE CAMMIKOM Ma-
aoe» & (manpumep, & =0.1), a m HaiiTH 3aTEM U3 NPUBEICHHOINO BBHILE
HCPABEHCTBA.

3ameuanne. KoHeuHo, ecnmm MOMCK 1OCICAOBATE/NBHBIX UJICHOB
Pa3NoXeHUS MOABIHTETPANbLHOM (DYHKIMU 3aTPyAHEH, TO NPHXOTMUTCH
OrpaHMYMBATHCH AOCTYMHLIMH WICHAMM, 4 U3 YIIOMSHYTOTO HEPAaBEHCTBA
OnpenensTh O. A
o
I[Tpumep. Boluucaum uMHTErpan BTOpPOro THma: S e dx, Moxwo,
0
KaK OTMEYajoCh, CBECTH €r0 K MHTErpasy mepsoro tuna. Ho Mul mpu-
MEHMM HCMOCPEACTBEHHO YHHBEPCAJbHBIA NMPUEM BBIACJACHUS OCOGEHHO-
ctn. (3pech OCOGCHHOCTH B TOM, YTO BEPXHHMH mpeaen HHTErpHpOBa-
Hus — Geckoneunocts.) IlpeacraBuM MHTErpan B BuAe CYMMEI ABYX:
J=J +J,; J| — uHTErpan mo KOHEYHOMY OTpe3Ky [a, A], a J, —
1o [A, «]. Boluucnenne J, TpHM 3a0aHHOM A BONPOCOB HE BHI3LIBACT.

BuiGepem Teneps A Tak, 4TOGB B NpEleNax MOMYCTHMOM NMOrpELIHOCTH
BTODbIM HMHTCTPAJIOM MOXHO ObUIo mnpenebpeub, T.e. Tak, uTOOH
| /5| < &/2. Hanpumep, yunrwBas, uro npu A = 1

o -]

_.2 _.2
Se"dszxe"dx=
A A

.2
eA

rof—

1 42 1 " ]
1 Tpebysi, YTOGH BHIOOIHSIOCH 5e 4 g 3 €, HailfieM, 4TO s ITOTO JI0-
cTaTouHo B3sitb A2 V|In €] .
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Bosee moppoGHBIE cBeacHMs NO BOmpocaM uMcaeHHoro auddbepen-
IMPOBAHUA M MHTETPHPOBAHUS MOXHO HAWTH B CACAYIOIUX HCTOYHM-
kax: [I, c.364—408], [3, r.1, ¢ 217-330], [9, c. 70—125], [12,
c. 161—186]. .

BOMNPOCbHI U YMNPAXXHEHUA

1. Ilokasats, yto ecv Tabnuunble 3HaveHus £, = f(x,) dyHkuuu 7(x) naHsi
C MOCTOSAHHBIM tarom (x, = x, + kh), To npubnuxeHnyio hopMyJy A n-# npo-
M3BOAHOM Ha oTpeske [xg, x,] (nonyuennyio aucddepeHipoBaHieM MHTEPIIOS-
LMOHHOIO NMOJIMHOMA M-l CTENEeHW) MOXHO NPEACTaBUTD B BUIE

n
d"f 1 kk
7zh—n > (=D Crfp-r-
k=0

2. Mo tabanue {f, = f(x,). x, =kh, k=0, 1, ..., K} nocrpours npuGmn-

XKEHHY10 HOpMYJTy A1 BLIYMCTIEH NS TPEThE NPOM3BOIHOM OT (GYHKIMH [ (X) B TOU-
ke x = x,. KakoBa ee norpemnocts (foay4uTh BelpaxeHue A/s IVIABHOIO ujieHa

HOrpeLHOCTH) ?
3. o rabnune {f,c = f(xy), x, =kh, k=0, 1, .., K} noctpouts npubnu-

XKeHHble (OPMYJIbl AJIS BbIYMCIIEHMUS TPEThel MPOU3BOAHOIN OT (YHKUMH f(X) B
KpaMHUX TOUKax Tab/IMLpl: X = X5 U X = X . Kakosa norpemsocTs NocTPOeHHBIX

dopmyii (nonmyunThb BeIpaxxeHHe AJIS [VIABHOIO YJIEHA IIOTPELIHOCTH)?

4. Tlo Tabauue {f, = f(x,), x, =kh, k=0, 1, ..., K} nocrpours dbopmyiny
BTOPOTO MOPSKA TOUHOCTH (OTHOCHTENBHO A) AN BHIUMCIIEHUS df/dx py X = X,
(x = xx). O6ocHOBaTS (NMONYYHTD BLIPaXEHHE AJIS [IABHOIO YjleHa NOrPELIHOCTH ),

S. ana Tabnuua sHaueHuit QyHKUMM f(x): {fx = f(xk), Xk = kh,
k=0, 1, ..., K}. HaitTu orrruMasibHOE 3Ha4eHHe 1ara A, Ipy KOTOPOM NPUGTHXEH-
Has copmysa 118 NepBOit  MPOM3BOAHOM OT (YHKUMH B  TOYKE
x=xk: (f(xk + B) — f(xx — h))/(2h) GyAeT MMeTb HAMAYULLYIO TOUHOCT B Npea-
MONOXEHUH, YTO OLIMOKM TabJIMYHBIX AaHHBIX He 1peBbiialoT e = 0.0001. Kakosa
NOrpeLHOCTE GOpMYJIbl AJIsl IPOU3BOJHOM P ONITUMAJIBHOM LHare?

6. Mana rabmmua sHauenuit dynkumm f(x): {f, = f(x;), x, =kh,

k=0, 1, ..., K}. Hailtu ontHManbHoe 3HaueHUe IIara A, Mpy KOTOPOM MpUGIH-
XCHHas GopMysa ANsS BTOPOM MPOM3BOAHONK OT (YHKUMH B TOUKE X = X:

(f(xy +h) —2f(x}) + f(x;, — h))/h2 Gymer uMeTb HaMy4ILYlO TOYHOCTb B

MPEANONIOXEHHH, YTO NOrpPeIHOCTb TabMMuHbIX AanHbX e = 0.0001. Kakosa no-
FPELHOCTD MPH ONTUMabHOM urare?

7. Ins nonuHoMoB Kakoi cTeneHu ¢opMysna CUMIICOHA AaeT TOUHBIA pe-
3yabrar?

8. MonayunTb OUEHKH MOTPEIIHOCTH PACCMOTPEHHBIX 3/ECh KBAaAPATypHBLX
dbopmy.
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NEKuua 7

YUCJIEHHBIE METO/lbl PELUEHMUSA OBbIKHOBEHHbIX
AADDEPEHUMANDBHLIX YPABHEHUHA

3adana Koww Ons cucmemor ypasuenuii nepeoeo nopadxa, Paspeutennbix OMHOCUMENbHO
npou3eodnsix. Memodut Jinepa (aeuviii u nesieubii). IIpedcmasnenue 0 memodax xax o
DA3HOCMHBIX CXeMAX, ANNPOKCUMUPYIOUUX ucxo0uyio 3a0auy. Memod Diirepa ¢ nepecue-
monm, npedukmop-koppexmop, memod Pynee~Kymmeoi, memodui Adamca. Jokazamens-
cmso cxofumocmu memoda Jinepa.

3anaua Komn. Mbl nprctynaeM K pacCMOTPEHHIO METOROB UHC/IEHHOTO
peilieHAs 3a7a4 AN OOBIKHOBEHHHIX AU(EPEHUMANLHEIX YPaBHCHMI.
Haunem ¢ 3agaumn Komwm mus cmcremst

® o
%_ SO, y0, YD, y®)y =0 nmnx a<x<b, i=1,2,...,n,
¥D(a) =y — sanaumbie 3mauenms. (7.1)

Cucrema (7.1) moxer ObiTh 3anucaHa B KOMNAKTHOH (BEKTOpHO)
dopme LR

{%——f(x, y)=0, a<x<b, ‘ (7.1
y(a@) =y,
e
W) (10 T g
y= ¥ (x) f= @ (x, ¥y, .., y(’j)) ) ' (7.2)
o (;.c) f@'( X y® }.,(n)) ‘

3ameuanue. B dopme (7.1) moxer 6tk 3anucana sagaua Komm
VIS CUCTEMBI YPAaBHCHMIA MPOM3BOJLHOIO MOPSAKA, Pa3peLIeHHbIX OTHO-
CUTE/IPHO CTapmux npousBoaHbix. Hanpumep, sanaua

‘o et .
d—y—F(x,y,%,... d V=0, a<x<b, ‘(”{?’

’ dxm—l

AN Coh

AT sy apcieynnll
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ceonutcs K Buny (7.1), eciu BBECTH HOBHIE HEM3BECTHHIE (DYHKIMM: i

[¢Y)
) = @ 9 _dy
y —y’ y - d).’ _dx’
@ = ? _ Y o = 77D d" Dy
Y dx T gy U7 dx dxm=1"

Mur 6ynem mpeamonarats, uto Ha orpeske [a, b] mas 3apaum (7.1)
BEINIOJIHEHBl YCIOBUS CyIIECTBOBAHMS M E€IUHCTBEHHOCTHM pemicHus (mpu
AHAM3E TOUHOCTH PA3JMUYHBIX UUCJIEHHEIX aJropuTMoB OymeM mpenmno-
JIaTaTh TAKXE HEOOXOMMMYK raaakocts cdyskumii f) mo ceomm apry-
MEHTaM).

O6cyxaenue MeToaoB pemenus 3agaun Komu pagm mpocToTsl Gynem
TIPOBOAWTDh HA NPHUMEPE 3a1auyM /1S ONHOTO YPAaBHEHUS ‘

j—){—f(x,y)=o, a<x<b, 13

y(a) =y,.

ITp atoM He Gynem 3a0bIBATH O TOM, YTO OGO U3 UUCAEHHBIX AJ-
eopummos Ons pewenus 3adauu (7.3) 6e3 ocobuix 3ampydHenuii mo-
xem Obimb npumenen ons pewenus cucmemwvt (7.1'), ecam npasmabHO
YUECTh BEKTODHHM XapaKTEP MCKOMOTO pelieHus ¥ MyHKUMA f, BbIpa-
XEHHHIN cooTHoweHusmu (7.2).

[TocTpoenne 4MCICHHBIX AJrOPUTMOB OMUPAETCS HA MTUCKPETHU3ALIMIO
3agauu. Beenem B obnactu pacuera x € [a, b] muckpernsiit HaGop Touex

oW ={x,=a+hk, k=0,1,...,K (Kh=>b—a)}, B xoToprx 6y~
RET BHYMCASTHCS NpubimxenHoe pemenne, Touku x OyAeM HA3HIBATE

Y3AaMu uKmezpuposanus VM Y31amu cemku, pacCTogHue i MexXay HH-
MH — WQ2OM UHMEZPUPOBAHUSL WA UAZOM CemKU, A COBOKYTTHOCTb Y3-

nos o) — cemounoi obracmero MK cemkoi y3noe. )
Apyeue ob6osnauenus, KOTOpEIMA MBI 6yJcM Aajce TOb30BATHCS:

¥ ={y, k=0,1,..., K} — COBOKyIHOCTb MCKOMBIX IpUG/IH-
KEHHBIX 3HAYCHWH pemreHus 3apaum (7.3) B ysnax ceTkw;
I® = {y(x,), k=0,1,..., K} — COBOKYIHOCTh TOUHHX 3HAUE-

Huit pemenns 3anaun (7.3) B yanax cerku (IPOEKLUSA PELICHUS MCXOM-
HOI 3a4aY¥ Ha CETOUYHYK 00/aCTh);

= {fi=r(x45), k=0,1,..., K} — 3Hauenns npasoil uac-
™ (7.3) B y3nax.

Paznnunbie COBOKYNMHOCTH BeNMUMH, OTHECEHHBIX K y3/1aM CETKH, MbI
uHOrna GyneM HasbBaTh cemounsimu Gynxyusmyu. OUEBUIHO, BBEICH-
Hple TAaKMM 00pa3soM CEeTOYHbie (DYHKIHM MOXHO TPAKTOBATh KAk d/c-
MeHTHl (K + 1)-MepHOro BEXTOpHOro mpocrpaHcTsa. Onupasch Ha 3T0
NPEACTABJIEHUE, ONPENEANM NOrPEUTHOCTS YMCICHHOTO PEIIECHAS: . -

6(h)=y(h)— [y](h)= {yk—y(xk)’ k=0, 1, ceey K}

3
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T

M, NIPUBJIEKAd KaKyIo-1100 HOPMY B YIIOMSIHYTOM BEKTOPHOM MpPOCTpPAH-
CTBE, OUEHMM Beanuudy morpemnoctn kak ||8™|. (Hanmpumep,

||5(h)|| = m%x [ ye — y(x)1.)

Onpedenenusi. bynem roBopuTh, UTO UKWCICHHOE PELICHME CXOTUTCS -

x Tousomy (¥, — y(x,)), ecnu llé(h)||h—>00.

BYIICM TAaKX€ TOBOPUTH, UTO METOJ, N0 KOTOPOMY MOJYUEHO UHCIECH-
HOC pEHICHUEC, ABJASIECTCA MCTOAOM p-IO IOPSAKA TOUHOCTH, €CJIN

I18™)|| < const- AP.

Iepexonum teneps K o6CYXACHMIO KOHKPETHBIX METOHOB BBIYMCIIE-
Hus pemieHus 3agaym (7.3) B ysnax cerxu. [Ipocreiimmii crmoco6 ux
KOHCTPYMPOBAHHMSL ONMUPACTCS HA 3aMEHY IPOM3BOAHON B ypPaBHCHUH
(7.3) B OKpECTHOCTM KaXAOTO y3aa CETKM MO (POPMYJAM YMCJICHHOTO
muddepeHIMPoBalns, UCIOIb3YIOLMM 3HAYEHHMS MCKOMOIO DCHICHUS B
y3aax CETKHW.

Memod Oiinepa (senbui). Ipubauxas MpPOM3BOAHYK B OKPECTHO-
CTH KaXIOro k-ro y3ja MpPaBhiM DA3HOCTHBIM OTHOMIEHHECM, [PUXONUM
K MeToxy Jilnepa:

P[0 =0 k=0 L K=L (g

Yo=Y,

OueBnaHO, B JAaHHOM CJIyYae MCKOMAasl MHTETDAJbHAS KpuUBas AB
npubnmxaercs soManoit ACDEF (puc. 7.1), HaKJIOH KOTOpO# Ha ie-
MCHTAapHOM yuactke [x,, x,,,] omnpene-
JIAETCS. HAKJIOHOM MHTCIPAJBHOM  KPHUBOH
ypaBHeHus (7.3), BBIMYWICHHOM M3 TOYKH
(x4, ¥). IlocnemosaTenbueic 3HaucHus y,
BBIYUC/IAIOTCA 10 opMyse y, ., =y, + Af &
KOTOpasi HEMEIJICHHO T0/1y4aCTCs U3 BCPXHE-
> 1o cooTtHoweHus (7.4).

W
Memod Jiinepa (nessnoui). K atomy me-
TONY TPUXOMMM, NPUOIUXKASA NPOM3BOAHYIO B
OKDECTHOCTHM K-TO Y3/13 JIEBHIM Pa3HOCTHBIM OTHOLICHUEM
Ye ™ Ve—1
g —fxe ) =0, k=12,...,K, . (1.4

K
Yo =Yg '

[Tpu BLIYMCIEHMM DENIEHHS IO 3TOMY METOAY BOSHHMKAIOT HEKOTODBLIE
TPYRHOCTH, MO0 C yUETOM «HANPABJICHUS CUETA» (C/1CBA HANPABO) HEM3-
BeCTHas BeauumHa (y,) B Kaxpoe (k-€) ypaBHCHHE BXOAMT, BOOOIE ro-
BOpsl, HEMHEHHBIM 00pa3oM. Ho TpynHOCTH 3TH HENPUHIMIMAIBHEL, 10~
CTATOYHO BCIOMHATh O METONAX PCIUCHUS HEJINHEMHBIX YDABHEHHUH.

90

(Hanpumep, MOXHO NPEANOXHUTH CAEHYIONUIMH UTEPAIMOHHBIA npouecc
IJ1s1 BBIYMCJICHUS] PEIIEHHUS B ouepenHoM (k-M) yane:

(s+1) (0)
=%+ hf(xk, yk) = ‘P(yk), Ve = Yi—1-

3mece s — HoMep npubmmxenms. OCTATOUYHOE YCJIOBHME CXOLMMOCTH _
HUTEpALNi o

l 't =h|f,l <l
x=x,

Yy,

YIOBNETBOPSETCS, OYEBHIAHO, TIPH JOCTATOYHO MAaaoM A.) —

2

b 1
3ameuanue 1. AnrefpanyecKkue COOTHOIIEHUS MEXAY KOMIIOHEH-
TaMHU CETOYHON (DYHKLMM, KOTOPHIMHM 3aMEHLIOTCS MCXOMHHE mucde-
pPEHUMAJIBHEIC YPABHEHUS B OKPECTHOCTH Kaxaoro yaja CeTkH, Oyaem
HA3HIBATb BIIPEAb DA3HOCMHbIMU YpAGHeHUIMU (COOMHOUEHUSIMIL).
3aMKHYTYI0 CHUCTEMY Pa3HOCTHHIX YPABHECHUM BMECTE C MOMOJIHH-
TCIBHBIMU YCJIOBUSIMHM (HAUAJIBHbBIMU MK KPAEBHIMHU) HA3HIBAIOT PA3HO-
cmuoi cxemoid. Takum obpazom, meton (7.4) — 2To 9BHAS Pa3HOCTHAs
cxema DJiinepa, (7.4') — HesBHad pasHOCTHAg cxema Diiepa. A

3ameuanue 2. [IpuseneM JONOJHATENbHEI KOMMEHTAPUI K TEP-
MWHAaM «iIBHBIH» («HCABHHI») Meron (cxema). Merton HasbiBaeTCH SB-
HBIM, €C/IM CHCTEMA YPABHEHUM ONpPEAE/IAoilas 3TOT METOX MOXET ObITh
3aIIMCAHA HENOCPEACTBEHHO B BUAEC PACUETHHIX (POPMYJ /1Sl BHIUMCIECHUS
OpAOIMXEHHBIX 3HAYEHMH PEHICHHMS B Y3JaX CEeTKM. EC/AM Xe Aeso CBO-
AUTCS K HEOOXOAMMOCTHM PEWIATh CACTEMY YDABHEHHM# (JIMHEHHBIX WJIH
HEMUHEHHbIX ), CXEMY HA3HLIBAIOT HEABHOM. A

OGpaTtuMca XK BOIpPOCY O MOTPEIIHOCTH YMCIEHHOro pemesans. Yro
Kacaercs MEPBHIX ABYX METOJOB, KOTODhIE BBEAEHH B PACCMOTPEHHE, TO
MOTPEIIHOCTh MX MOXHO OIEHUTH HEMOCPEACTBCHHO (CM. HOTIOTHEHHS K
nanHo# yekuum). OAHAKO AT MHOIMX XDYTMX METOROB 3TO 3aTPyAHH-
TeAbHO. M mOTOMY MBI, OmMpasCh Ha SBHBIA METON Diiiepa, M3JI0XHM
IOKA TIPEABAPHUTEIBHBIC COOOpaXKeHus, Kacaromuecs OoOIEro nogxona K
aHAJN3Y TOYHOCTH UMC/JIOBBIX JAHHBIX.

Hcnonb3ys onpenc/icHUE MOTPEIIHOCTH, BbIPA3UM BLIUMCIAEMOE pe-
HIEHHE Yepe3 TOYHOE! .

yk=y(xk)+6k, k=0,1,..., K. e

[ozacrasnsis oro Beipaxenue B (7.4), nomyuaem
yx,  J)—yx) 8 _.,—90
k+h k + k+h k—f(xks y(xk)+6k)=0
o Teopeme Jlarpanxa (M3 MaTEMaTHUYECKOTO aHAIN3A)

(%o ¥(xg) + 8,) = £ (x40 ¥(x)) + (F) 30
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rae (f;,)k — TpOM3BOAHAS OT f mo y B Touke (x;, ¥), Takoi urto
y(x) £ ¥ < y(x,) + &,. [lepenuuieM npegeayILEe COOTHOIIEHAE B BHAE

) -5 ~, yix, J)—y(x)
5 "—(fy)kéf‘[—"‘“h—k—“f("k’ y(x")}' )

Mel nonyusim pa3HOCTHBIE YpaBHEHHS, KOTOPHIE OMMUCHBAKT MOBENE-
HHE NOTPENIHOCTH METOAA Jiiepa NpH MepexoAe OT y3Jaa K yany. Onpe-
REIMIONIEC 3HAUCHUE NMPU ITOM MMEIOT MPABHE YaCTH 3THX YPaBHCHHH,
NPEACTaBASIOMHUE COO0M Pe3yabTAT MOACTAHOBKHM TOUYHOrO PEMICHHS MC-
xonHo# 3anaum (7.3) B pasHOCTHBIC ypaBHeHust Meroaa Ditnepa (7.4).

Pewenunem cucremb ypasuenwit (7.4) siBasiercs ceTouHas (pyHKIMS
¥, TIpu noxcTaHOBKE B PAa3HOCTHHIE ypaBHEHHSI KAKOH-TO apyroit ce-
Tounoi# dyHkumn (Hanpumep, [y]) ypasuenns me ynosncTsopsiorcs,
BO3HMKAET TAaK HA3BIBAEMAs MHeda3Kd, WIH NOZPeUHOCMb annpo-
kcumayuu. B paccmatpuBaeMoM Ciiyuae omubKa annpoKCHMAalMu

-
® = {-q,k =2EDTE) e y(x)) k=0, 1, o, K = 1}. (7.6)

Kax BuaHo, MMEHHO 3THM BEIMUMHE HAXOOITCA B NPABHX YACTIAX
ypaBueHuit (7.5).

Ommnbxa annpoxcuMammu B KaXaoM y3ne (§,) B ONPEXENEHHON CTe-
[CHY TIOKA3BIBAET, HACKOABKO Pa3HOCTHOE YPABHEHUE B OKPECTHOCTH NaH-
HOTO y3J1a OTJHYAETCS OT MCXOXHOro, AutdepeHnanpHoro, a BeIMYMHA
norpemsocTy || Y| xapakTepusyer B me/10M «61H30CTH» HCXOTHOM 3a1a-
um (7.3) ¥ COOTBETCTBYIOLIEH PA3HOCTHOM, U3 KOTOPOM HAXOAMTCH IpA-
6muxennoe pemenne y*) (nanpumep, 3amaun (7.4) wm (7.4')).

Baxno mo, umo (B exunu 8 MbI JOKAXEM COOTBETCTBYIOLIYIO TEOPE-
MY) NOZPeuHOCb YUCAEHHOZO PewenUs, NOLYHAeMOz0 N0 KaKOMy-uubo
CX00sLyeMyCsL Memoady, onpedensiemcs. nOzPeUHOCMbIO annPOKCUMAL UL
PA3HOCMHbLX YPAGHEH UL, COOMBEMCMEYIOUUX IMOMY MemOody.

Bemwunny oumbkn annpoxcumanuu HeTpyaHo ouenuth, Hanpumep,
ana merona Jinepa (7.4) cornacuo (7.6)

(x, ) —yix)
Y= [y—%—f(xk, y(xk))].

Ipennonaras HeoOxommMyo (Anf  HUXECAEAYIOMMX BHIKJIAA0K )
TJIAAKOCTb PEIIECHMs WCXONHOW 3ajaud, 3aMEHMM 3HaueHue yHKIuK
¥(x¢+1) 1o dopmyne Teitnopa OTHOCHTENLHO Y313 Xy

7 h2 ~p ~Fy i
Y(Xerr) =¥(x) + hy'(x,) +5 5, (yk =y

£

i

x€[x,, xk+h]> ’

HNoxcrasnas B opmyny nis y,, NOIyYaeM NOCTE JEMEHTAPHBIX apud-
METHUYECKUX npeobpasoBaHuMil
~rt

W = [V (x) — £ ¥(x )] + 5 5,
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Wnu, cornacno ypasuenuio (7.3): O

Ao Ll

wk—iyk’

B IIPEANOJIOKEHUM, YTO ¥ CyIlecTByeT W orpaHuucHa Ha [a, b]. Cramo

M
6uiTh, || P4 st h, rae M, =max |y"| (ecnu MCHOAB3OBATH PABHO-
la, b]
MepHYI0 MeTpuKy). C/enoBaTesibHO, SIBHBIA MeTON Diiepa NMpeacTaBid-
er coboit METOA MEepBOro MOPSAKA TOUHOCTH. AHAJIOIMYHO YCTAHABJINBA-
ercst, uto MeToA (7.4’) Takxke HMEET mepBHIl MOPSAOK TOUYHOCTH.

Bepuemcst Kk 06CYXACHHUIO APYIMX METOAOB UMCJIEHHOIO PEHICHUS 33-
naum (7.3).

ITpubau3uB TPOUIBOAHYIO dy

dx
LEHTPAJIBHOTO PA3HOCTHOIO OTHOILICHHS, NMPHXOAMM K CHCTEME COOTHO-
IIECHUHA

B OKDECTHOCTH k-TO y3/1a C MOMOILBIO

Yit ~ Vi1

-1
2h _f(xk, yk)=0’ k=1,2, ...,K—l,
Yo= Yo

(1.7)

4
Jlerko y6emurncs, uTo BepxHue cooTHomeHus (7.7) annpoKCHMMHUPYIOT HC-
xogHoe AuddepeHInaNbHOS YPABHEHUE CO BTOPHIM MOPSIAKOM TOUHOCTH
(r.e. |9, | < const-A? nnsa Beex k). Onnako, cucrema (7.7) moka He 3am-
KHyTa — HEOOXOAMMO KAKUM-TO 06pa3oM 00NpeAeTUTh 3Hauenne y,. le-
Jiasi IT0, HANPUMEP, C IOMOLIbIO MeTOAA Jinepa: ¥, = Y, + Af(xy y,) 1
danucoiBast ypasrenus (7.7) B BUAC Vi = Y, _; + 241 (X, ¥,), nonyua-
€M pacueTHylo ¢(OopMysay, MO KOTOPOH
MOXXHO BEIYMCJIATD DEIICHUE B KAXAOH y3-
JIOBOHM TOUKE.

Yr1o6Bl TNOHATH, KAaK MOXHO CTPOMTb
MHBIE METOIH BTOPOTO MOPSAKA TOUYHOCTH, P
obpatumca x puc. 7.2. 3nech B mpeacnax e
orpeska [x,, x,,,] B yTpuposanno yse-
JUYEeHHOM Macwtabe u3ofpaxeHa MHTEr- .
pasbHas KpuBag OP, BHOyleHHAs U3 -
ToukH O ¢ KoopavHaTaMu (X, y;); ¥, —
3Hauenue (TMpu X, ), KOTOpPOE MHOIyya- Xy Xp+1
€TCA MO SIBHOMY Merony Oitnepa; y, —
3HAYEHHE, BBIUUC/ISNEMOE II0 HESIBHOMY
Merony Oiepa (3BEHO COOTBETCTBYIOMEH JIOMAHOM BBHITYCKAeTCs U3
Touku O ¢ HAKJIOHOM, PaBHHIM HAKJIOHY MHTErPajJbHON KPUBOM B TOUKE
P); ¥ — 3HauEHHE, KOTOPOE COOTBETCTBYET IEPECCUCHMIO X = X, C
NPAMOH, BRITYIIEHHOM M3 TOukH O C HAaKJOHOM, PABHHIM HAKJIOHY HMH-
TETPAaNbHOX KPMBOM B CECpeavHe OTpe3ka [x, x,,;]. Mcxoma wus
NPUBEACHHOM KapTHHKA MOXHO MNPEATIONIOXHUTh, YTO TOMHOCTD Y. Gosb-

V4

VB

i

Puc. 7.2 .
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we, HeXenu y, Wi y,. Onmpasice Ha 3TO MPeRNONOXEHUE, CKOHCTPYH~
pyeM CICAYIOLME PACYCTHBIE AJTOPHTMEL,

Moougpuyuposanneiii memod Iirepa. 3anuieM CUCTEMY YPaBHCHUI:

Y417 Vi

h ~fr+12=0, (fk+l/2 =f(xg + A2 i) (187)

Np¥ 3TOM 3HAUCHHE Y44y, OTHOCAMIEECS K CEPEAMHE  OTpE3Ka
[X4s Xg+1], IPUOAHNXEHHO BBIYMCASETCS 10 METORY Didiepa

h
Yev12= Vi +‘2‘f(xk, V), k=0,1,...,K—1,
Yo = Yg-

Wckmouas u3 (7.8") mpoMexyTOUHOE 3HAUECHHE Yy 1 /3, MOXHO 3aIMCATh
3TOT METOA B BHUAE CJHCAYIOLICH CHCTEMBbI PA3HOCTHBIX ypaBHEHHIA:

(7.8")’

It/
Yo=7,. . (1.9)

Herpyano y6enurscst, uro cuctema (7.9) annpoxcamupyer sagauy (7.3)
€O BTOPHIM IOPSAKOM TOYHOCTH.

Y417
Bk e+ A 5 FE 90 =0, k=01, K—1;

Memod 3Sinepa ¢ nepecuemom (npeduxmop-xoppexmop). I pyroi
cnoco6 pacuera, ONMUPAIOIIKMACS HA M3JI0XEHHBIE BHIE FEOMETPUYECKHE
coobpaxeHust, COCTOMT B 3aMeHe ucxomHoi 3anaum (7.3) cucreMoi

Yeg1Y 1
—lf+_lh_k——2-(f(xk+l’ yk+1)+f(xk, yk))=0, k=0, l, res ,K—l,
Yo = Yo ‘ (7.10)

3mech, KaK BUOHO, HAKJOH MHTETPANbHOM KPMBOM NOCPEAMHE OTpE3Ka
[xg> x4 4,] TpUOAMXEHHO 3ameHseTcs CPeAHUM apUPMCTUYECKMM Ha-
KJOHOB Ha IPaHMIAX ITOr0 orpe3ka. CHOBA HETPYAHO NPOBEPHMTH, UTO
(7.10) annpokcumupyer 3anauy (7.3) cO BTOpHIM NOPSAKOM TOYHOCTH.

Kak soumcnars pemenue B atom cayuae? Cucrema (7.10) asasercs
Hesl6HOoU, T.€. KaXROoe ypaBHEHUE HEAb3d CPa3y 3amMcaTh B BHIAE pac-
yeTHOM GOpPMyJIBI, TAK KAK HEM3BCCTHHIEC BXOAST B YPaBHEHMH, BooOmie
TOBOpS, HEJMHEHHEM o6pazom. Ho, tax xe kak u mas (7.4'), moxHo
00paTHTBCS, HaNpUMEP, K UTEPAUMOHHOMY npoueccy (pH BHYHCICHHUM
Vi+1 B3 k-ro ypaBHEHHS)

(s+1) h ®

yk+l=yk+'2‘(f(xk+p Yeer) T 1 (X ¥)) (7.11)

(s — Homep npubnuxenus).

OcraHoBuMCS 4yTb IOAPOOHEE HA CAEAYIOIIEM BAPHAHTE 3TOTO

METONA, BHITCKAIOMEM H3 WTepauuoHHoro mpomecca (7.11). Briumc-
0) }

JMM HauaabHOE («HYNEBOE») MPUOIMXEHHE Y., IO SBHOMY METORY
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Oitnepa

O]
Vi1 = Ve T BS (x5 ¥p)- (7.11")
HOna nepsoro mpubauxenus, cornacuo (7.11), momyuaem dbopmyay
h © "
yk+l=yk+§(f(xk+p yk+1) +f(xky yk))- (7-11 )

©
Ecmu ¢ nomompio (7.11") uckarounrs w3 (7.11") y, ., noryunm.

h
yk+l = ylc +5 [f(xk+l’ yk + hf(xk’ yk)) + f(xk, yk)]’
HJIH ’
Y41 Ve _

7 '—'% [f(xk+1! Yr + hf(xk, ylc)) + f(xk’ yk)]- (7-12)

Moxwuo y6enurbcst, uto ypasuenus (7.12) anmpoKCHMEDPYIOT HCXOA-
Hoe mudbepeHumanpHoe ypasHenue (7.3) co BTOPHIM HOPSAKOM TOUHO-
ctu. Takum o6pasom, B pamkax meroma (7.11) BTOpOi MOPSAOK TOUHO-
CTH JOCTMTACTCS YXE HA MEPBOH UTCPALUM, EC/TM HYJIEBOE NPUEIIXEHNE
BBIUMCIATH O Meroay Jitepa (7.117).

AJITODATM  BHIYMCICHMIA, OmMChIBaeMblii dopmynamu (7.11) n
(7.11"), naswiBaercs memodom iirepa ¢ nepecuemom (unm mMeromom
npeQukmop-koppexmop: TPpPENMKTOP (NPEACKA3aHME pe3yabTara) —
©
Vg+1» BBIUMCISEMOe 1O ¢opmyne (7.117), xoppekrop (yTounenme pe-
3ynbTara) — y,, ., dopmyna (7.11").

Bameuanune. Meromm (7.8"), (7.8") u (7.11°), (7.11") wm, uro
10 X€, (7.9) u (7.12) SABASIOTCA YACTHHIMM BAPHAHTAMH OJHONAPAMET-
PUYECKOro cemeilcTBa cxeM Pynre—KyTThl BTOpOro mopsiaxa TouHOCTH
(cM. NOMONHEHMS K NAHHOM JEKHWH). A

Meroa PyHre—KyTTbl 4eTBEpTOro nopsaka TOYHOCTH (6e3 BbIBO-
na). B sakmouenue npuseneM pacueTnsie hopMyIH OXHOTO U3 Haubosee
HacTO MCHOAb3YEMBIX I/ UHCIACHHOIO PCLICHUA 3agauM Komm METOAA.

Ilpn BBIYNC/IECHHOM 3HAUCHUH Y, pacuer y, ., OCYLIECTBIACTCA MO
dbopmynam

[ A
Ver1=W + 3 (py +2p, + 2p; + py),
p= f(xkv yk)s
h h .
‘p2=f(xk+5’ Y +EP1), (7.13)
h h
py=f(x, +§, Yi +§P2),
L174 = f(xk + A, Yr + hpg)’
rapec pi — BCIIOMOraTc/JIbHbLIC BCJIMUNHBL.
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AONONHEHMUA K NEKUMHH 7

O cxoaumocTH sBHOro Merona OIuinepa. Cornacuo (7.4), npm-

6mXxeHHOE pelICHUE B y3JI€ X, ., CBA3aHO C PECLIICHHNEM B y3JC Xk

cdopmynoi
Yie1 =Y, + RS (%, ¥)- e (7.14)

[Ipencrasum Tounoe pemenue 3amaum (7.3) B y3ae xp,, mo dopmysne
Teopa OTHOCUTENBHO y3/1a X! |

LRy
2 dx2 %

(7.15)

?

d
Y(xpar) = ¥(x,) + A%

S x,

rne X € [x;, x;,+;]. Cornacro ypasuenmio (7.3), %

X

) |

%3 = UaH Y1) | = Ue+11,)| . Borawmas (7.15) w3 (7.14), mo-
% X x

JIYUUM COOTHOLICHUE MEXOY NOrpCIIHOCTSIMH B COCCHHPIX TOUKax:

Ope1 =10, + hLf(x, yi) — F(xs y(x))] -3 . (7.16)

- 2
(Bneco ncnonb3osano obo3zHaueHue f' = d—% 2)
X

x
HaIIOMHPIM YTO COrIaCHO NPEAIIONOXKEHHIO O TOM, UTO B obnactu

pacuera BHIMOJHEHB! YCJIOBHS CYLHECTBOBAHNS M ENMHCTBEHHOCTH pEIIE-
s (7.3), nmeem

/1 <C, 1fy] <C, npn mobuix x € [a, b].

Ilpennonoxmm, xpome toro, uro |f.| < C,. Toraa 17 < |7x| +
+ 1f]- If | C;+ CCy= C;, a cornacuo Teopeme Jlarpanxa o cpen-
HeM, lf(xk, Ye) — (% ¥(x)) | < Cyl ;1.

Ouenusas 9§, ,,, onpenensemoe cdopmynoit (7.16), mo abcomoTHOM
BEJIMUYHNHE, IOJIYUYUM

2
18l SA+CRIS, +C 0 <
(B cuny pekyppeHTHOCTH) . ‘ i
<L+ 28, | + (14 Gy Picfe.. <

Ch2 k
<L+ Cm)** 8| + 35— [2 1+ Czh)'"] =

m=0

96/

= (% ¥(X))

(ucnionbays (GopMyny AAS CYMMBI T€OMETPHUECKOM NPOTPECCHU M 3aMe-

Xe+1
)

= (1+ Ch) ™" | 8] +

Hag k + 1 Ha

C? [A+Cp*ti—1]
2 | 1=a+Ch |

= (1+ G ™18 + 55 [(1+ ™" 1],

OT1crooaa nony4yaeM OLEHKY
C,h _
|81 < 507D 8] + 55 (B0 —1), - (117

CIpaBenIMBYO Iipu a00oM k. Ecrectsenno cuutats, uto | dy| = 0 (mo-
CKOJIbKY y, — 3amaHHoe 3Hauenue). Torma m3 (7.17) cnepyer BHIBOR

O IepBOM MOPSAKE TOYHOCTH METoja Jiiepa, Tak kak ||d"W|| =
= max | 8,1 < const-A. o

OnnonapaMeTpuyeckoe CeMeicTBO MeTonoR PyHre—KyTThl BTO-
poro nopsaka ToyHocTH. O6o0mas 3anucy BBCACHHBIX B 3TOM JICKIUH
anroputmos (7.9) m (7.12), paccmorpuM criocob mepexona OT pelicHus
B k-M yane x pemennto B (k + 1)-M, mpeacTaBageMblii pPa3zHOCTHBIM
YPaBHEHHUEM

Y17 Ve

7 - af(xk, yk) - Bf(xk + yh, Vi + 6hf(xk, yk)) =0, (7.18)

rae a, B, ¥, & — noka HeonpeAeEHHBIE TAPAMETPhI, KOTOPHIEC HAMAEM U3
TpebosaHus, yToOsl cooTHomeHue (7.18) anmpokCMMUPOBAIO MCXORHOE
audepennuaneaoe ypasuenue (7.3) Co BTOPHIM NOPAAKOM TOYHOCTH.

Wrak, ommbka annmpoxcuMauuu B k-M y3jae Kak pesyabrar ¢op-
MaJIbHOM NMOIACTAHOBKM pelieHusi Mcxomuoi 3agaun (7.3) B pasHOCTHOE
ypasHenue (7.18) umeer Bup

¥(x, ) —y(x)
Py =TT af(x,, (%)) —

= B (xg + vh, y(x;) + ORf(xy, ¥(x;)))

(mox y(x) moHMMaeTcs TOMHOE PELIEHME HCXOMHOU 3ajaum).

Brupas B KauecTBE «OIMOPHOM» TOUKM X = X, ¥ 3aMEHAs BCE C/Iara-
€MHIE B BhIpAaXEHHU AAd P, mo dopmyne Teilnopa OTHOCHTENBHO ITOR
TOYKHM, NONyuuM (apryMeHT x, Aajiece OMyIIEH Pagd KOMIAKTHOCTH IIO-
CJIERYIOIIMX 3amuceit):

y+hy' +——y”+h y'—y X
Y, = 7 —af —

2,2
—B[f vt QAL A T+ L 4 YO,y
4 — 891 N 97




3Hak ~ Haa obo3HaueHmeM DYHKUMH O3HAYAET, YTO YKAAHHHIC TIPOM3-
BOJIHBIC OT HMX BBHIUMC/IIIOTCH B OKPECTHOCTH TOUKH X, IS ¥'' U TOUXKH
(x4, y(x;)) ans npousBomHBIX OT yHKUMH f.

Hanee,

2
Yo=Y+ 2V LT~ (a+ BV — BR(YF, + 8f1,) —

APy w27 =%
— B (¥F,, + 87, + 2¢877,,).  (1.19)
3aMeTHM, UTO B CHJIY MCXOOHOTO YPABHEHHS L

y=r=0, y'—=(,+f7)=0, (7.20)
V' = (fyg H 2 f oy + 1)+ ([ Sy + 7)) = 0.

Yuurmsas (7.20), BuguM, yto P, Oyder BEAMYMHON BTOPOTO MOPSA-
Ka MaJIoCTH, €CJIU

a+p=1, By=po=sz.

Wcxoma U3 3TUX TpeX yCIOBMi AAs UETBIPEX NAPAMETPOB, BHIPA3UM,
HATIpHMED, o, ¥, O uepes f:

a=(1-B), y=d=3

(conocrasnenue nociensero coornomenns u3 (7.20) ¢ cooTBETCTBYIOIIN-
Mu craracMbeiMi 13 (7.19) NpuBOIKUT K BBIBOAY, YTO HU NIPH KAKOM f3 aH-~
HYJIMPOBATb UWIEHBI BTOPOro mopagka mazsoctd B (7.19) He ymaercs).

Taxum 06pa3om, Mbl IPHILIA K OJHONAPAMETPUYECKOMY CEMEHCTBY
cxeM (METOZOB) BTOPOTO MOPSAKA TOYHOCTH, HA3HIBACMBIX Memodamiu
Pynee—Kymmut:

y l_y .
=0 =B)p + B (7.21)
7€ BCIOMOTATENbHBIE 3HAYEHUS Dy, D, BHIUMCASIOTCH MO (hOpMy.iam:
h h
D= f(xk’ yk)’ Py = f (xk + 'z_ﬁ’ Vi + z—ﬂ [)1) . (7.21’)
Herpynso sunern, uto npn B =1 (7.21)—(7.21") nepexonsr B op-
MyJII;I Momubuuposansoro meroga Ditaepa (7.8')—(7.8”), a npu
p =3 B dopmynn MeTona mpeaukTop-KoppekTop (7.11')—(7.11").
3ameuanue. [loxoxum o06pasoM MOXHO NOJIYYUTh (POPMYJIHI

Pynre—KyTTsl TpeThero mopsiika TOYHOCTH M UETBEPTOro Mopsaxa (B
ToM umcie dopmyant (7.13)). A

IlpencrasneHde O MHOTOTOYEMHBIX METOAaX. MHOroTOueuHHIE
(nHOrzA MX HA3BIBAIOT MHOZOWQZOGbLMI) METOABL pelieHns 3axaun Ko-
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I XaPAaKTEPHH TEM, YTO BHIUHCISICMOE 3HAUEHHUE PEIICHUS B TEKYIIEM
y3JIe 3aBHCUT OT AAHHBIX HE TOJABKO B OJ(HOM TPEABIAYLICM Y3J€, HO U
B psifi¢ IPENECTBYIOmMMX. MBI yXe CTaIKHBAIUCh € METOAOM NOAOOHOIO
poaa (cm. (7.7)). OTTankMBagace OT ITOrO MPUMEpPa, JErko NOHATh, YTO
MOXHO NOJYYHUTh APYTHE BAPHAHTH MHOrOLIATOBBIX METOJOB, €CAM TIPO-
M3BOAHYK B MCXOAHOM ypasHeHmd (7.3) 3aMEHATH 0 MHOTOTOUCYHBIM
topmynam uucnenuoro guddepeHIHpOBaHIS.

MOXHO TakXe CTPOMTB TAKOro POXA METOABI, MCIOIB3YS METOA He-
onpeneJeHHHX Ko3ghduuuenros. 3anuiueM pasHOCTHOE COOTHOILCHHE B
OKPECTHOCTH Kk-TO y3/1a B BHAE

a +a +...+a

eIk T Ik (Bofy  byf gy F o F Bif ) =0, (1.22)
a K09(GUIMCHTH ay, ay, ..., Ay, Do by, ..., b, mOnOepeM, Tpebys, 4To-
6b1 ypasHenue (7.22) anmpoKCHMHPOBAJIO HCXogHOe auddepenanbsHoe
YDAaBHCHUE € HYXHHIM MOPSAKOM TOUHOCTH.

Ilpu b, = 0 6ymem nMeTh sigHbii MeToR (cooTHomenue (7.22) MOXHO
HEIOCPEACTBEHHO 3aNMCaTh B BUAE PACUYCTHON HOPMyssl IS Y, ).

Ilpu b, 0 meton (7.22) ABNAETCH HESLGHbBIM.

Ecmm ay=—a, =1, ay=a,;=... = a,, =0, To coorHomenus (7.22)
Ha3bIBAOT Memodamu Adamca.

KocHemcst KOpoTKO moaxoga, KOTOPHIA MO3BOJISET KOHCTPYHMPOBATh
MeToasl AlaMca passMyHOM TOYHOCTH. 3aMETUM, UTO PCIICHUE ypasHe-
dy
dx

Hud —= = f(x, y) YAOBJETBODACT MHTETPAJbHOMY COOTHOMICHHIO

Tt
Yer1 ™ W = S [ dx. (7.23)

*i
Ecnu pemenue B y3nax BIVIOTh A0 K-TO Y€ BHIUMCAEHO, TO MO M3BECT-
HEM 3HaueHusM f; = f(x;, y;), i=k, k—1,... MOXHO MHTEPIOINPO-
BATh MOABIHTErPaNbHYK (DYHKHUIO MOJMHOMAMU DA3JUUHOM CTEMCHH.
Borumciisis MHTErpas Or BHOPAHHOTO HHTEPHOJSUUOHHOTO MOJMHOMA,
OyneM nosyuars pasnauyubie dopmyasl Axamca:

a) 3aMeHss NONBIHTETPAIbHYIO (DYHKIMIO €€ 3HAYCHUEM B TOUKE X, '
(noMMHOMOM HYJIEBOM CTENEHM), NMONXYYHM
X1
{fax=fn+0(r) wm y,, =y, +5rf,

*i

— sBHHEIA MeTOn Diinepa;

6) f 2Tt
g 2]
Fie1 : ‘
{ 7dx=fih+ O, yur =+ B (% Virs) |
*x : Seht 2
4% L 99



— HEIBHHH MeToa Jiliepa; ' A e v n

B) f

h
R feri2= e + 30 Verip2)s

[xlz‘ xk+l] . i

g

*r41 ’ i

§Fdx=froph+ O, o=y + b N

X

AoOmpeneNssl 3HAYEHUE Y 4, (Hanpumep, xak B (7.8")), mpuxomum k
MOAMGUIMPOBAHHOMY METOAY Jiliepa;

fer1—f : S
r) f ~ [+ (x—x), ;
[xy, %, .
X g1
h h
{rdx=35 (Fe+ fis) + OB, yesr = + 73 e+ Fru]
X, I e T o U

v

— nonyunau mMetox (7.10).
TToka 310 GEUIM NpUMEPH yXE 3HAKOMBIX HAM JBYXTOUCUHHIX METO-
noB (moMyyeHHbIE HOBBIM CriocoGom). ITocMOTpUM, Kak BHIVISAST MHO-
2omoueynble METONB!, KOTOPHIE MOXHO TMOJY4YHMTh TAKMM 06pasom.
[pubmuaum dyskumo f Ha orpeske [x,, x,,,] momuHOMOM, 3amm-
canHbeiM B ¢opme Heiorona:
« fem1 o o

f%fk+f—h—(x—-xk)+

Fe=2f et i

+
242

(x=x)(x—x,_)+... (7.24)

YuuThiBas TIEPBHE MABA CJIATa€MBIX NpPM BHUMCACHHM HMHTErpana,
HOJIy UUM

A X CRITV R Py &

{ fax= h[% fi —%fk_l] + O(H).

7"

OTCIOIIa IIPUXOOUM K MCTOAY BTOPOIO NOpAAKA TOYHOCTH:

Vi1 Ve

3ameuanue. BoiBog 0 TouHOCTH Meronma sceH 6Ge3 NpPOBEPKH Ha
aNNpOKCHMALMIO M3 CaMoro crocoba nosyueHus cootrowenus (7.25) (u
nocrenyrommx). B camoM aese, nockoneKy 3mech peurexue 3anaun Ko-
I PacCMATPUBAETCA KAK BBIUNC/ICHUE MHTETPAJA, TO MOTPEIIHOCTh Me-
TOAA HE MPEBOCXOAMT CYMMBI JIOKAJbHBIX NOTPEIIHOCTEH MCIOIb30BAH-
HbIX KBaApPaTYPHHIX (DOPMyJI O BCEM 3JICMEHTAPHHIM OTPE3KaM, HA KO-
TOpHIE pa3bmBaeTcd pacueTHas 061acTb. A
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Vuurthsas B (7.24) Tpu cnaraeMeiX, IPUAEM K METORY TPETHErO Mo-
pAAKa TOYHOCTH

y -y 1 ‘
et = 5 (23, — 16f,_, + 57 _)- (7.26)
Hakonen, Tak xe MOXeT OBTb Nosyd4eH MeTon AxaMca 4YEeTBCPTOro mo-
paaxa arty .

Wr Ve L (S5f, = 59fyy +3Tf 4y = pmy) (12])

JlroGonbiTeH BONpPOC: KAKOM M3 ABYX TENEPh M3BECTHHIX HAM METONOB
YETBEPTOr0 MOPSAKA TOYHOCTH NpPEAIIOYTMTENBHEH — MerTod Amamca
(7.27) wnu merox Pynre—Kyrret (7.13)7 Ilpm oTBere Ha 3TOT BOIPOC
HYXHO NPHHVWMATH B PacyeT cacAywomue coobpaxkeHus: Meroa Amamca
tpebyer Menblmux 3aTpar (apudmeTMueckKMx omepainuil) NpU ompeae-
JICHHM OYCPCAHOIO 3HAYEHMS y,.,, TaK Kak Npu cuere mo ¢opmyne
(7.27) HyXHO JMUIb OAWH pa3 BBLIYMCILTH 3HAUCHHE (YHKIUM — f,,
npyrue Tpedyomuecs 3HaYERUs — f,_, fi_5, fi_; — K 3TOMY MOMEH-
Ty yXe BHIYMCJIEHB (OCTATOUHO MX COXPaHaTh B mamsatu IBM), B TO
BpEMs K&K OIpPEACICHUE Y, ., 10 cdopmyaam Pynre—Kyrrh Tpebyer B
00s513aTe/IbHOM MOPSAKE BHIYMC/ISTH YETHIPE BCIOMOTATECIBHBIX 3HAUCHUS
f (cMm. dopmyan (7.13)).

C apyroit CTOpOHHI, YTOOH HAUATh BHIUMCICHHS 10 (hopMysaM Axam-
ca, HEoOXOAMMO IOMHMMO 3aJAaHHOIO 3HAUECHMS Y, Kak-TO ONpENCIMTDH
(nanpumep, no TeM xe dopmynam Pynre—Kyrror) snauenns y, y,, ¥,
B MEPBHX TPEX Y3NaX HWHTErPUPOBAHMSL.

Kpome toro (u ato Gonee saxno), ¢popmyast Pynre—KyTTo no3sosns-
10T €3 3aTPyAHEHUI NPOBOAMTD BHIUMC/ACHAS C HEPEMECHHBIM ILATOM HH-
TerpupoBaHus (Hanpumep, C WaroM, aBTOMATHYECKH BHIOMPAEMBIM U3 CO-
ofpaxenuit TpeGyemoit Tounoctun ), no dopMmyaam Agamca — 3TO CIOXHO.

Hakonel, mnpu uCOOAB30BAHMM MHOTOIIATOBHIX METONOB  €CTh
001bIIAs BEPOATHOCTH HEGIArONPHATHOTO MOBEACHUS BHIUMCAMTEIbHBIX
MOTPENIHOCTCH, TaK Has3nBaemoit weycmoiuusocmu. Ho o mpobaemax
YCTOMYMBOCTH PCHIEHHMSI PA3HOCTHLIX YPABHEHUI Mbi OyJEM IOBOPHTh B
CIEAYIOMKX JEKLIMUAX.,

JlOnoTHATEBHBIE CBCACHUS II0 TEME NAHHOW JIEKIMH MOXHO HAWTH
B CJAefyomux ucTouHukax: {1, c. 410—482], [4, c¢. 71—-170], [S, c. 25—
34], [9, c. 237-260], [11, c. 174—211], [12, c. 214—258].

JocTaTouHO MOTHEN 0630 COBPEMEHHBIX METOIOB YUCJICHHOTO pele-
HUS OOBIKHOBEHHBIX AU((EPEHIMANBHBIX yPaBHCHNH HPUBOAUTCS B KHH-
re [32] (c npmroxeHneM KOHKpeTHbIX nporpamm Ha Qoprpane).

BOMPOCHI M YNPAXXHEHMA

1. HaiiTu norpeiHocThb annpokcumMauuu ypasHenui (7.7).
2. To xe ana ypaBHenuii (7.9).
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3. To xe nns ypasuenuir (7.10),
4. To xe ans ypasHenuit (7.12).

S. Bemucars pacuerhbie ¢hopMysisl Metoga Pyrre —KyTThl ueTBepToro nopsigka
TOl{HOCTH )msl 3ajau:

a) —‘—- fi(x y, 2), ——“fz(x, ¥, 2), a<x<b;y(a), z(a) 3anansi

6) gE—J"(t u, v, w), —-—g(t u, v, w), —dT—h(t u, v, w) upu 0 <t < T,
u(0),v(0), w(0) 3anans.

Yrkaszanue. B 3TuX cliiyyasx, oTTaskuBasch OT MPCACTABJICHUS O BeK-
TOPHOM XapakTepe cooTHowueHuit (7.13), Hamo mnpaBuAbLHO 3ailMCcaTh UX CKa-
JISIpHbIE CJICACTBHUS A/ BHIYMCNSEMBIX KOMIOHEHT BeKTOp-yHkuMH Y B pac-
CMaTpuBaeMbIX 3ajauax:

a) Y= (y, z);

6) Y= (u, v, w).
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NEKUKMA 8

YACNEHHOE PELWWEHUE 3A0AY AJI OBbIKHOBEHHbIX
AU DDEPEHLLMATIBHbIX YPABHEHWUHA
(npononkenne)

Yucaennoe peuienue kpaegoix 3aday. JIumenmblil CAYHQU: HENOCPEOCMEEHHAsT annpo-
xcumayus ucxoonol 3adaqu, ceéedenue ee x pewenwio nociaedosamenvrnocmu 3aday Koww.
Henunetinbe 3adawu: npoconxa ¢ umepayuamu (Ons ypasnenus mopozo nopsoxa), me-
mogd «npucmpenxu». Paznocmubie cxembt 0ast 06bicHOGeHIbLX OupdepeHIUANLHbIX YDas-
HEeHWIL. Annpokcumayus, ycmourusocms, cxodumocmes. Teopema 0 cXO0UMOCMU HUCKEH-
HOZCO pelienust K Peleriio UcXo0nol 3a0auu. Iaemennmsl meopuil pa3HOCMHbLX YPAGHEHWIL.
Hpumepsr anarumuueckux pewenu pa3nocminlx 3adaq. IIpumepsvt HEYCMOUMUB020 Me-
moda (paznocmnoii cxemuvr) Oasn 3adauu Kouw.

B oroit JIeKIIMN Mbl OCTAHOBUMCSI HA METOAAX PEIICHUS KPACBBIX 33444
ang obskHOBeHHbIX AuddeperunanbEbX ypasHeHuit, [asg Hauana pac-
CMOTpUM 341a4y IJ1s1 JUHEHHOIO YPABHCHUS BTOPOrO MOPSIAKA

Y+ p(x)y +a(x)y=f(x), a<x<b; @.1)
y(@a)=y, y®)=y, :

Hanee Beeraa GyaeM Moaarate, uTO PEWIEHUE ITOM U APYTUX KPACBHIX 3a-
1a4, KOTOpBIe MBI OyAEM PACCMATPUBATD, CYyINECTBYCT M AMHCTBCHHO.

HenocpencTeeHHas pa3HOCTHAd anMpPOKCHMALMSA MCXONHOM Kpa-
esoi 3anauu. JluvelHbld cayuai. Beogum B pacuctHoit obiacru (kak
MBL 9TO YK€ ACAajd B JEKUUH 7) CETKY Y3/J0B MHTErpPUpPOBAHUS:

oW ={x,=a+kh, k=0,1,.., K hK=(b—a)}.

TOYHO TaK XK€ 10X MCKOMBIM peleHueM GyXeM IOHUMATE MHOXECTBO HOf-
JIEXAINX BHIYUCICHA 3HAYCHMH pelieHns B yanax cetku o™, T.e. ce-
TOUHYIO (PYHKUMIO
By — =
y()_{ylu k_Ovla--'aK}'

PaccmarpuBas puddepenuuansuoe ypasuenne (8.1) B okpecrtHOCTH
k-ToO y3na m 3aMeHsS IPOM3BOAHBIE N0 (GOpMyIaM uucieHHoro pude-
PEHIMPOBAHMUS CeTOuHOIM (Tabauunoit) ¢ymkmun y, npumem x caexy-
IOIEN 3AMKHYTOM CUCTEME JMHEHHBIX anreOpanyeckux ypaBHEHMA A1d
kommoneHt y* (pasnocTHOl cxeme):

Yo = Yoo
—2y +
&tl——hyf—yf—’+pk%+qm—h’ k=1,2,... K~—1,
. (8.2)
y[(_yb1
anechk p, = p(x), ap = q(x;), [ = F(x).
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Herpynso BuneTs, UTo 1718 BHYTPEHHUX Y3JI0B KAXA0€ YPABHEHUE 33~
naum (8.2) npubmuxaer auddepeHUUATBHOE YPABHEHUE CO BTOPHIM 10~
paakoM TounocTn. B camom nene, owmbka annmpokCcMMauuy B k-M y3ie, B
TOM CMBIC]IC, KaK OHA ObljIa BBEACHA B TIPOUL/IOH JICKI UK, COCTAB/ISICT

yx, D)= 2y(x) +y(x, ) Yx ) —ylx,
P, = k+ th k P(xk) — +

+ Q(xk)J’(xk) - f(xk),

rae y(x) — rouHoe pemcHue ucxomuHod 3amaum (8.1). 3amcHaa 3mraue-
HUS Y(X;4), BXOASIINE B BRIDAXXCHUE ANg Y, o dbopmyram Teinopa
OTHOCHUTEJNIBHO k-TO y3Ja, MOJY4YNM

h2 I’La h“ ~(v) ' I’l2 Y] h3 e h4 z(l‘l)
N NI N T TR - — hon_n n_
Yy Ay ey g Y =2y dy —hy ey =Ty 4 o
Wy = h2
2 3 2 3
y+hy’+h7y”+—h6—yi”—(y——hy’-%%y"—%yﬂ’]
+p 5 tay—/ =
X=x

" ' hz ~ = hz 1 e
=" tpy tay =] g5 GV I + 5 00+ D).
x=x,

Hon V), 5V y/ v/ monumarorcs COOTBETCTBYIOLIUE MPOU3BOJHBIE B
TOUKax M3 OKpectHoctd [x, |, x,.,]. 19 BHYTpeHHMX y3710B B CcuIy
ypaBHeuusg {8.1)
2
Wl < (

1 “(IV) 1
— max - ma
lz[a,blly l+6[a,b)](|y

/II|

Cnenosarenbho, || YW = max | ¥,| <const-h% U, npunumas Bo BHU-

MaHME YTBEPXKICHUE, BHICKA3aHHOE B sekumu 7 (ono Oyacr pokasaHo
HUXKE), O TOM, YTO TOUHOCTb UMCJCHHOTO PCIICHHMS [1PH ONpPEACACHHBIX
YCJIOBASIX ONPEAENACTCS OWMOKOM annpoKCMMALMM, MOXHO PACCUHTHI-
BATh Ha BTOPOM MOPSIOK TOYHOCTH MeTopa (8.2) nnsi pelrcHusa 3afaum
(8.1). EcrecTBenHo, 5TOT BBIBOZ CHIPABETHE TOMBKO B NPCANOI0XKEHMH,
uro ¥ u y™) cymecrytor u orpanuuchm na [a, b].

3ameuanue. Ecam Obl IpM KOHCTPYMPOBAHMM PA3HOCTHBIX ypas-
HEHHUH MPOU3BOAHAN Y 3aMCHSUIACH OJHOCTOPOHHMM pPA3HOCTHBIM OTHO-
IICHUCM, TIONYYCHHAs] CXeMd MMena Obl MCPBBIA MOPSAOK AIIIPOK-
cuManuu. BrosHe DE3OHHO MCIONBb30BATH ANS NPUBAMKCHUS PAZHBIX
NPOU3BOAHBIX B MCXOAHOM yPABHEHMH DABHOTOUHBIC (DOPMYJIbI, YTO Mbl
U CHAENANY BHILE. A

Otmerum (6e3 06OCHOBanMSI), UTO NMPU ZOCTATOUHO MajoM A pere-
Hue (8.2) cymecrByer u emuncTBenno. [loaMETHB, KPOME TOTO, YTO Cil-
crema (8.2) sSBASETCS TPEXAMATOHAILHOM, NMPUXOMM K BHIBOAY, UTO €C-
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TECTBEHHBIM  CIIOCOOOM  BBIUMCJICHHS — DCIICHUS  SBJASCTCH  METOX
HOPOTOHKY. YCJIOBUS, APAHTUPYIOIKUE YCTOMUMBOCTb cueTa mo ¢opMy-
JiaM nporoHkm: | b, | > |a,| + | ¢, |, IPIMEHUTEABHO K CUCTEME YpaBHE-

i a,x,_, + b, x, +c.x,_, = f, (cM. nexumio 2) B NaHHOM Ciyuyae

p p
cBogsaTcs K TpeGosanmio | —2 + g, h%| > Ll + 7" h| +(l - 7" A|, xoro-

poE, OUEBHIAHO, BBIMOJHACTCH 5 BCEX u war A aocTa-

TOYHO MaJ, TAK 4TO
Lkh Py —
_(1—{——2)—}—(—-2)—2.

(Bamerum, uro npu g(x) < 0 uacrubie peuenns ypasHenus (8.1) ume-
FOT DKCIIOHCHIMAJIBHBIN XapakTep. )

, eomn g, <

ph
L+ 2

+‘_M

CaeneHue pellieHHs JUHEHMHOM KpaeBOM 3aJauM X PELIeHMIO 3a-
aaun Kowm. W3 rteopum aunednoix nudepeHUNATbHBIX yPABHEHUH
cneayer, uro obuice peincHuc ypasucHus (8.1) moxer ObiTb Npeacras-
JIEHO B BUJE

y(x) =y(x) + C,Y,(x) + C,Y,(x), (8.3)

rie y(x) — uvacTHoe peuweHse HcogHopogHoblo ypaBHeruda, a
C,Y (x) + C,Y,(x) ofwee pemenne ogHopoaHoro ypaserus (Y,(x),
Y,(x) — mBa smneitHo HesasucuMuix peurenmsi; C), C, — HpPOM3BOJIb-
HBIE IOCTOSIHHEBIE).

Paccmorpum caenyrowue 3agaun Kowm:

V' 4 p(0)F +a(x)y=/(x), a<x<b, (8.4)
y(a) =0, ¥y'(a)=0;

Y+ p(x)Y +q(x)Y, =0, a<x<b, (8.5)

Y (a)y=1, Y/(a)=0; '
V) + p(x)Y, +q(x)Y, =0, a<x<b, (8.6)
Y,(a) =0, Y, (a)=1.

Pemus ux uuciaenno ¢ ncnosp3oBanueM 000ro U3 METOIOB, 0B6CYXAaB-

WUXCs B Jekuuu 7, Ml Oyaem pacnosarats (B mamsta OBM) Tpems
MacCUBAMH

{iks Ylk’ y2ka k=0,1,..., K};

npeacrapasiomuMyu npubamkerao GyHkunm y(x), Y (x) u Y,(x), Bxo-
asmwe B (8.3). Ilpu oToM, B crty cneuuanbHOro BHIGOpa HAUAIBHEX YC-
noBui B 3anauax (8.5) u (8.6), maccuswl (Bektopnt) {Y,,} n {Y,,} sm-

HEHHO HesaBucuMbl. YumnthiBas (8.3) u kpaeswie ycaosua u3 (8.1), no-
Jayuaem cootHomeHnd past C; u Cy:
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mpu x=a y,+ C(Y()o+ Co(Y3)o=1y, OTKyaa
Ci=y, 8.7
npu x =25 yx+ C(Y,)gx + C3(Y,)x = y,. CrenoparcibHo,

Vo= CilY )=y Y=Y, (Y=g

G = e V),

(8.8)

Haiinenuwie snaucunsa C,, C, NO3BOJISIIOT M3 TPCX MPCABAPHUTCIBHO HAN-

ACHHBIX MACCHBOB CKOMOMHMPOBATD 1o hopmy.te (8.3) peayabTupyrowmii
MACCHB, KOTOPLI GyNET NpeacTaBasTh NPUOIMKEHHOC PCILCHUC KPACBOik
3anaum (8.1) B y3nax cerku. TOUHOCTD 3TOrO PELICHUS ONPCACAICTCS TOY-
HOCTBIO MCTO/A, MCIIOIb30BAHHOTO 715t percHust 3anayu Kown (8.4)—(8.6).

3ameuanue 1. B paMmkax DaHHOTO MOAXOAA MBI MUIEM ¢dyHkuIMH, KO-
TOPHIE YAOBJICTBOPAKOT HYXXHBIM ypaBHCHAIM. BBHIOOP HAUaNbHbBIX AAHHBIX
B ONPEJNCACHHON CTCICHU NPOM3BO/IcH (b Obl pewenus 3afau (8.5) u
(8.6) 6butn Hesasucumer). Ecnu B 3anauc (8.4) B KAUECTBC HAUAIBHOTO
3Hauenus BuIOpaTh y(a) = Y,» TO M3 YCIOBUS NPU X = da MNOJYyYUM

C, =0, T.e. uckomoe peurenne (8.3) Gyaer 3aBUCETh OT PELICHMS TOIBKO
AByX BeriomorarerpHbIX 3ana4 Kown (8.4) u (8.6). lna C, u3 (8.8) toraa

MOy UMM _
Vo™ Yk
C,=""2-—-"% a (8.9)
27 vy,
3aMmeuanue 2. JlanHbit moxxon (cBemeHue KpacBoil 3aaum K mo-
crcposaTenpHoCTH 3a1au Komm) moxer Gbith pacnpocTpaHcH Ha peme-
HHC KPACBOM 3ajauv NS JMHEHHOro amddepeHLuanbHOro YPaBHEHUS
NPOM3BOJIBHOTO MOPSAKA (WIM AJIs. CHCTEMbBI JIMHCHHBIX auddepenuu-
A/bHBIX YDABHCHMIL). A

OtHocHTENBHO ChEepbl NPUMEHMMOCTH TAKOMO MOAXOAA K PCLICHUIO
KpaeBoit 3anaun (8.1) orpaHnYnNMCc O6IUUM YTBCPXKACHHEM, YTO npu Ma-
WMHHOM PEa/M3ALAH OH MOXET OTKA3aTh, €CTU YACTHBIC PCLICHUS HCXOM-
HOTO ypaBHEHMS (KOTOPHIE, COOCTBEHHO, M HAXOAATCS M3 BCIOMOIATENb-
HbiX 3amay Komw) mpencrasisiior co6oit 6eicTpo pacTyume $dyukunn. B
9TOM ciyuae smbo pemenue 3anaun Kown MoXeT oKasarbes Hepcanusy-
CMbIM HM3-32 BBIXOJA BBIYMC/ISIEMBIX 3HAUEHWH 3a NpPCAC/AB AMANA30HA
npeacraBumbix B IBM umcen, smbo sHAUMTENBHAS MOFPELIHOCTD MOXET
BOSHMKHYTb Ha CTaauM BuiynciaeHns C, (3a cueT BoluMTaHMs GOJIbIIAX,

OMM3KNX MO BEIMYMHE YUCEN B (8.8) mnm, cooTBETCTBEHHO, HENEHMT B
(8.9)). Hanomunm, ognaxo, uro ang 3agaun (8.1) uacrasie pemenust Mo-
TYT MMCTb BHA OBICTPO pACTYIMX 3IKCMOHCHT, KOMaa g(x) <0 n
[g(x)]>>1, HOo B 5TOM Ciyuae, Kak Mbl BUAECTH, PCLICHUC MOXET OHTh
HOJIyMEHO MO MEPBOMY METORY (C MCHOJIB30BAHMEM MPOTOHKH). B cBOMO
ouepeas, ecm g(x) > 0 u ycI0BME YCTOAYMBOCTH BHIUMCICHMIA 11O ¢opmy-
JlaM ITPOTOHKM HE BBINOJIHEHO, TO PE30HHO MCMOIb30BATh METOM CBCACHUS
HCXOHOM 3anaum K 3apaye Kowm, kak 310 6U10 31€CH OMHUCAHO.
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3ameuaHnue. [lpuseacHHBE Boime (@ TaKXe MOCAEAYIOMHUE) pac-
CyXnenus o cepe MPUMEHNUMOCTH TOMO MM MHOTO NOAXOAA NpU peuie-
HUM KpPaeBBIX 3a[a4, pasyMeercs, MMEIOT OPUCHTHPOBOYHBIH XapakTep.
ApryMeHTHpPOBAHHLIA BHIOOP PACUETHOTO AJTOPHTMA 3a4ACTYIO Tgeﬁyer
Gosee rayOoKOro KAaueCTBEHHOrO AHAJW3a BO3MOXHMIX DCUICHWA pac-
CMaTrpuBacMoil 3a7auu. A

HenocpeAacTBEeHHAs pPa3HOCTHAs anrpoxcuManus anddepeHum-
anbHOro ypasHenus. Henuneitnoii ciayyan. Hocmm*pnivl Temepb, Kak
OTH NOAXOAbI PACHPOCTPAHSIOTCA HA HCJIUHCHHBIA CIIy4yau. PaCCMOTpHM
3ajavy

y(@) =y, Y(b) =y,

Henocpencreennas anmnpokcumauus auddepeHInanbHoro ypasHe-
HHMS PAa3HOCTHBIMHM TPMBOAMT K HEJIMHEHHON Pa3HOCTHOM CXEME:

y() = ya?

{y”+'~P(X, Y, y')=0, a<x<ba (8'10)

Vir1 =20, T ¥, V1= Yee _ 3
= hzk k1+‘P(xk,yka‘£+l2Tk— =0, k=1,2,...,K—1,

(8.11)
Yk = Vp

Tak Xe, Kak ¥ Ia9 JMHEMHOM 3aJaudM, MMEeT MECTO BTOPON MOPSIOK
annpokcuMauuu. s sei6opa KOHKpETHOro criocofa pacuera Hamo obpa-
TUTHCSI K MECTOAAM PEIUICHMS HEJIMHEHHBIX cucTeM ypaBHeHui. Ecam, na-
npuMep, 0003HAUUTD JEBYIO YacTh ypaBHeHmid (8.11), yMHOXCHHBIX HA

s
h% npm k=1, ..., K—1 uepes F(yy41» Vo> Yi-1)> @ uepes (y)k — s-e
G*) ()
npubiavxenue A1s peuwieHus B k-m yane (8y, =y, — ¥, — DasHOCTh
Mexay s-M u (s + 1)-m npubnmxenumsamu), 1o mcrox HeloToHa nns
(8.11) npuBeaeT K CAEAYIOUICH CUCTCMC JMHEHHBIX TPEXTOUCYHBIX COOT-
HOWIEHUH J/a nmepexoaa M3 s-ro K (s + 1)-my npubnnxenuo:

%o =0, ) 0 ©
h (s s) (s
(1+'/2£‘Py')5Yk+1—(Z—hz‘Py)5Yk+ (1-39,)0y 1= ‘F( Ye-10 Yoo yk+l)’

Oy, =0. (8.12)
Jlerko BHIACHSIOTCS TPeGOBaHMS, KOTOPHE TAPAHTHPYIOT YCTOMUYMBOCTD
MPOrOHKH.

Bor €Ie NMPpUMEP BO3MOXHOIO MTCPALMOHHOIO IIpolecca:

Yo = Yoo

(s+1) s+1) (s+1) @ (s

Va1~ 2Vt Yy ) y)k+1_))k—-l _ _

K+ hz—_+<p Xpo Vo5 —| =0, k=12,..,K—-1,
Yk = Y- (8.13)



Merox «npuctpenxmu». B ommmume or aMHe#HOTO Ciyuyas Temepsb
NPEACTABACHAE OOLIEr0 pPEIEHUS B BHIE (8.3) ne mmeer mecra. Tem
HE MEHEE, METOJ PEAYKIMH HEJIMHECHHBIX KPACBBIX 3a4ad K MOCICAOBA-
TEJBHOCTH 3amdauy Komm ¢ ycmexoM mcnonbayercss M IPUMEHHTENAbHO K
3anaue (8.10) crogmTcs K cnemyrOmMM ACHCTBUSIM. 3aMETHM, uTO pe-
nieHue ofCyXaaeMoil 3ajaum umeer NPOCTOM TCOMCTPHYECKMHA CMBIC.
HyxHo HailTu uHTETpanNbHYIO KPMBYIO («TPaEKTOPHIO»), MPOXOASLUIYIO

uyepes Toukd A, B (puc. 8.1). Ecau B

B" (8.10) zamenmrs ycnosuc y(b) =y, Ha

/B y'(a) = a, mpt Gynem umers 3apauy Ko-

- UM, DEUIMTh YUCIEHHO KOTOPYIO HE CO-

== B cramaser TpyAa ¢ nomowpio moGoro ua

e METOJOB, PACCMOTPEHHBIX B JCKUHH 7

AKarctg a V5 (xpuBass AB' ua puc. 8.1). B cuny mnsse-

CTHOM U3 TeopuM OOBIKHOBeHHBIX Audde-

Y PEHUMAMBHLIX YPABHEHHMH TCOPCMBI O He-

NPEPBIBHOM 3aBUCMMOCTH PCHICHUS 3aja-

p 5 > un  Komm or HavyagbHBIX  [AHHBIX

BBIUMCJICHHOE 3HAYCHHE B TOYKE X = b

Puc. 8.1 aBnsgercs  (QyHKUMEH  3afaHHOrO  IpH

x = a mapamerpa a: y(b) = F(a). Bos-

Bpamaiach Kk ucxopHod 3apade (8.10), ¢ yueroM 3TOro ofcTosTCABCTBA

HAM Hano mnoao0paTh TAKOE 3HAUCHME «, UTOGH yZOBJCTBOPSIOCH
YPABHCHHE

F(a) —y,=0. (8.14)

Mbi npuniim X 3agaye BHUMCIECHMS KOPHS HETMHEHHOrO YDaBHCHUS.
HeoGprusocTh cuTyanum B ToMm, uto ¢Gynxuus F(o) 3agaHa Henpu-
BBHIUHBIM IIOKA [/ HAC 00pPa3oM — aaropUTMHMUECKH: YTOOK HANTH 3HA-

yeHne PyHKIMKM F NpH 33TaHHOM 3HAYCHHU APTYMCHTA, HAAO pPCUIMTH
3agauy Kommn

y,/+‘P(x»y,Y')=0, a<xs<b,
{y(a) =Y. VY(a)=a (8.15)

Ho ¢ Toukn 3peHus METOmOB YHMCIEHHONO pcwenus ypasuenuit (Jlek-
uus 1) He BaXHO, Kak 3ajaHa (yHKUUS, JOCTATOUHO YMCTb BBIYUCIISTS
€c 3HaueHud. Ecan, Hanpumep, U3 xakux-to coobpaxcHnii (unu B pe-
3y/IbTATC NPEABAPUTE/IBHBIX PACYETOB) M3BECTHO, UTO MCKOMOE peureHue
JICKUT MCXAY ABYMSI KPUBHIMU AB' v AB" ¢ HAMaNBHBIMM HAKJIOHAMM
Gy M @), TO DPOCTECHLINM METOAOM PCLICHUS ypasuenus (8.14) asasercs
METOA TIOJIOBUHHOIO AeacHUsI. MOXHO TakXe MCIOJIb30BATH YNOMHHAB-~
mryroca B Jlexuuu 1 momudukanumio meroaa Helorosna:

F(a)—y,

a 1 ]
2 (F(a,+A4) —F(a,))

n+l = @ U, 3a1aHO. (8.16)
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(ITpoussonuas F'(a,) B ¢opmyne HploroHa 3necs 3aMeHeHa HPOCTeﬁ—
meit opmynoi uncmenHoro auddbepeHuuposanns, A — Manbi napa-
meTp.) OuesuaHoO, npu MCHo/b30BaHuyu Meroaa (8.16) BeiumcieHuUs KOp-
Ha (8.14) ans nepexoaa or n-ro npubamxenns K (n + 1)—fv1y Heobxo-
A¥MO ABa pasa pemuTb 3agauy Kowm (8.15): oguu pas ¢ y'(a) =a, u
apyroi — ¢ y'(a) = a, + A.

OnucaHHBIA METOZ CBEACHMs HeJMHENHo# kpaesoit 3amaum (8.10) x
3agauaM Komm (METOHN «MPUCTPEAKM») MOXET OHITH pacnpocTpaHeH Ha
ApPYTUC 33JauH, B YACTHOCTH, JUISL CHCTEM HCIMHCHHBIX YPaBHEHMH (CM.
«Bonpoch 1 ynpaxHeHus»). Yo Kacaercs cdepsl NPUMCHUMOCTH METO-
Ia «IPHCTPEJNIKH», TO, KAK M B JIMHCHHOM CJIyyae, 3XECh MOTyT BO3ZHUK-
HYTh HENPEONOJIMMBIE TPYAHOCTH, CCJM YACTHHE pemieHns Aubdeperum-
A/NBHEIX YPAaBHEHMIA SBNSAIOTCA GbICTPO pacTymumu QyHkimsamu. B aToM
Cyyae TPEANOYTHTEIbHBIM MOXET OKA3aThCAd METOH, OCHOBAHHBIM HA
HEMOCPEACTBCHHOM ANNpPOKCMMALAM MCXOAHOM 3afaud (O KOTOpOM Muid
peub BHILE).

AnnpoxcuMangust. YCTOMUMBOCTh. CXOAMMOCTb YHMCIEHHOro pe-
wenus 3anau aas anddepeHumManbubix ypaBHenuid. Mbr obCymum
37ech OOMME BOIPOCHI, KACAKOLIMECS YCJIOBHUI CXORMMOCTH UHCJICHHOTO
pemeHys K PELICHUIO MCXOMHOM 3ajauu. B yacTHOCTHM, OKaxem Teope-
My O CXOAMMOCTH, B KOTOPOH 9TH yCJOBMS (DOPMYJHPYIOTCH. PaSCMOT—
puM 3apauy B aGcTpaxkTHOM GopMyMpOBKe (MIPUBICYEHUE KOTOPOH NpPH-
JIACT ONPENEEHHYIO OGLHOCTh NMOCAEAYIOMMM BHIBOZAM).

Wrak, nycTh HAAO HAWTH pPEIICHUE 3aAauu

LU = F(x), (8.17)

npuHaanexamee obnacty w = w U y (w — BHYTPCHHHE TOUKM pacuer-
HOM 001aCTH, Y — rpaHuuHbie). Mb OyaeM CUMTATh, YTO PCHICHUC 3aauH
cyuectByer u equacrseHHo. Onepatop L onpenenser BUZ muddepenuu-
aAJIGHBIX YPABHEHUH B ® M BAA JOTIOJHUTENBHBIX YCIOBUM HA Y.

Mpumep 1. Jas 3agaun Kown
d
E%—f(xa y)=07 a<x<b1 (818)
y(a) =y,

00/1aCTh W COBMANAET C OTPE3KOM [a, b|, rpaHmua y COCTOMT U3 OHNHOM
TOUKHM X = @; ONneparop L MOXHO ONpPEACJNUTh TaK:

dy _ <
ax f(x,y), 0<x<b,

Ly=
y(a), X =@,
npasas 4actb
0, 0<x<b,
F(x) = {y“, =q.
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IIpumep 2. lna xpaesoii 3agaun (8.1) obnacts & CHOBA CoBNazaeT
C OTpe3koM [a, b], rpaHuna y COCTOMT M3 HBYX TOUCK, X =a M X = b:
d2
——§+p(x) glJrq(x)y, a<x<b,
Ly = dx x
y(a), x=a,
y(), x=b;

f(x), a<x<b,
F(x)=4ya1 X=a,
Yoo x=b.

Bsenem, Kax 9To AeJas0Ch B IPUMEPAX, PACCMOTPEHHBIX B IPOLLION |
HACTOSLIENH JIEKUMsX, B 061acTh pacueta (@) COBOKYITHOCTb PACYETHBIX
TouyeK (Y370B MHTCTPMPOBAHMSH, CETKY y310B): @™ = (o | y?),
o — Bryrpennne yans, ¥ — rpanuunsie yans. Bmecto ncxoaHoi sa-
nauum (8.17) 6ynem paccMarpuBaTh 3aaauy BHIYUCICHHMS CCTOUHOM bynx-
uan (Bexropa) U™, onpenesieHHOI CBOMME KOMIIOHEHTAMHE B Y3/1aX CET-
KH, SBJISIOIIMMHUCS (B 9THX y37ax) NpHOMMKEHHEM 1S PCILEHHUS.

Ilycrb 912 HOBast 3anaua (Pa3HOCTHAS CXCMA) 3aIMCHIBAETCS B BUIC

L, U® = pih, (8.19)

L, — «pasHOCTHHIN ONEpPaTop», ONPERCISIOIMIA BUI CACTEMBI COOTHO-
menni (8.19).

pumep 3. SAsumit Merox Diinepa ans sanaun Komm (8.18):
Ve ™ Yi—1

—T_—f(xk—p yk._l)zo, k=1’27'--aK7 (8.20)
Yo = V,-
3necy oW = {xk =a+kh, k=0,1,2,...,K (h = b;a) },
v®  cocrout M3 omHOM TOUKM — X
Oneparop L, mMoxer GbiTh OnpenesieH 3amuchio:
Ve =Y, _
Lhy(h) = —k—/_lk—l_f(xk—l’ Ye—1)» k=12, .. K,
yov k - 0

Ipaseie uactu (F):

0, k=1,2,..,K
(h)= » s Loy ) >
F {ya, k=0.

[Ipamep 4. Henmocpencrsennas pasHoctTHas anopoxcumanus (8.2)
Kpacsoi 3azauu (8.1):

a("’={xk=a+kh, k=0,1,....,K (h= ”“")},

K

Y(h) = {xo, XK};
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Yos k=
Ve, "2V Y, -
Lhy(h) — T h: Ly yk+12hylz ) +qy, 1<k<K—1,
Ve k=K;
v, k=0,
FW =17, I<k<K—1,
v, k=K.

Mozpewnocmuio npubnanxcaroro (pasHoctHoro) penterust U naspi-
Baercd (hyHKIMS, ONpPCACJCHHAS B y3aax cetku (cerouHas (hyHKIus)
CIeAyIoWMM 06pazom:

8 =yt — (™,

rne [U]¥W — cosokynHOCTh 3HAYCHMH TOYHOro pemreHus 3amauu (8.17)
B yaJaax cetkn (MpOEKUMS TOUHOrO PEIEHMS HA CETOYHYIO 001acCTh).
Hanpumep, nns samau (8.1), (8.2):

W ={(s,, k=01, ..., K},

rmne 9, =y, — y(x,) — TOrpelHOCTb B k-M Yy3Ie.

Tak xak ¢pyHKumn, onpeaescHHbIE HA CETOUHOM 00/1aCTH, MOTYT HH-
TEPIPETUPOBATHCI KAK BEKTOPHI, TO, BHIOMpAs HOPMY B COOTBETCTBYIO-
IiEM BEKTOPHOM NPOCTPAHCTBE, OMPENEJUM BEIHUYWHY TOTPEITHOCTH KAk
I|8™)||. ToBopaT, YTO MMEET MECTO CXOOUMOCHb YACIEHHOTO PEIIEHUS K
TouHoMy, ecau || &) h—->00.

N

Mbl yXe TpPHBJCKAJM B HAWMX NPEABIAYIIMX OOCYXACHMSX MpCA-
CTABJICHUE O MOTPEIIHOCTH annpokcumauuu. IIpusenem teneps ee dop-
MasipHoe (ofwiee) onpeneneHue:

Y = L, [U]® — F®), (8.21)

Kak suano u3 (8.21), ommbxa anmpoxcUMauum — 3TO COBOKYIHOCTb
«HEBSI30K», K KOTOPHIM NpPUBOAAT cootHomenus (8.19) npu dopmanbHOH
HOZCTAHOBKE B HUX TOYHOro pemenud 3agaun (8.17) (cmpoenuposaHHO-
IO Ha CETOUHYKX 00sacTh). BenuuuHa NOrpeimHocTd anfpoKCuManu —
lw(A)|l. (B nexuun 7 B OTAEMBHBIX CAYYasdX MBI MPUBOZHMIM [PUMEPHI
BHYMCJIECHUS NOrpEMIHOCTH anmpokcumauuu.) Byaem rosopurs, uto Me-
mod (passocrHas cxema) (8.19) annpoxcumupyem 3adauy (8.17), ecnu

[p®]| h——->00. Ecmn
ly®]| < ChP, C = const, (8.22)

TO rOBOPAT, UTO MMECCT MECTO annpoxcumayus p-2o nopszarca.

Beexem HOBoe, BaxHeimee (0COGEHHO IS AaJbHEHIMX oOCyXme-
HUi1) CBOMCTBO YNCJECHHOTO PEIIEHH.
Iycrs pemenue 3anaun (8.19) CymEecTBYET # CAMHCTBEHHO AIS JIOGBIX

F®) y3 HexoTOpOrO MHOXECTBA. By/iEM HAa3HIBATB 9TO PEIIEHHUE YCMOuuU-
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GblMO (COPTBGTCTBCHHO cxemy (8.19) — ycroituusoit), eciu s Jo6oro
¢ > 0 maninercs A, > 0, Takoe uTO A5 PEIEHUS «BO3MYILEHHON> 3a1aUH

L,Z®W = F® 4 87k ¢ |15r0) < ¢ (8.23)
HNMEET MECTO
125 — oM < ¢, ||8fP) < Ce (8.24)

npu mobom 0 < A < Ay, ¢ koHCTauHTOl C,, HE 3aBMCAWICH OT A.

Teneps Mb MOXeM chopMmyMpOBaTH yCI0BHS, NPU KOTOPBIX HMEET
MECTO CXOXMMOCTb UMCIEHHOrO pewenust (8.19) k TouHoMy pemenmio
ucxopHo# 3agaum (8.17).

Teopema. Hycme: 1) sadaua (8.19) annpoxcumupyem 3adavy
(8.17), npuwem umeem mecmo oyenka (8.22); 2) pewenue 3adauu
(8.19) yemoiuuso, m.e. umeem mecmo (8.24). Tozda wucaennoe pewie-

h
nue UM cxodumces k pewenuro (8.17), u umeem mecmo caedyiouas
oyenka nozpeuinocmu

[18M)|| < const- AP. (8.25)

Hokazamenvcmeo. Cornacuo (8.19) L, UM = F® 3 peugy (8.21)
L,[UI® = F® 4 4", Paccmarpusas B nocaeanem cootHomenun ()
KaK BO3MYIICHUC NPaBoK yacTu, B cuay (8.24) u (8.22) 6yaem umers

IU®] — U < ¢, |v™|| < C,ChP = const- AP,

Ms1 npumin k BeiBony (8.25), M3 KOTOPOro C/IEHYET CXOAMMOCTD.
Ipu semonHeHuy ouenku (8.25) rosopsT, urto meron (8.19) apms-
eTCSI Memooom p-z20 NOPIOKA MOYHOCHLUL.

3ameuvanue 1. [Jokasannas reopema mmeer Baxnoe (obuiee) 3ma-
YEHHE, TAK KAK OHA ONPEACJAACT YCJAOBHUS, JOCTATOYHbIC A CXOAMMOCTH
YNCJAECHHOIO PEUICHUS HE TOJBKO A 3a71au ¢ OOBIKHOBEHHbIMM mudde-
PCHIMATBHBIMMA YPABHECHUSIMH, HO U J/1s 3a4a4 C YyPABHEHUSIMU B YACTHHIX
upown3BOAHBIX. (B 9TOM CMBIC/IE OHA IOCYXHUT HAM MOCTUKOM, IIPEOAOIER
KOTODPBIN, MBI HPUCTYHNAEM — B CJAEAYIOLIEN JEKUUH — K 00CYXACHHIO
npo0JIeEM YMCICHHOIO PELIEHNs YPABHEHMIA B YACTHBIX MPOM3BOIHBIX.) A

3aMeuanune 2. Mol He aKUEHTHPOBA/IYM BHUMAHKUC HA BOMPOCAX yC-
TOMUMBOCTH UMCJACHHOTO PENICHUS 3aAay¥ Aas OOBKHOBEHHBIX mudde-
PEHUMANBHBIX YPABHEHWM, TOE OSTH BOMPOCHI HE OYEHb AKTYaJbHBI
(cM., BopoueM, pasnen «lIpumep HEYCTOMUHMBOrO METOAA» B JOMOJHCHH-
X K AAHHOHM Jekuum). 3aTo B mocaeaymoweM (/s ypasHEHUH B 4acT-
HBIX MPOU3BOAHBIX) MPOOJEMA YCTONUMBOCTH YUCJIEHHOTO PEHIEHUS BhIf-
JET Ha NEPBHI IUIAH. A

WMes B By, UTO NAHHBINA KyDPC JIEKLUMH SBISETCS, KaK OBLIO OTMEUE-
HO B IIPEJUCIOBUHM, 6Be0CHUEM 8 CREYUA/IbHOCNLb, 3AECH YMECTHO CACIATH
IOOTIOJIHATEIBHBIE KOMMEHTAPUHM B CBSI3M C JOKA3AHHOM TEOPEMOM.
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HanoMHMM, UTO C CAMOIO Ha4aja MPEANOJATAIOCh, YTO UCXOIHAS 3a-
Jaya KOPPEKTHA, T.E. MMEET CANHCTBEHHOE PCLICHKE, KOTOPOC YCTOMYM-
BO TIO OTHOWICHHUIO K BO3MYIICHUSM BXOAHBIX AAHHBIX: TIPYM MajbIX BO3-
MYIICHMSX TMOCACAHUX PELICHHE MEHACTCS MAJo.

IMouemy xe npobseMa yCTONYMBOCTA BO3HUKACT 3aHOBO NPH MEPCXO-
A€ K Pa3HOCTHOM 3aaue, KOTOPOM Mbl 3aMEHSIEM MCXOHYI0?

Ieno BoT B uem. [Jis MCXOOHOM 3aauyM 3HAUCHAS PCUICHUS B pas-
HBIX TOUKAX <«KCCTKO» CBs3aHhl Mexay coboit augdepenunanpHbMu
yPaBHEHHSIMH, KOTOPHIM pClICHME 00s3an0 ymosaeTsopats. Ilocae muc-
KpETU3alMM, T. €. IEPCXOAa K Pa3HOCTHOM CXEMC, 3HAUCHUS PA3HOCTHO-
IO PELICHAI B KaXJOM Y3JI€ XOTs U B3aMMOCBA3aHb! (uepe3 pasHOCTHHIC
ypaBHEHHUS), HO KAXAOC U3 HUX BLIYMC/IACTCH WHAMBUAYAJIbHO, OTAE/Ib-
HO! B pacuer KaXmoro mpMBHOCHUTCS TEM CAMBIM CBOsL MOrpPEHIHOCTD (3a
CYET OKPYIVICHMIA IIPH BHIMOAHCHMM apudmernyeckux onepanmit). Kop-
pesupysl APYr C APYTOM, OTH MOTPCINHOCTH MNPU 3HAUNUTEIHHOM KOIMUEC-
CTBE pacuyeTHBX TOUcK (Y3/10B) MOryT GLICTPO HAPAcTaTh. JTO M CCTh,
rpy6o roBOps, MEXaHM3M BO3HUKHOBEHHMS HCYCTOMYMBOCTH NPU MEPEXO-
¢ K pa3HOCTHOHM 3ajaue.

[ToBropsieM, uTO OCOGEHHO AKTYaJbHBIMM TpPOONEMBI YCTOHYMBOCTH
CTAHOBSITCS IIPM UMCJICHHOM DELUCHUM YPABHCHWI B YACTHBIX TIPOM3BO/-
HBIX, ¥ JTO TOHSTHO, TAK KAK CETOYHBIC 00JaCTH TaM CTAHOBSITCS MHO-
TOMEPHBIMM, KaXAblii y3en npuobperact Gosblec YMCAO COCCAHMX TO-
yeK, COOTBETCTBEHHO TOBBILAETCS BEPOSTHOCTh HEOIATONPUATHONX KOP-
peasupuu omubOK B ITHX TOYKAX.

AONOJNIHEHMS K NEKLMM 8

DJileMEHTHl TEOPMH PA3HOCTHBLIX ypaBHeHuit. B sexumn 7 ObLI0
BEEJCHO TPEACTABJCHUE O PA3HOCTHOM YPABHCHUY KaK O COOTHOLICHWH,
CBS3HIBAIOIIEM KOMIIOHCHTHl HEKOTODOH ceTouHoit dynxmun. B artom
cMBIC/IE 3amuch Metona Ditiepa (8.20) npexcrasisieT coboit CUCTEMY He-
JIMHEHHBIX PA3HOCTHBIX YPaBHEHWH (KOMIIOHCHTH CETOUHOM (DYHKIMM
BXOAT B YPABHCHHS, B OOIIEM Clyuyae, HEMHEHHO), a cxema (8.2) ss-
JISIETCS. CUCTEMOM JIMHEHHBIX PA3HOCTHBIX yPaBHBCHHM.

B aTOM pasgene Mbi OCTAHOBMMCS HA HEKOTODPHIX BONPOCAX, CBA3AH-
HHIX C JUHCHHBIMA pPa3HOCTHBIMM ypasHeHusMH. llpmBenem chavana
topmansroe ompenenerue. CooTHOWEHME

M2
E A, Upsm = T (8.26)
m=—M1
me k=0, £1, £2,...; a, — KoahbuIUeHTb, HE 3aBHCAIIUE OT U,

(npuuem am , am, * 0), HA3BIBAETCH JUHEUHbIM DASHOCMHbIM YpasHe-
nuem nopsoka M= M, + M, pna cerounodl ¢yHKIUH UM ={U,}.
B ofmeM cryuae Ko3((UIMEHTH @, MOTYT ObITh (DYHKIMSAMHA HHACKCA
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k. Ecmn a,, = const, o (8.26) HasmBaercs YPaGHeHUueM ¢ NOCMOSIHHbI-
Mu Kodpduyuenmanu; ecnu f + =0, To ypaBHeHHC HaswiBaeTcs 00HO-
podnbim. Hanpumep, ypasaenue

agU, + aUy, = f,, k=0, £1, £2, ... (8.27)

SIB/ISIETCS. TMHEHHBIM PA3HOCTHBIM YDABHEHHEM MEPBOTO NOpSIAKA (3aMe-
THM, YTO NPHM KaXAOM kK B OTO YPABHEHWE BXONAT 3HAUEHHH CETOUHOI
byskuun ¢ deyms cocednumu undexcamu), a ypaBHeHue

a_lUk_l+aon+alUk+l=fk, k=0, £1, =2,... (8.28)

~— YPaBHEHHMCM BTOPOTO NOPAAKA (TIPH KAaXIOM k B HETO BXOAST 3HAYCHHUS
KOMIIOHEHT CETOYHOM (DYHKUMH C mpemst cocednumu undexcamu).

CymecTByer aaneko maymas aHanorus MEXAY TEOpUeH JUHEHHEIX
PA3HOCTHBIX YDABHEHMHA M TEOpHMEHl JMHEHHBIX AuddepeHINANBHBIX
ypaBHeHnid. B uacrHocTH, o6wee pewenne (8.26) MoxeT GviTh npen-
CTaBJICHO B BUIC CYMMbl YAaCTHOrO PELICHUS HEOXHOPOAHOIO YPABHEHHS
¥ OOINEro pemeHus: OMHOPOJHOIO yPaBHEHHS. Ilnst ogHOpomHOrO ypasne-
HUS C NOCTOSHHHIMA KO0d(puuuenTamMu obliee pemeHue MpeacTaBiser
CcoBoit IMHEMHYI0 KOMOMHALMIO HE3ABMCUMBIX PEIICHMIA, KOTOpBIE MOX-
HO MCKaTh B BHAE

U, = Ak, (8.29)
Hpumep 1. [Ing onqHOPORHOTO ypaBHEHMS IEPBOTO MOPSIKA, HOJ-
crasnsis (8.29) B (8.27) ¢ f, =0, nonyuaem agr* + a A¥*! =0, orkyna

A= —ay/a,. Takum o6pasom, obiiee pemeHHe OXHOPOXHOTO YDABHEHHUS
(8.27) nmeer Bun

a k
U,= c(— a—‘l’) . (8.30)

Ecu nipn HekotopoM snauenmn k = k,, 3Hauenne U k, 331aHO, TO U3 CO-
BokynHocTy (8.30) BHINENAETCS KOHKPETHOE pElIEHME
k~k
a (]
U,=U, |-
k kol a ’
YAOBJIETBOPSIOIIEE 3aJAHHOMY YCJIOBHMIO.

Hpumep 2. s onHOpoaHOro ypaBHEHUS BTOPOrO  HOpSAKA
((8.28) npm f, = 0) noxcranoska (8.29) mpusonur x xapaxmepucmu-
YECKOMY YDAGHEHUIO IS A;

a2+ agh +a_, =0. (8.31)
AByM pasnuuHEIM KOPHSIM 9TOrO ypaBHEHMS COOTBETCTBYIOT [BA JMHCH-

HO HC3ABMCHUMBIX pemenus (cum. ynpaxuenus) A¥ m A%, a obmee peme-
HHUE OJHOPOAHOTO YPABHEHMS MOXCT GBITh IPEACTABAEHO B BHIC

Up=CAf + C,0% (8.32)
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¢ npou3BoabLHEIME KOHCTaHTamMu C, u C,. Uto6st ua (8.32) BeipeanTh KOH-
KpCTHOE peweHne (T. €. ONPEeAe/InTh KOHKpeTHbie 3Hauenust C, u C,), Ha-
[0 3a0aTh 3HAUCHMS KOMIOHEHT U, B AByX Pa3/JMYHBIX y3JaX.

Bamcuanue. Ecnu xopau paBHH (KPaTHBIA KOPEHB), TO BTOpOE
(HE3aBMCHMMOE) pCUICHUE HIIETCS B CICUMAIBHOM BUAE MO AHAJIOTHM C
TEeM, KdK 3TO AeNaeTcsd As JuHeinbx anddepeHnuansbHbiX ypaBHEHUMA
¢ TOCTOSHHBIMH KO3 (PHULIMCHTAMU. A

CpaepHeHuMe aHAaJUTHMYECKUX pemieHUd auddepeHUansHOro
pa3HOCTHBIX ypasHenui. V3 npcasiAymero pasaeaa CAeqyer, YTo, eCim
aucdbdepesnanbras 3anavua annpOKCHUMHUPYCTCS CHCTEMOHM JIMHEHHBIX
OMHOPOAHBIX PASHOCTHBIX YPABHCHMI C MOCTOSHHBIMH Koadduuuenrta-
MH, TO DEUIEHUE MNOCAETHMX MOXeT OBITh MPEACTABJICHO B aAHAJIUTHYE-
ckoit dopme. CpasamBas 910 mnpeacrasiacHue ¢ Qopmysoi, aarowe
pewierne ucxogHoil auddepcHuMampHOM  3agauM, MBI TIOIYy4YacM
JOTIOIHATENIbHYIO BO3MOXHOCTh CYANTb O CBOWCTBAX PACCMATPHBAEMOrO
AJITOPUTMA YMCJACHHOIO PCIUCHHUS.

3ameuanne. Caenyer NoguepKHyTh, UTO ABATUTUYECKOE BHIPAXKE-
HME PEIICHHMS PA3HOCTHBIX YPABHEHMIA — JTO HE YTO MHOE, KaK (C Tou-
HOCTBIO 0 MALIMHHBIX OIUOOK OKpyricHus) (opMyna Aas NocacAoBa-
TEBHHIX YMCACHHBIX 3HAUEHMH, II0JlydaeMbIX IPH PECATH3ALNHT ANTOPUT-
Ma, TMpPEACTABJYIEMOr0 CHUCTEMOM ITHX PA3HOCTHBIX COOTHOLICHMIA
(pa3HOCTHOM CXEMOM). A

PaccmorpuMm crepyromyo 3agauy Komm:
y4+Ay=0, 0<x<l (4>0), 8.33
bo2r (839
Ouesugno, pewenue (8.33): y=-¢"
Npumep 1. Iycrs ans uucnenHoro pemenns 3agaun (8.33) Ha

Ax

cerke {x, =kh, k=0,1, ..., K; Kh=1} ucnonssyercs sSBHbI METOA
Diinepa
Yer1 7 ¥ _ _ _
7 + Ay, =0, k=0,1,...,K—1, (8.34)
Vo= 1.
Bepxuue coorHomenus (8.34), ecnm pacnpocrpanuth ux gt k=0,
+1, 2, ..., OpeacTasasioT co00i OTHOPOAHOE PA3HOCTHOE YDABHEHME

NEPBOro MOPAAKa ¢ MOCTOSHHBIME KO3 duImenTaMu, KOTOpOE MBI 3amu-
mem B BUAE Yi4, — (1 — Ah)y, =0. Obuee ero pemieHue, COTTACHO

(8.30): y,= C(1 — Ah)*. Vicnonvays samannoe npun k=0 yciosue
Yo =1, HAXOOMM aHAJIMTHYECKOE TPENCTABJICHME NAHHBIX, BbIYKCIsC-
MBIX [0 Meroay Jinepa (npu k=0, 1, ..., K—1):

v = (1 — AR)* = (1 — AR)*/". (8.35)

115



U3 (8.35) cnemyer, urto Ve y(x;) = e™**:. Yrobu monyunts Gonee

noapo6HOe MPENCTABICHUE O XAPAKTEPE CXOANMOCTH, npeodpasyeM BHI-
paxenue (8.35) (cumras, uro Ah<<1):

Y= exp {(x/h) In (1 — AR)} =

= exp {(x,/h)[—Ah — A%h%/2 + O(K})]} =

2

= exp {—Ax,} exp {—A%x, 4/2 + O(h?)} = e"*"k[l _4 ;"h + O(hz)].

Orciona caeayer, uro
2
A xkh

O = ¥ — ¥(x;) = ™% [— >+ O(hz)] , (8.36)

T.€. METOX Jiepa SBASCTCS METONOM TIEPBONO MOPAAKA TOMHOCTH.
['naBHbIA uleH NOrPEINHOCTH PEnICHMS B k-M yane onpeaeneH dbopmy-

s0ii (8.36).

IIpumep 2. PaccMoTpum Tenepn mist peuleHus 3amaum (8.33) me-
Tox (7.7) (aexums 7):

Vi1~ Vi—

[‘E%lk—l'{-Ayk:O’ k=1,..,K—1,
yo=1,

lyl=1“Ah.

Bepxuue cootHomeHus, ecam pacnmpocTpaHMTs MX WIS k = 0, =1,
*2, ..., IPEACTABALIOT COBOM PA3HOCTHOE YPABHEHUE BTOPONO Topsiaxa ¢
NOCTOSIHHBIMU  KO3duumentamu. COOTHOWEHUS BO BTOPOH M TPETbEHt
CTPOYKAX 3afal0T 3HAUCHUS KOMIIOHEHT CETOYHOM (YHKIMM IIpH
k=0, 1. Obwee pemenne pa3HOCTHOTO YPABHCHMS ONPEAENSIETCS B COOT-
BercTBuH € (8.32) KOPHIMM XapaKTepUCTHYECKOro ypaBHCHUS

A2+ 24h0 —1=0,
2,2
OTKyAa Ay , = —Ah*x V] + (Ah)? ,Ah = —Aht (1 + %) + O(n%).
Taxum obpasom, ofwee pemenne
Y = CAF 4 C 0%,

rac

2,2 2.2
A =1—4n+25 4 o), 12=—(1 + ah + 2 +O(h4)).

Yuursipas sapannwie mpu k=0, | ycaoBHS, NOMYuaeM COOTHOMICHHS
g Cy, Cy

Cit+Co=1, CA+Ch,=1— Ah,
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M3 KOTOPBIX HAXOAUM
2,2
l—an—a, 1+2+ondh

N W | A
2

= (1 + Azhz) (1 - ﬁ;’f) + O(h*) =

+0(hh

2,2
=124 o),
An? 4
—4+ 0wt 2,2
C o=t =4 4 O(hY).
2 AZH 4 4
1+T+0(/l)

Hanee, nomoBHO TOMy, KaK 3TO ObIO CAEAano B npuMmepe 1, mpeobpasy-
em BuIpaxeHus Af u A%

Ak = [1 —Ah+#+ O(h“)] =
= exp {(x,/h) In (1 — Ah + A%KY/2 4+ O(h*))} =
= exp {(x,/h)[—Ah + A%h¥2 — (1/2) (AR — A*R%/2)* + ... 1} =
= exp {(x,/h)[—Ah + (1/2) 43K + O(h*) ]} =
= exp {—Ax,} exp {(1/2)Ax, h* + O(K®)} =
= e™A%, [1 + 2 Adxh?+ 0(h3)] :
AHanornuHo
Ak = (—1)ker=, [1 — 5 Ax 2+ 0(h3)] .

HMrtak, oxoHUATEIBHO

2.2 .
R o P

kAZ/lZ Ax 1 .3 2 3
+(—1) Te 3 1-—5Axkh +O(h),
Win y, = e % + &, TAC
—ax, A k,24x 3 8.37
8, =—e kT[(l—ZAxk)—(—l) e k] + o).  (8.37)

Inasueiit wieH norpetnocty (8.37) asigercs BeAHUNHOM BTOPOrO HOPSIX-
Kd MaJIOCTH, UTO COOTBETCTBYET 3aMEUAHMIO, CACJAHHOMY B JIEKuud 7, 0
BTOPOM IIOPSIIKE TOUHOCTH 3TOTO METOAA.

daxkTuuecku, B PAMKAX TPOBCACHHOIO aHANW3d, HAWAS BHIPAXKEHHE
AJIS TIABHOIO YJIEHA NMOTPELHOCTH, MBI M0J1y4aeM JOBOJBHO MOXpoOHOC
NpeACTABICHUE O CBOMCTBAX paccmarpusacMoro merona. Hampumep, us
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(8.37) caemyer, uro omubka HOCMT KoaeGaTCabHbI Xapaxkrep m3-3a
BTOPOro C/1aracMoro B KBaApaTHEIX cKoOkax. Bosce Toro, mpu A>> 1
AAaHHBIA MCTOA BTOPOTO MOPSAKA TOUHOCTH MOXET OKa3aThCHd HE TOJbKO
Xyxe Meroaa Jiinepa (MepBoro Mopsaka), HO NaXe B NPHHUMIC HEpea-
JusyemeiM Ha DBM.

Hycrs, x mpumepy, A =20. OrHocHTENBHAS NOrPCUIHOCTH METONA
Oitnepa npu x = 1 coracuo (8.36):
_ 18l A’xh

dy = ~

A~ 5 = 2008,

Takum o6pasom, uTo6el MOIYunTh NPM X = | MOTPCLIHOCTD TIPHMEPHO
10% (dy=~0.1), nano Bectu BhumMcAcHus ¢ marom A = 0.0005.

Jns pasoGpanHOro B mpuMepe 2 METOAA B BHIPAXCHMM JUISE HIOTPELL-
Hoctu (8.37) npu A = 20 Gyact npeBanMpoBaTh, OYECBUAHO, BTOPOE C/1a-

2,2
A°h
racMoc B KBA/IPATHBIX CKOOKax, T.e. §, &~ (—1)* - e**x. Y1o6b1 TIONY-

YMTh NpU X = | pE3yJabTAT BBHIYMCICHMI C TOH XK€ TOUHOCTBIO, HARO BHi-
Opath war A tak, utoObt
18,1 A%

1 3

e* =100 h2*° ~ 0.1.
e

JtoMy TpeGoBanuio yaoBaeTBopseT A~ 6.5-107!!. YroBu 310 3HauCHME
Mor/io GbiTh npencTasiacHo B IBM, HEOGX0AMMO NPOBOANTD BHUMCIICHUS
C ABOWHON TouHOCTHIO. JlomycTuM, uTO pacuer mo cxeme OJitacpa B
YKa3aHHBIX yCHOBHSIX TpeOyerT BpemeHu B omHy cekynay. Torma mpu
CYCTC IO MCTOAY NMPWUMEpPa 2 C HAMACHHBIM 1ATOM TPEOYETCS MPOMATH
npumepHo B 107 pa3 Gosblue pacueTHbIX TOMEK, COOTBETCTREHHO MAIINH-
HOrO BpeMEHM noTpeboBasock 6o1 npubauaurteabro 107 ¢ ~ 1 roa.

3ameuanne. CUCTCMBI JTUHEHHBIX PAa3HOCTHBIX YPaBHCHMH C TO-
CTOSIHHBIMH KOO(D(PMUIMEHTAMM BO3HHMKAIOT, B YACTHOCTH, B PC3YJIbTATE
3aMUCU TEX WM MHBIX MCTONOB PEIUCHUA 3ajdu A1 OOBIKHOBCHHBIX JIH-
HCHBIX A(PPEPEHIMATBHBIX YPABHEHUH C MOCTOSHHBIMU KO3(hdummeH-
Tamy. BaxHO, uTO CBOMCTBA pElIEHMA DAa3HOCTHBIX YPABHEHMUN, T.e.
CBOMCTBA COOTBETCTBYIOLIMX METOAOB, BHISBJSIEMHIE B PAMKAX AHAIN3A,
NPOAEMOHCTPUPOBAHHOIO B IAHHOM pa3fieie, IPOSIBASIOTCA U HA APYrHX,
Goee CIOXHBIX (HANPUMED, HEMTMHCHHBIX) 3afauax. A

Hpumep HeycToiiunEoro MeTona (pasHoCTHOI cxembr). B ocHoBHOI
YacTH JCKUUM GBIJIO OTMEUYEHO, YTO NPOGIEMA YCTOHUMBOCTH YHCAEHHBIX
METOJOB PCLICHUS 33134 AJS OOHKHOBEHHBIX AU((DEPEHIHANBHEIX YpaB-
HCHUI HE SIBJISETCH aKTyasbHON. B camom pene, nanpumep, B [2] goxasa-
HO, YTO ABYXTOYEUHbIE METOAKI (Bce mMeToabl Pynre—KyrTt) obecnieun-
BAIOT CXOAMMOCTB (T.€. YCTOWYMBBI) IIPU YCIOBMSIX, TAPAHTHPYIOWHX Cy-
IECTBOBAHME M CAMHCTBEHHOCTh PEIIEHHS WCXORHOM 3amaum. C
MHOTOTOUCYHBIMU MCTOAAMH, ONHAKO, MOT'YT BO3HHKATh OCJAOXHCHHS,
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Paccmotpum cneayrommii meton pemenns 3anauu (8.33):
[_yk+1+4yk_3yk-—l
2h
yo=1,
(N = 1 — Ah.

+Ayk_1=0, k=1, 2, ...,K—‘“‘l,
(8.38)

Bepxuue coorHourenus (8.38) anmpokcumupyror ypasHenue (8.33) so
BHYTPCHHHUX Y3JIaX MHTCTPHUPOBAHUS. 9TO CTAHOBUTCHA OUEBHUAHBIM, €CJIN
NPEACTABATh PASHOCTHOE OTHOLIEHUC B BHAE

Vg1 A3y 2 Ve 7 Vi1 Vi1 T Vet
2h - h 2h )

SlcHO, YTO TOCAC MOACTAHOBKM CHOAA 3HAYCHMH TOYHOTO pELICHUS
y(x,) npu hA—0 nomyuurcs HyXHas npoussoaHas dy/dx. (AXKypaTHoe

XE€ MCCIACAOBAHMC IPMBOOMT K BhiBOgy, uto cxema (8.38) anmpo-
kcumupyet 3azauy (8.33) co BTOpLIM MOPSIAKOM TOYHOCTH.)

3ameruM, uto pasHocTHbic ypasHchHus (8.38) cyrs omHOpOAHEIC
YPABHEHHUS C MOCTOAHHBIMU KOIDDUUMCHTAMHE, U, CACROBATEIBHO (CM.
MEPBHIA PAa3feA AOMOJHCHHMM), MBI MOXCM H3BJCYb NONOJHUTEJBHYIO
HH(QOPMALMIO O PA3HOCTHOM peteHun. XapakTCPUCTUUCCKOC YPABHCHUE
nast (8.38) umeer Bug

AZ—4X + (3 — 24h) =0.

Kopuu ypasaemms A, ,=2FVI+24A. B npcanonoxecnun, uto
Ah<<1, A ,~2F (1 + AR) + O(h?), T.e. A = (1 — Ah) + O(h?),
A& (34 Ah) + O(h?). O6wee pewenne y, = C,A¥ + C,2%. Ucnons-
3yd JOMOJHUTEAbHEE ycaoeus npu k& =0, 1, vaxomum C,, C,:

C,=1+4+0(h?), C,=O0(h?.
Takum 06pazoM, uyucaeHHoe peunierue no merony (8.38) moxer GwiTh
TIPEACTABJICHO B aHAJUTUYCCKON (hopme:

x,/h
ye=I[1+ O} (1 — Ar)*/" 4+ O(h*) 3" (1 + %}L) -

— e_Axk[l + O(hz)] + O(h2)3xk/h[€Axk/3 + O(}l)]. (839)

OuesunaHo, uro npu A -—>0 cxoguMocTs K pemcHuio 3anaun (8.33) orcyr-
cTByer, Tak Kak | O(A?)|3*/" — o. Mu anech uMeeM NEA0 C HEYCTOHUM-
h-0

BOM CxeMoO: ycnosue ycroituusocru (8.24) HE BHIONHEHO.

3ameuvanne. Moxno 6nuto He uckath pemenue B Buae (8.39), a,
3aMETHB, YTO OAHO M3 YACTHBIX pemeHuil | A%| e KOHCTATUPOBATD

HeycToiuuBocTs aaroputMa (8.38), Ttak kax aw0oe KOHKpETHOE peuie-
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HHE NPEACTABISET COO0M JMHEHHYIO KOMOMHALMIO 3THX YACTHBIX pEIIe-
Hui. KcTaTH, oqmH M3 pacmpocTpaHeHHbIX COCO60B aHAIM3A YCTONYH-
BOCTH AJITOPUTMOB COCTOMT B TOM, YTO, BHITHCAB PA3HOCTHHIE YPABHEHHUS
OPUMEHUTEABHO K «TECTOBOM» 3amaue {({ig JuHeiHoro puddepenumnanns-
HOFO ypaBHEHMS C NOCTOSHHBIMU K03(hbUIuMeHTaMN ), HAXORAT YACTHBHIE
pewenns A* u cMmotpsaT, xorma (npu kakux yciosusix) | A%| < const npu
|h¥| —0. a

HonomaurensHy0 HHOOPMALHMIO IO PACCMOTPEHHEIM 3€Ch BOIPOCAM
MOXHO Haitu B [l, c. 483—524], [2, c. 379—480], [4, c. 15-70, 71—
170], [7, c. 197220}, [9, c. 261—279], [11, c. 23—60, 139—175], [12,
c. 25—47], [32].

BONPOCb! U YNPAXHEHUA

1. HaiiTy norpemHocTs annpokcUManum ypassenuit (8.11).

2. OnMcath aaropuTM MPUCTPEKH 1S pellieHns 3a4a4:

a) w' =f(x,u,v), v =g(x uv) (@a<x<b), u@ =a,va) +vd) =5
(o, B — 3amaHHble 3HaYEHUA),

6) u=/f(xuv,w), vV=g(xuvw), w==hHxuvw @<x<b),
u(a) =u,, v(b) =v, w(b) =uw, (4, v),, W, — 3aAaHHbIC SHAUCHUS).

3. Iokasats, uro npu A 5 A, pemenus ¥, A% onnoponuoro ypasuenus (8.28)
JIMHEMHO HE3ABUCHUMBI,
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NEKUKHMA 9

PA3HOCTHbIE CXEMbI
ANA YPABHEHMHK C YACTHbIMM NPOMU3BOAHBIMMU

Modenoubie ypasrenus (nepenoca, menaonpododnocmu, Iyaccona). I60MUOYUORHbIE 3a-
dauu, munuineie QOpMYAUPOsKU 3a0ay Al YPAGHEHUE NEPEHOCA 1 MENAONPOBOOHOCHLL.
Annpoxcumauus. IIpumepot paznocmieix cxem 0ns modenvhbix 3aday. S6nbie u HesGHbIE
cxembl. MHmeepo-unmepnoaayuonnbil memod nOcmpoenus pasMoOCMHbIX CXeM, annpo-
KCUMUPYIOUWUX 3AKOHbL COXPAHEHU.

Mbt mpuctynaeM x 0oOCY>XIEHHMIO METONOB UMCJICHHOIO DPCIICHHS 337ay
/19 ypaBHEHWHM (M CHCTEM YPABHCHHIM) B YacTHBIX NMPOM3BOAHBIX. Mc-
TOUHMKOM TaKHUX 3afay 0oJblIeil YacThio ABJISCTCH MAaTEMATHYECKOE MO-
neauposanue ¢huamuecknx mporeccoB. [loaToMy paspen MaTeMaTHKH,
CBSI3AHHBIA C M3YYCHUEM CBOWCTB BO3MOXHLIX PECIICHWH YPABHEHHH B
YACTHHIX TPOM3BOAHBIX HA3BIBAETCS Mamemamuueckod guaukon (camu
K€ YPaBHEHHUS, O KOTOPHIX MAET PEub, 3a4aCTYI0 HA3HIBAXOT YPABHEHH-
AMM MATEMATHUYECKON (DU3UKH).

Y10 KacaeTcss METOAOB UMCJICHHOIO PCLICHMS 33a7a4 A yPaBHCHUH
MATEMATHUYECKONA (DU3MKHM, TO CYWECTBYCT MHOXECTBO MOHorpadwuii,
yueBHUKOB, B TOM MJIM MHOM 00beMe OCBELIAIOMIKX HTH BOMpPOCH. B pam-
Kax RBOAHOIO Kypca Balla LEAb — MOJYYHTh NEPBOHAYAJILHBIC MPCA-
CTABJCHUS O NPOCTENINUX CIOCO6AX KOHCTPYUPOBAHUS YHCICHHBIX aATO-
puTMOB (PA3SHOCTHBIX CXEM) JUIS PCLICHUSE 337ad MaTeMaTH4ecKoH ¢hu-
3UKHM, O NMOAXOAAX, MPUMECHSEMbIX MPA AHAJW3E CBOWCTB IOJYUEHHBIX
PA3HOCTHBIX CXCM.

MojenbHble YPABHEHHS MEPEHOCa, TenJonpoBoaHocTH M Ilyac-
COHAa. Mbl OrpaHMUMMCS 346Ch PACCMOTPCHHEM YMCJICHHBIX METOJOB peE-
WICHUS NPOCThIX (MOAEAbHBIX) yPaBHEHMIA:

% a 3—‘;— = f(t, x) -— ypaBHEHHUE INECPCHOCA,
aU U
TR (w>0) — ypaBHEHME TCIJIONPOBOXHOCTH (MM Aud-
- ax
Gyauu),
2 2
ZTI; + % = f(x,y) — ypasuenue Ilyaccona.

[lepsbic [Ba YPAaBHCHMS OMUCHIBAIOT IBOMIONMIO cocrosHus U(Z, x)
Bo BpeMend (1) W mpocrpaHcre (x). Ux (9T ypaBHEHMS) HA3BIBAIOT
960MIOUUOHHBLMU WIA HECMAKUOHADHbLMU, B OTIHYUC OT TPETHETO, KO-
TOPOC ONMCHBACT YCTaHOBUBUIECCS  (cmayuonaproe) — COCTOSIHHE
U(x, y) B upocrpancrse (x, y). MonenbHbie ypaBHCHUS NPHBJIEXATCIIb-
Hbl B METOXMUECKOM IUIAHE TIO TOM TPUUMHE, YTO TPH OTHOCUTE/IBHOH
CBOEH MPOCTOTE OHM HECYT B cefe CyImCCTBEeHHBIE YepThl (0COGEHHOCTH,
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CBOMCTBA) CJIOXKHBIX YPABHCHHI, ONMCHIBAKOIMX MHOTHE peasbHbic (u-
3UYCCKHE IPOLIECCHI.

OTMETUM, YTO TpHM HAAMYMM ABYX HE3ABUCUMBIX NCPCMECHHBIX ISk
KAaXI0r0 M3 NMEPEUUCICHHBIX YPABHCHUI BO3MOXHO Gosbimee (cpaBHU-
TCABHO C OOBIKHOBCHHBIMM Au((PECPEHLMATBHBIMA YPABHCHNSIMM) MHO-
roofpa3ue pazanuHbiX (HOPMyIMPOBOK 3ajau. Bmecre ¢ TeM 3aMeTHO
paciMpsieTcss ¥ apCCHAJ BO3MOXHBIX METOXOB UMCJICHHOIO PEUICHUS
9TUX 3a7ad.

Wrak, HauneM yuMTbCS OPUEHTUPOBATHCS B MHOXECTBE YHCJIEHHBIX
AJTOPUTMOB AJIA 331aY MATEMATHUYECKOH (pusmky.

PaccMoTpum o6u1yio ¢opMyMpoBKy MCXOAHOM 3anauu: HailTH (yHK-
UM U, yROBJCTBOPSIOILYIO BO BHYTPEHHMX TOUKAX w — 00AacTH
V3MCHCHMS HE3aBMCUMBIX NMEPEMEHHBIX (puc. 9.1) — HekoropoMy ypas-
HeHMIO (CHCTEME) B YaCTHbIX MPOM3BOXHBIX, 4 HA YYACTKAX TPAHMILBI

| ] | | I {

Y2

Vi

Y3 : }/12

V4
n

Puc. 9.1 Puc. 9.2

I' — v, ¥5 ... — BeoOXOQUMMBIM yCI0BUSM, 06ECIEUHBAIOUIAM KOPPEK-

THOCTb 3a7iaui (PEICHUE CYIICCTBYET, CAMHCTBEHHO M YCTOHYMBO 110 OT-
HOHICHHK) K MaJIbIM BO3MYUICHUSIIM BXOOHBIX I(aHHbIX).
Oty 3amauy Oynem 0603HAYATH BOPEAb 3AIHCHIO

LU=F, (9.1)

rac L — omepatop, onpeaeasrommi BUx audbepeHUMaNIbHBIX YPaBHC-
HUI B W, JONOJHATEIbHBIX COOTHOLIEHUH Ha I'; F — COOTBETCTByIOLIAC
npaBbie YACTH (BXOXHbBIE AAHHBIE).

[Ipumenss pasnocTHbt MeTox pemenus 3agauu (9.1), B obmactu
pacuera BBOAMM ceTKy y3;10B (cetounymo obnacts) o™ U I'™. B mpo-
CTCHLIEM C/yYae — DTO TOYKM MEPECEYCHUS JMHUN CETKH, Napasuicib-
HBIX OCAM KoopauHat (puc. 9.2), yAaJeHHBIX APYr OT APYra HA PAacCTO-
suus (A, Ay, ...), HA3bIBAEMBIE WATAMM CCTKHA TI0 COOTBETCTBYIOIIMM
HaIpaBJCHUSIM 1 IPEACTABSIONME OO0/ Manbie napaMeTpsl. I1pu atoM
Y3JIbl, JIEXaWue BHYTPH @ (Kpyxouku Ha puc. 9.2), obpasyior o) —
COBOKYIHOCTh BHYTPEHHHMX TOYEK CETOYHOW obnactu. ToukM mepeceye-
HUs JMHAA ceTku ¢ rpasmueit I' opasyror '™ — cooxymsocTs rpa-
HUYHBIX Y3JI0B CETOUHOH obsactu (KpecTuku Ha puc. 9.2).
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3amMeyaHue 1. D10 HEC EAMHCTBEHHBIA CNOCOO OMPEAEICHHMS COBO-
KYNMHOCTH BHYTPCHHUX ¥ IPAHUUYHBIX Y3J0B CeTKH. B nexuuu [2 Oyger
TIPUBEAEH NPUMEDP JPYroro ONpeRejcHUs CETOUHOM 001acTH. A

3ameuanue 2. B ofueM cryuae ceTka MOXeET GHITh HEPABHOMEP-
Ho#t (A, h,, ... # const), xpusosnuHeino# (puc. 9.3). B nocnexnem cay-

Yyac Imarn CCTKH (CGTO‘IHIJIC napamer-

pbl) — JTO PACCTOAHMA MEXAY COCEH-
HUMH y3/7aMH, JICKALIMMU Ha ORHOM
JIUHUHU. A

[Ipu CTpEMJIEHMM INATOB CETKU K
HyJMIO CeTKa czywaemcsi, y3nsl M,
'™ paBHOMCDHO HOKPBIBAKT pPACUCT-
Hywo obnactb w u rpanuuay . Tlpm-
Ommxennoe pewennc  3agaun (9.1)
OyaeM BHIYMCIATh B y31aX CCTKHM. Mc-
KOMBIE 3HAUCHMS BKync oOpasyiloT ce- Puc. 9.3
Tounyro yukumo U, Bamcuss
anddepcHUMANBHBIC yPABHCHUSL M JOMONHUTCABHBIC COOTHOUICHMS 3a-
mauu (9.1) HEKOTOPHIMH COOTHOLICHWSIMM ISt MCKOMbBIX KOMIIOHEHT
cerounoii ¢ynxumn U™ (kak 5To Acmacrcs, GyNCT IOKA3AHO HUXE
HA KOHKDCTHBIX TpPUMEpAX), MPHXOAMM K 3ajauc (pas3HOCTHOH cxeme)
ana UW:

LhU(h) = Fh), (9.1

KOTOpas, COOCTBEHHO, M PEIACTCS YNCJICHHO.
IMon ownbkoit HAKAEHHOrO PEIIEHUS ECTECTBCHHO NMOHMMATh

M= =y —[y]®,

rae [U]" — cerounas dynxums, npencrasasiomas coGoit COBOKYI-
HOCTh 3HAUCHUI pemeHus ucxomHoi 3apaum (9.1) B y3nax cerku (mpo-
exuus pemrcHust (9.1) Ha cerounyio obmacts).

BesnunHa ownOxm

N8M|| = ju® — [U19). (9.2)

Ucnone3oBannc aberpaktabix ¢dopmyanposok (9.1), (9.1') ans wc-
XOOHOM M Da3HOCTHOW 3a/au IMO3BOJIACT BLIABUThL OOIIME, HE 3aBUCH-
WHE OT KOHKDETHOHM 3ajayu TpeGoBaHMs K pasHocTHOM cxeme (9.17),
BBINIOJIHEHUE KOTOPHIX FapaHTHPYET MAaJoCTh OIMOKM pa3HOCTHOrO pe-
wenust. OHu copepxarcs B TEOpEME, NOKA3AHHOM B KOHLE TpPEABIAY-
med JEKIMM: ecaM pasHocTHad cxema (9.1°) annmpoxcMMUpPYET MCXOA-
Hyw© 3anauy (9.1), 1. e.

B = ||L, [U]® — F® 0
™| = || L, [U] I Pl
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u pewenue 3anaur (9.1') yCTOMYMBO, TO MMEET MECTO CXOIHMOCTB pa3-
HocTHOTO pemenns UM K peureHuo MCXOQHOM 3amauu, T.e.

™| — 0.
(h)>0

3nech obozHaucHue (A) MMEET CMBICJ COBOKYIHOCTH CCTOYHBIX Napa-
Merpos (IIAroB ceTKH), cooTBercTBeHHo (A) — 0 o3mauaer, uTo BCe 1ua-
I'd CETKM CTPCMATCH K HYJIIO.

[lepeiineM K KOHKpETHHIM Tpumepam. Iloka Gyacm paccMATPUBATH
Pas/MUHBIC CXCMBI ISl PCIICHUST HBOJIIONUOHHBIX 3axau. [Ipm srom B
AAHHOM JIEKIMKM BHUMaHUe OyAeT aKLeHTUPOBAThCS Ha crnocobax mocTpo-
CHMS CXEM, AlNPOKCHMHUDPYIOINX MCXOMHYIO 33aAauy.

3anauya Komm a8 ypasHeHus nepeHoca.
{U, +aU, =f(t,x) (1>0, —o <x< ),

(9.3)
U(0, x) = ¢(x).
Samecuanne. ConocTasasst 9Ty KOHKPETHYIO (DOPMYIMPOBKY 3aia-

yK ¢ 3anucho abcrpaktHOM 3amauu (9.1), MOXEM OTMETHTB, UTO 3AECh
aU U

LU = at+a-5;, t>0,

U@, x), t=0;

_ f(t’x), t>07
F_{q)(x), t=0.a

Ha nomynnockoctst ¢ >( BBOAMM UPAMOYTOJbHYIO PaBHOMEPHYIO

CeTKy y3/10B C koopauHaramu {f, =nt, n=0,1,...; x, =kh, k=0,
t
Th+t
T
t"
tn-1
h
Xr-1 Xy X+ 1 X
Puc.9.4

*1, £2,...} (puc. 9.4). O6oznaunm ycpes U} KOMIOHEHTY CETOYHOM
dyakuun B (n, k)-M yane, ABAAIOUMMCS TOYKOH MEPECEUCHUSA H-TO
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cnos mo ¢ ¢ k-M cioem mo x. Torma
UM ={U2, n=0,1,...; k=0, £1, 2, ...}.

[Tocrpoum cetounyio sagauy. JIns 3Toro B KaxmoM BHYTPCHHEM Yy3Jie
(n>0), mpusiekas KOMNOHEHTH CETOYHOM dyHKIIUM B 5TOM y3ne u
GruXaimnX, 3aMEHUM NIPOU3BOAHBLIE B mudepeHInATBHOM YPABHEHUH
10 mpocTeHmnM (opMyIaM YHUCIEHHOrO AudbEPEHIMPOBAHNS:

-1 -1 -1
U-U L GJURSUT L a=12, ©.3)
T h ko k=0, 21, =2, ... ’
Hobapasts coorHomenus U0 = ¢,, k=0,%1, £2, ..., noayuaeM cuc-
L= Pr y

TEMY COOTHOWICHHMH (Pa3HOCTHYIO CXEMY) /Il HEM3BECTHBIX KOMIIOHEHT
CETOYHOM (DyHKUMH.

3ameuanue 1. Conocraenasa (9.3') ¢ (9.1'), ormeuaem, uto

Un_Unfl Un»l__ n—1

L™ = Iztk +a k+lhk . n>0,

" =
0 —0-
v, n=70;
n—1

F — fk , h>0,

¢, nh=0,

3anycas BEPXHEE COOTHOMIEHHE B BUAE, PA3PEUIEHHOM OTHOCHTCIHHO U
n o ar) ym—1 4 4t yp—1
Uk—(1+h)Uk +9 st

nostyuuM opMyJ1y, NOCAEAOBATE/IBHO OTPENEISIONIYIO PELIEHHE BO BCEX
y3naxmo knpn n=1,2,... A

3ameuanune 2. Pazymeercss, 51a cxeMa MMEET YHCTO MeToauue-
CKOC 3HAYCHHUE, MOCKONBLKY HEMBICJMMO NMPOBEICHUE BHIUNCIEHUI B Gec-
KOHEUHOM KOJIMUECTBE TOMEK KAXIOIO CJIOS MO 1. A

Ecan orpanuucHel BTOpHIE MpOM3BOMHbIE pemEHUs 3amaum (9.3), 10
cxema (9.3") annpokcumupyer sanauy (9.3). B camom acne, ommbka an-
npokcumanuu B (n— 1, k)-M y3ne (mox U(t, x) noHAMaeTcs 3HaueHue
TOUHOro pemenns 3apaun (9.3) B Touke (¢, x)):
ue,,x)—-U¢, _.,x,) Ut X, )—=Ult x,)

-1 _ n %k n—1*g ~1 Xr+1 —1 X

‘PZ - T a—= h - ——f(tn—l’ xk) =
(mocsie 3aMeHbI BXOASIINX CIOAA 3HAYECHMEH U (¢, x) no dopmynam Teii-
JI0pa OTHOCUTENBHO y3aa (1,_,, x;))

[pu n=20
Yo =U(0, x,) — ¢(x,) =0.
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CrenosarensHo,
1
9@ = max | wil <5 (Myv + M) - 0, (9.4)
TIe MZt = n;lax I U;,ZI , sz = IItlaX I U;Izl-
) X » X

Koraa pas morpeuiHocT annpoxcuManyMy MMEET MECTO OIEHKA THNA
(9.4), roBopsT, 4TO COOTBETCTBYIOIAS CXEMA SIBJISETCS CXEMOH Nepaozo
nopsidka annpokcumayuu no t u no Xx.

Kondurypanus ysios, 3HAYCHMS CETOYHOM (DYHKUMM B KOTOPHIX
ONpenensiioT BUI DPasHOCTHHIX YPABHEHMIl, 3aMMCHIBAEMBIX IS BHYT-
PECHHMX TOYEK CETKM, HA3BIBACTCH WABNOHOM PAHOCMHOU cXembl. JInst

(n, k) (n, k)
* k3
— F—————*
(n—1, k) (n—1, k+1) (n—1,k-1) (n—1,k)
Puc. 9.5 Puc. 9.6

cxemsl (9.3) wabaor mmeer Bua, nokasaHHBIE Ha puc. 9.5. Ccbuika Ha
WabnoH yno0HA TeM, 4YTO OH, KaK NMpaBuao (HEe BCErA OJHO3HAYHO),
OINpEAESeT BUA PAa3HOCTHBIX YPABHCHHMM CXEMbl, O KOTOPOH MAET peub.
Hanpumep, n1s Toi xe 3amaum cxeMa ¢ mwabi0HOM, IOKa3aHHBIM HA
puc. 9.6, sanucsBaercs caenyromuM oOpasom:

n n—1
U= Us
T

U= ¢y

Un—l__Un—l
k k=1 -
+a A = fi-1 1,2,..

n
k=0, £1, 2, ...

(9.3")

IlepeiineM Teneps K paccMOTpeHuio Gosee peasnibHoi (C TOYKM 3pe-
HUS BO3MOXXHOCTH IPOBCACHUS PACUETOB) 3aAduM.

Kpaesas 3ana4a nas ypasHeHust nepenoca. Ilycte Hamo HaiiTh pe-
LWIEHWE ypaBHCHMS nepeHoca U, + alU, = f(t, x) (3aech u manee cumra-
ercs a = const > 0) B npamoyrompauke 0 << 7T, 0<sx < 1.

O6cynum npenBapyuTEIbHO BOIPOCH, CBS3AHHBIE C KOPPEKTHON (hop-
MYJMPOBKOW MCXOTHOM 3agayH.

Paccmorpum ypasHenue dx/dt = a. PemenueM ero aBagercs cemeit-
CTBO JMHMI (B JAHHOM Cay4ae mpsambix) x — at = C, tae C — npouns-
BOJIbHAA KOHCTaHTa. BROMb KaXOO#M JIMHMM 3TOro CEMEHCTBA MCXONHOE
YPABHEHHE IICPEHOCA MOXET ObITh 3AIMCAHO B BHAE OOBIKHOBEHHOTO
muddepeHINaNbHOTO ypaBHEHNUS:

dU
Ti—t—l = f(t, x)' ) (9.5)
c c
duy _ aU , aU dx __
me | = Vo dr = U, + aU, — TaKk HasbiBaeMas NPOM3BOTHAS

[0 HANpPABJICHHIO, OIPEAENIEMOMY ypaBHEHUeM dx/df == a.
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3ameuanne. Jluann (B NpPOCTPAHCTBE ABYX HE3aBMCHMBIX Ilepe-
MEHHBIX ), BAOJb KOTOPHIX YPABHEHUE B YACTHHIX TIPOM3BOJHBIX IIEPEXO-
AUT B OOBIKHOBEHHOE, HA3BIBAIOTCS XapaKMepucmukamyu YpPaBHCHMS.
Hanuumne QeHCTBUTCABHBIX XapaKTEPUCTHK SB/SETCS TPU3HAKOM THIIED-
GONMYHOCTH JAHHOIO yPaBHEHHS. A

Takum o6pasoM, 4TOOH OZHO3HAYHO ONPEAEIHTH PCIIEHME ypaBHE-
HHS IEpeHoca B Kakoil-mnbo BHyTpeHHed Touke A (puc. 9.7), MoxHO,
TIPOBEAS YEPES ITY TOUKY XAPAKTEPUCTUKY, PEINaTh gajee 3agauy Koim

t
t
h

T 0, T

la+1

A n 1
I )
0
1
0 1 X 0 XX X 1 X
Puc. 9.7 Puc. 9.8

ans ypasHenwust (9.5) mo ¢ B CTOpPOHY BoapacTanus, aufo B oOpaTHOM
HaTpasjeHuu. B nepBoM ciyuae «HauasbHOE» YCAOBUE JOKHO OBITh 3a-
IaHo B TOYkc O, BO BTOPOM — B TOUKE O,. Accounupys ¢ co BpeMeHEM
(T. e. IpUHMMAS, YTO { MOXET JIMIIDb BO3pacTarb), a X — € NPOCTPAHCT-
BCHHBIM HAMpAaBJICHUEM, IPUXOAUM K BHIBOAY, UTO A OZHO3HAYHOTO
OMpEAcACHMS PEHICHUS BO BCEX BHYTPCHHHX Toukax (A, B), neobxodu-
M0 3a0ame 3navenus U na ompeske [0, 1] ocu x (nauanensie dannvie)
u na ompesxe [0, T| ocu t (xpaesvie ycaoaus).
Taxum o6pa3oM, MaTeMaruueckas OPMYJMPOBKA 334U AJIS ITOTO

Caydvas MMEeT BUIL:

U +aU,=f(t,x) (>0,0<x<1),

U(0, x) = ¢(x) (0<xs1), (9.6)

U(t, 0) = (1) O<t<T).

3ameuanue. OuesuaHo, npu a < 0 Hajgo GbIo OB 334aBATH HO-
HOJHUTCIBHOE YCIOBUME HE HA JIEBOM I'DAHMLE, 4 HA NPABOMH. A

O6parumcst Tenepb K npobaeMaM YHCICHHOrO PELIEHHS 3a0AYK (9.6).
Beenem B pacueTHo# 061acTH MHOXCECTBO y3/108B cetku (puc. 9.8):

T

w® ={(t,,x,), t,=nt, n=0,1, ..., N=-—,

X, =kh, k=0,1,...,K=1}.



3pech T — lar ceTkM no BpeMmenu (f); A — IDar Mo IpoCTPaHCTBY
(x); N — HOMEp MOCJIEAHEro CJ0s IO {, AAd KOTOPOrO Hajao BHIUKMC-
auTb pemenuc; K — HOMEp CJOS 10 X, COBMAJAIOMICIO ¢ MpaBOd rpa-
HUIEH pacueTHO# obaacry.
VICKOMBIMH BCIMYMHAMHM OyIEM CUMTATh KOMIOHCHTBI CETOYHOM
byukuuu
mh - y® = (Ut n=0,1,...,N; k=0,1,..., K}.

I (Kommnonenra U} otrocuTcd K (n, k)-My y3any cer-
(n_T 1) (n_T o KM, JeXameMmy, HallOMHMM, HA TCPECEUCHMM 7-TO
C/1081 O £ ¢ k-M CJIOEM MO X.)

Puc. 9.9 IIpumep 1. Paccmorpum cxeMy ¢ aOI0HOM,

NOKA3aHHBIM Ha puc. 9.9.
PasHocTHBIE YpABHEHUS /IS BHYTPEHHMX TOUEK CCTKH CTPOATCS TaK

xe, kak B cxeme (9.3") nna sapmaum Komm. B urore mosmyunm

Un__Un—l Un——l_Un:i _
KTk 4 og-k ; =gl on=1,2,..,N, k=1,.., K,

U0 =¢(x,), k=0,1,..., K, (9.6
n=p(f,), n=1,2,...,N

(npeamonaraetca, uro ¢(0) = $(0)).

QueBupHo, 510, Kak u (9.3"), cxeMa nepBoro mnopsiaka anmpo-
KCHMAIWH, KaK T0 f, TAK ¥ no x. [JIaBHbIe WieHBl NOrPEIHOCTY annpo-
Keumauyu B yaie (n— 1, k):

n—1
prl = [% U, —% Uxx] . + O(12, h%) — BO BHYTPCHHHX TOYKAX,

P9 = ¢ =0 — B rpaHMYHBIX y3Jax.

Ocra”oBuMcs HA nocaedosamenvhocmu avivucaenud. 3 coorome-
HUU BTOpOit cTpokm (9.6') HaxonsTCHd 3HAUCHHS CETOUHOU (PYHKIUU BO
BCEX Y3JIaX HAYAJBHOIO CA0sA., 3aTCM BHIYACIACHHC BCIAMYMH HA KaXaOM
HOCEAYIOMIEM CJI0€ MO { OCYECTBASETCS CTAHAAPTHHM 00pa3oM:

— C MOMOINBK) COOTHOMICHHMS M3 TpeThed crpouku (9.6") (mpu HyX-
HOM 1) HaXOAMTCH 3HAYEHUE B y3JI¢, MPUHALICKAIIEM JICBOH rPaHH-
[e pacueTHoi obsacTu;

— pasnoctHeie ypasuenua (9.6'), Oyayuu nepenvcaHsl B BUAE

n_ yn—1__at n—1 __ ymn-1 n—1
Up=Uk n (Ui Uz + v
AAIOT PACUETHYIO POPMYJIy AT BHIUMCJIEHMS PELICHUAS B OCTAJMBHBIX y3-
Jlax pacucTHOro Ciod.

3aMmeuanue. IIpouecc BIUMCIECHUS DELUICHUS YBOJIOIMOHHHX 3a-
Ay «paccaanBacTCs»: CUCT BEAETCA MOCPEACTBOM MEPEXOHa OT OAHOro
c09 MO { K Apyromy. D10 0BCTOATENBCTBO €CTECTBEHHBLIM 00pa3oM CBsi-
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3aHO CO cnenM(pPUKON HBOIIOUMOHHBIX 33434 MX PECIICHHE B KAXIBIM MO-
MEHT BPEMEHU OJHO3HAUHO ONPENEASCTCH COCTOSHUEM B MPEAUIECTBYIO-
MM MOMEHT. A

B cBere 3TOr0 3amMeuaHus B pa3HOCTHHIX YPABHEHHHAX BEJIMUMHbI, OT-
HOCHLIMECS K BEPXHEMY CJIOK, NPH NIAHMPOBAHMM BHIUUCAEHUN TPAKTY-
I0TCS KAK HEU3BECTHHIC, 4 BEJIMYMHBL C NMPEAMIECTBYIOIETO CJIOS CUMTA~
IOTCAd A3BCCTHBIMHA.

PasHocTHAag cXCMa HA3WBACTCH S6HOU, €CIM B KaXIO€ ypAaBHEHHME
BXOxuT He Gosiee OmHOM HEW3BECTHOM BeNMUMHB! (B YKA3aHHOM CMBIC-
Je). B NpOTHBHOM Cjlyyae CXCMa Ha3bIBACTCS HEsGHOIL.

Ouesuano, cxema (9.6") — sasnas.

[Mpumep 2. Paccmorpum cxemy ¢ mabioHOM, MOKA3aHHBIM HAa
puc. 9.10:

Un_Un——l Un——l__Un—l
b b = = 1,2, 0, N k=0, 1, ., K~
Uzz(p(xk), k=0,1,..., K, (9.6')

Ut=y(1,), n=1,2, ..., N.

3To CHOBA $IBHAS CXCMA MCPBOrO MOPSIAKA aNnpOKCHMMALMHM IO [ U 10 X.
I'nasHble 4/ICHBI MOTPCLIIHOCTH AMNpoKcumauuu B y3ae (n — 1, k):

n—1
‘Pz—l = |:% Utt + % Uxx] & + O(T’Za hz), n> 0,
P =0.

Ilpn naaHMpoBAaHMH OCICAOBATENLHOCTH BBIUMCICHMH CTAJKHBACM-
Cca C mpormsopcumeM. PemieHue B TOYKAX JEBOM TPAHHMIEBL ONpemc-
JIAETCS HCONHO3HAYHO: BO-NEPBBLIX, COOTHOUIEHMS- (. 4
MH M3 TpCThel crpouku (9.60"), a, BO-BTOpHIX, *
ypaBHECHUAMM 1epBoi cTpoku npu k= 0. B Tto xe
BpeMa B (9.6'') Hec XBaraer COOTHOUICHHH ISt %
OMPEAC/IICHUS BCAVMYMH B y3JaxX NPaBoil rpaHuusl (=1, k) (n—1, k+1)
{(npu k= K).

Takum 06pa3om, HECMOTPS HA HAJIWYHE ATHIPO- Puc.9.10
KCHMMalMM, 3Ta CXCMa HENPHUrOAHAa I/ YHMC/ACHHOTO PELICHHA 3aJauyn

(9.6). (Mbt yBunMM B gasbHeifmem, uTO OHA HE YIOBJICTBODSIET YCIIO-
BHUIO YCTOHUMBOCTH.)

Kpaeras 3anaua nas ypaBHEHUs TEILIONPOBOAHOCTH. Tummusas
dopMynupoBKa 3ajauy A1 ypaBHEHHS TEIUIONPOBOAHOCTH HA KOHEUHOM
10 koopauHaTe x obaactu (Oynem cunrath, uto 0 < x < 1):

U=wU, (u>0) mpu >0, 0<x<1,
(9.7)
U(O’ x) = ‘P(x)’ U(t: 0) = 1])1(1), U(t’ 1) = Wz(t)-
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Ecnu, manpumcp, U — rteMneparypa, To 3agaua (9.6) ommceia-
€T TEIJIONEPEHOC BAOJb OJHOMEPHOTC CTEPXHS COMHHYHOW JUIMHEL
fpH 33J3aHHOM HAYANBHOM PACHPEACICHHH TEMIepatypsl — ¢(x) u

3aNaHHBIX TCMICPATYPHBIX PCXMMAX Ha KOHUAX CTepxHs: Y,(f) u
P, ().

3ameuanue. Ecm U — xonuedatpauus, To 3agaua (9.7) ommchH-
BaeT auddy3nro BemecTsa, nootoMmy ypasnenne U, = wU, . uHOrHa Ha-

3bIBAIOT ypaghenuem Ougpdyzuu. A

Boob1iie, 310 mpocreiimiee MoAeIbHOE YPAaBHEHHMC NAapaboMuccKoro
THUIIA COACPXKMT B ccOE XapaKTEPHBIE YEPTH CJAOXKHBIX MapaboMuecKux
YDPaBHEHMH, ONUCHIBAIOUIMX PA3JIMUHBIC UCCUNATUBHBIC NPOLECCH (THIA
TCIIONPOBOJHOCTY MK Auchdy3nun) B MIa3Me, B MATHUTHOM TMAPOAUHA-
MHKE, B OMOJIOTMH H T. .

HWcnonp3oBanue cambix mpocThix GopMysa uncaeHHOro auddepeHum-
POBAHMSA TIPM KOHCTPYMPOBAHUM BO3MOXHBIX DPA3HOCTHBIX CXCM 37€Ch

(n+1, k) (n+1, k-1) (n+1, k) (n+1, k+1)
* * T *
He N * *
(n, k=D (n, k) (n, k+1) (n, k)
Puc. 9.11 Puc. 9.12

TpeOyeT MpUB/ICUCHUS MO KPAKHEH Mepe TPCX TOYCK MO X M ABYX IO .

CoOTBETCTBCHHO, 3JICMEHTAPHBIE AOMYCTMMBIC INAGIOHBI MOKA3aHBI HA
puc. 9.11, 9.12.

Ilpumep 1. SBHas cxema ¢ wabaoHOM, HM300PAXCHHBIM HA
puc. 9.11. Tocne BBemeHMs ceTKu (Tak Xe, KaK B MPEABIAYIIEM pasic-
JIe) PA3HOCTHAS CXEMA 3AMMCBHIBACTCS B BUAC

n+1 n
ka “Uk=MUZ+1—ZU:+UZ—1 n=40,1,....,. N—1,
T h? T k=1,2,...,K—1,
Ui =¢(x,), k=0,1,..,K,

Us=v,(1,), Ugx=1,(1), n=1,2,...,N.

9TO cX€Ma NEPBOro NMOPsIAKa ANNPOKCHMMALMM 110 { M BTOPOTO — IO X.

[J1aBHbIC UNEHBI MOTPEIHOCTH ANMPOKCMMAUMU BO BHYTPCHHHX Y3Jax
(n, k):

9.7

2 n
n_. [T . h (4) 2 14
xpk—[ZUtt MﬁUxa k+O(T,h).
B rpaHUYHBIX y3/1aX M B TOUKAX HAYANBHOTO CJIOL: Pg =i =9 =0.
ITocnenoBarenbHOCT  BBIUMCAEHMI BIIOJHE AHAJOTMUHA TOM, UTO
6buia ommcana anst cxemst (9.6'), ¢ TOH OrOBOPKOM, UTO pACUETHAS
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¢opMyna nas peuicHHS BO BHYTPEHHHMX TOukax Tekymero (n+ 1)-
ro cJjost 31ech MMEET BHJ

URtt = U +55 (U — 203 + UL,

a 3HAUCHMS B y3JaX NPABOU IPAHHLBI BHIYMCASIOTCS IO 3ajaHHou ¢hop-
myse — Po(2,).
IIpumep 2. Heasuas cxema ¢ mabioHOM, [OKA34HHBEIM Ha
puc. 9.12:
gtou_giewteyt
T - h2 C k=
Ud=(xy), k=0,1,.., K,
Ug=v,(1,), Ugx=1vy,(,), n=12,..., N.

Tak Xe, KaK M SIBHAsl, ITO CXCMa MCPBOro NopsgaKa 1o £ ¥ BToporo — 1o x:

nt T Wo,om i 2 14
Py =_§UU+MEU"4’C +O(I,h.)

BO BHYTPCHHUX y3/1ax ceTKM (B IpaHMuHbIX y3aax omubKa anmnpo-
KCUMALMM PABHA HYJIIO).

BoruvcacHue pewicHus B y3nax (n < 1)-ro cos npu M3BECTHBIX JaH-
HBIX H4 N-M CJ10C, KAK HETPYIHO BUACTh, CBOAMTCS K PELICHHMIO CHCTEMBI
JIMHEMHBIX YPABHCHMH € TPEXAMATOHANBPHOM MATPHLCH W peanu3ycTCd
110 ¢hopMynaM NMPOTOHKH (CM. JICKLMIO 2).

AOMNMOJIHEHNSA K JIEKLLMKH 9

O KOHCEpBATHBHOCTH M JIPYTHX CBOMCTBAX PA3HOCTHBIX ypaBHE-
HUM. [Ins pCIICHMSI KOHKPETHOM 3a1duM ECTECTBEHHO MCIIOJIb30BATH pa3-
HOCTHYIO CXCMY, KOTOpasi (KaK 9TO CJAEAyeT M3 OCHOBHOM TEOPEMBbI O
CXOAMMOCTH) AMNMNPOKCHMUPYET MCXOXHYIO 3a4dauy W SBJSETCS KOPPEKT-
HOHM, T.€. NPUBOAMT K EIUHCTBCHHOMY DEIICHHMIO, YCTONYMBOMY MO OT-
HOIICHHUIO K MaJIbiM BO3MYIICHUSIM BXOOHBIX AAHHBIX. MBI BMACIH, YTO
AJIst OMHOM M TOM Xe 3aJauy YacTO MOXKHO MOCTPOUTE MHOXECTBO AIIIpPO-
KCUMHDYIOIMMX PA3HOCTHBEIX CXeM (B TOM YHMC/IE M YCTOWYMBBIX, KaK Gy-
Aer nokasaHo B sekumu 10). Takum o6pasoM, BO3HHMKAeT HeoOxomu-
MOCTb BBIOOpA KOHKPECTHOM CXEMBI PACYETA M3 MHOXECTBA BO3MOXKHBIX.
B kauectBe xpurepueB oT00pa HOBOJBHO €CTECTBEHHO NPHUBJIECKATb Ta-
KHe, Kak 6osiee BBICOKAs TOUHOCTb, MPOCTOTA OPraHU3aI[MH BEIYMCICHHH,
9KOHOMHYHOCTh BbIUMCACHMNA. OQHAKO 3TO OTHIOAb HE MCUYEPHIBIBAROLIMAIA
Habop TpeGOBaHMIA, NPETbIBAIEMBIX K PA3HOCTHBIM CXEMAaM.

[lpu pemennmm 3apau U3MYECKOrO COREPXAHUSI 3AYACTYIO ATIPUO-
pU M3BECTHH HEKOTOpble (BaxkHbie!) CBOMCTBA MCKOMBIX (DYHKIHIA.
O/IeMEHTAPHBIT IPUMEP: OQHOM M3 WCKOMBIX XapaKTGPHUCTUK B 3aja-
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Yax O MPOUECCAX B CIVIOIIHOM cpexe (rase, miaaaMe) (BASETCH IUIOT-
HOCTh. QUEBMIHO, IUIOTHOCTD HE MOXET ObiTh OTpHuATEnbHOM. Ilpu
KOHCTPYMPOBAHMH DPA3HOCTHOM CXEMBI MOXHO MCXOAMTh M3 AOMOJHH-
TENBLHOTO (HApsgy C ANNpOKCHMALMENR M yCTOWUMBOCTBIO) TpeboBa-
HHS: PACUCTHBIC 3HAUCHUS IUIOTHOCTH B Y3JaX CETKM AOXKHBI TIpH-
HUMATb HEOTpUUATENbHBIC 3HAueHmda. (Ha otom nytw npuxomar x
TAK HA3BIBAEMBIM 1ONOKUMENbHbIM DAZHOCMHbIM cxemam.) I pyroii
npumep. Ilycts H3BecTHO, uTO HEKOTOpas (puaMucckas XapaKTEPHCTH-
ka (Ta Xe IUIOTHOCTb MM TEMIEPATYpa, K NpPUMEPY) PacIpenec/cHa
N0 INPOCTPAHCTBEHHOM KOOPAMHATE MOHOTOHHBIM o0Opa3oM. MOoOXHO
CTPOMTb CXEMBI, KOTODHIE TIaPAHTHPYIOT MOHOTOHHOE PpaCHpE/eCHAE
COOTBETCTBYIOIIEH pPACYETHOM BEJMYMHB (TAK HA3BIBACMBIC MOHOMOH-
Hble CXeMbl).

Oco6eHHO BAaXXHYIO POJIb MTPAIOT KOHCEPEAMUBHBLE PAZHOCMHbLE CXe-
Mbl. [leno B ToM, uto mpu peweHun usnueckux 3agau auddepeHuu-
ANbHBIE YyPABHEHMS, PACYET KOTOPHIX IUIAHUPYETCS, KAK TIPABUJIO, BhIpA-
XawT coboif MATEMATHUYECKYIO 3aMKUCh TEX MJIM MHBIX 3aKOHOB COXPaHE-
Hug. C TOUKM 3peHMs MareMaTtuku AuddepeHuMaNbHblE ypPABHEHUS
SIBJISIOTCH CEACTBUEM HEKOTOPBIX MHTErPAJIbHBIX COOTHOIUEHMH ¥ BhHIpa-
XKAKT 3aKOH COXPAHEHMS JIOKANBHO (B AAHHOM TOYKE IPOCTPAHCTBA, B
MAHHBIA MOMEHT BPEMCHM). YNOMSHYTHIE MHTErPAJbHBIE COOTHOIICHHUS
SBASIOTCS oOwieit GopMOil 3annCK 3aKOHOB COXpaHEHUS (B KOHEYHOH 00-
JIACTH NPOCTPAHCTBA, HA KOHEYHOM HMHTEDPBAJC MO BpeMeHH). Bouio Ol
BECbMA KENATCIbHBIM TNOTPeGOBATH OT pPA3HOCTHOM CXEMBI, amIpo-
kcumupyomeir muddepennuansapie ypaBueHus (T.€. JOKAJbHBIE 3aK0-
Hbl COXPAaHEHMS ), UTOOBI C/IEACTBMEM PA3HOCTHHIX ypaBHCHMItT ObLia amn-
NPOKCUMAIMS MHTErPAJbHBIX COOTHOLICHHMM, BHIPAXKAIOUIMX, KAK CKA3a-
HO, oOmyi0 ¢opMy COOTBETCTBYIOIIMX 3aKOHOB COXPAHCHHS. CXEMBI,
YHOBJICTBOPAIOMME ITOMY TPcOOBAHMIO, HA3HIBAKTCH KONCEPBAMUBHbI-
Mu. BaxHOCTb KOHCEPBATMBHOCTH PA3HOCTHBIX CXeM OOYCIOBJICHA, BO-
NEPBHIX, OOWMM (YHMBEPCATbHBIM) XapaKTEPOM 3aKOHOB COXPAHEHHUS
(TeM, UTO HAa KAKOH-TO M3 HUX WJIM HA PSA M3 HAX MBI ONMMPACMCS, pe-
Iast NPaKTHUECKU JI0OYI0 3anauy ¢uamueckoro cogepxanus). Bo-sro-
PBIX, TEM, YTO, KAK NOKA3BIBAET M MPAKTUKA PACUETOB M COOTBETCTBYIO-
ImMYe UCCACHOBAHUS, BO MHOTHX CIy4YasX TOJABKO KOHCCPBATHBHEIC CXEMBI
MO3BOJISIOT NOJIyYATh JOCTOBEPHBIE PE3YJbTATHI.

Yuer pononuuTenbHHIX TpeGoBaHMI TpeGyeT 3auacTyio Gosee «H30-
IIPEHHBIX» CNOCO00B KOHCTPYMPOBAHMS DA3HOCTHBIX CXEM, HEXEIH T,
KOTODBIC MBI MCHOJIb30BANHA A0 CHX NOp (3aMEHAa NPOM3BONHBIX B Auch-
(bepeHUMaNbHBIX YPABHEHUSX PA3HOCTHBIMU OTHOIIEHHSIMH 110 TOMY I
MHOMY Wabsony). OCTAHOBUMCS KOPOTKO HAa OHOM CHOCOBE, KOTOPHIA
MIPUBOAMT K KOHCEPBATHBHBIM PA3HOCTHBIM CXEMaM.

HHTErpo-UHTEPMONSLMOHHbIA METOA MOCTPOEHHS PAa3HOCTHBIX
cxeM. PaccMoTpuM 3amauy o pacmpocTpaHEHMM TEma BAOAB TOHKOTO
(omomepHoro) crepxHs. COOTBETCTBYIOMIMIA 3aKOH COXPAHEHHS B NaH-
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HOM C/Iyyae IpeacTasaser co0oil 3aKOH COXpAaHEHWst SHEPrMu: Npupa-
EHUE DHEPrud 3a BpeMd Af HA oTpe3Ke AX pPaBHO pa3HOCTA NMOTOKOB
TEmd HAa TPAHULAX ITOr0 OTpe3ka (MBI MOJAraéM HUXE, YTO TEIIO-
CMKOCTh PaBHA COMHULC ¥ DHCPIMS OAHO3HAUHO ONPCACISICTCS TEMIE-

paTypoi):
x+Ax t+At

VUG + AL %) — U@ ) dx == [W(t, x + Ax) — W (2, x)] dt.

0 g (9.8)
3nece U(t, x) — pacnpeac/]CHME TEMIICPATYPHl B MOMCHT BPEMCHHU f,
AX — paccMaTpuBaeMblii OTPC30K CTCPXHA, Af — paccMaTpuUBacMblil
BPEMEHHO uHTEPBAa; W (I, X) — noToK Temaa (B efMHHULY BPEMEHHU) B

x+Ax
ceuenuu x. (OuesuaHo, S U(t, x) dx — oHeprus cTepXHS JAJIUHB AX B

0
t+At

MOMEHT BPEMECHH [} S W(t, x) dt — norox Temua yepe3 JEBYIO IPanu-
0
1y OTpE3Ka CTCPXHs AX 3a Bpemsi AL.)
PaccmarpuBas 3akod coxpancnus (9.8) nas Geckoneuno maneix Ax
u At, npuxoanm x auddepennuansroi (IokanbHoi) ero dopme:
Ww_ _w 9.9)
at Ix’
[lasee, NOTOK TCMAA MEXIY COCEMHUMM OCCKOHCUHO MAMBIMH YACTUIAMU
CTEPXHS B CAMHULY BPCMEHH COTIACHO 3akoHy Dypbe mponopnuoHaieH
TPAAUCHTY TCMIICPATYPHI:

W=—x(t,x,U) %, (9.10)

* — KoddduuMcHT remonposoaHoctu (B 00weM cnyuae QyHKLMg He-
3aBUCUMBIX NCPCMCHHBIX U TCMHCp&Typr).

Taxkum 06pa3oM, NpUXOAUM K CIACAYIOLIEH MaTeMaTHUYecKoil dopmy-
JIMPOBKE PACCMATPUBACMON 3a/auM: HAUTHU PCUICHUC YPABHCHUS

W _ 8 14 11
=37 [x(t,x,U)ax], t>0, 0<x<L (9.11)
(L — nnuHa CTCPXHA), NPU 3aNaHHOM HAYaJIbHOM paclpecICHUM

remneparypnt U(0, x) == ¢(x), M 3amaHHOM rpaHMuHOM pexume (npu
x =0, L 3anann nubo Temneparypa, b0 TEMIOBOM MOTOK).

Ncnonbaysa nmpexHMit MOAX0A K MOCTPOCHUIO PA3HOCTHOH CXEMBI, MBI
6b1 nepenucann quddepenuunansuoe ypasnenue (9.11) B Buze

2
U __ 3°U | 3U |ox ax U
ot T M2 [ax +3 ax:I’ (9.12)
v U U
1 npubnauxann 66l IPOU3BOIHEIC SF 3% 2 MOAXOASIMMY Pa3HOCTHbI-
ax

MH OTHOIUCHUSIMH.
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Teneps moctynuM uHaue. BeeaeM B paccMOTpeHME HApSAY C CETKOM,
K y3/1aM KOTOPOH OTHECEHBI MCKOMBIE 3HaueHus U} (KpyXouxu Ha

puc. 9.13) BCIOMOraTenbHYK CETKY
(kpecTuxu Ha puc. 9.13), x yaaam xo-
TOPOil OTHECCM 3HAaucHus Wi, mo-
TOKa& TEIU1a npu {==f MEXAY 3Je-
. MEHTOM CTEpXHS HauHOi A (Bhine-
t JEHHBIM  XHPHOH  JMHMEH  Ha
puc. 9.13) u cocenuumu (cnpasa m
CJICBA) TAKMMH XE JICMCHTAMHU.
Hanee, mnonap3yace BBEACHHBIMH
0003HAUCHUAMH,  ANMPOKCUMUPYEM
HEe pudpcpeHUMaNbHOC YpaBHECHUE
{9.12), a HenocpeaCTBEHHO 3aKOH CO-
xpadenuns (9.8) mia 06o3HAUCHHOTO
JIOKAJIbHOTO DJIEMEHTA B MpPEAeaax
BPCMCHHOTO MHTEPBA/ja T, 3aMEHSS
urTerpansl B (9.8) no npocreiimmm KBagpaTypHeM (GOpMYIaM:

(U = UDh+ (Wi, — WE_ ) 1=0. (9.13)

t
_h

L
-

In+1

a
I
I
I
|
|
|
Il

_——— e ———

0 Xp-1 Xg-d X Xpl Xgap X

Puc. 9.13

Pazpenus (9.5) Ha AT, nosyuyaem pasHOCTHOE ypaBHEHME, aIlIIpo-
kcumupytomee (9.9). Onpenenns (¢ yuerom saxona Oypwe (9.10)) go-
KAaJIbHBIA MOTOK TEIA:

n . U’l
n — _n k1 3 9.14
Wisin="Ys1ip— ( )
OPUXORAMM K CHCTEME DA3HOCTHBIX YPABHEHWI, KOTOpbIE, MCKIIOUAd C
nomompio (9.14) Wi, MOXHO 3anucate B BUAE
g+l n n n n n
utt-ur U Ur—u

k+17 Yk k k=1
1 =7 Ak +1p2 ) — %1 h (9.15)

U KOTOpPBIE BO BHYTPEHHHMX Y3/1aX CETKH AMIPOKCUMMPYIOT auddepen-
uuanbueie ypasaenns (9.11) ¢ nepssiM NOPSAKOM IO T M BTOPBIM — 110
h, B 4eM MOXHO yGEIUTBCS, UCTOAb3Ysl CTAHNAPTHYIO TCXHUKY MCCIEL0-
BAHMS Ha ANIPOKCMMALHIO.

3ameuanue 1. B (9.15) nago ompemenuts cnocol BHIUMCACHHUS
X 41720 €CM KOIDDUIMEHT TEMIONPOBOAHOCTH 3aBUCUT OT U. DTO MOX-

HO cfenaTte, HE HAPyUIdsh BTOPOrO MOPSAKa ANMPOKCMMAUMHU IO X, Ha-
NpUMED, ONHMM M3 CACAYIOIMUX CIIOCOOOB:

1 1
a) %1 =3 [ rr + 1, =5 (1, x, Up) + %L, x,0p5 Uy )],
h Un-+-U"_H
6) x2+1/2= x(ln, xk+l/2, Uz+l/2) = X(tn, xk +Ea k 2 . . A
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3amcuanue 2. [lpu nomyuenun (9.13) uz (9.8) Mbl mcnonbao-
Banu GopMyay mpsIMOYTOJIbHMKOB C UCHTPANBHON TOUKOM JJIS BHIUMC-
JICHMS JHEPrUM DACCMATPMBAEMOTO MHTEPBAJIA B MOMCHT BPEMCHM I, U
t,y ¥ GopMyny NpsMOYrOJIbHUKOB C «BBICOTOI», OTHOCANICHCSI K HHX-
HCH TPAHMUE WHTEPBAJA 110 BPCMECHM, A8 BBIYMCICHHS MMOTOKA TEIUIA
yepe3 IPaHULIbl OTPE3Ka 3a BpeMst 1. Ecam Obl AJisi MOCJIEAHEr0 UCIOb-
3oBath ¢opMmyay Tpancumid (Hanpumcp, HA TNPABOd  CPAHULE:
(r/2)(WZI{/2 + W%i12))s TO Mbl npumiiu 661 K CXEME BTOPOrO Nopsia-
K4 TOUHOCTHM KaK MmO A, TAK U 1O T, HO 3TO Oblia Obl HEABHAS CxeMa
M, B O0IICM C/yuac, HEJWHCHHAA. A

3amcuanue 3. Ilpu x = const €A 9TOM IyTH MONYYAIOTCH PA3HO-
CTHBIE CXEMbI, C KOTOPBIMH Mbl YXC CTaJKMBAAUCh (KOHCTPYyHpYS HX

! kg ky
N "
o
1 ]
I i
0 Xy X FAX L x
Puc. 9.14

o6biyabiM o6pasom). B wacrhoctn, cootHomenus (9.15) nepexomsar B
SBHBIE UCTHIPCXTO4YCUHBIC PA3HOCTHHIE YPABHEHUS

+1 "
UZ _U: _ Uk+1—2U:+Uk—l
. =% 2 .

I'naBHoE, uCro Mbl JOCTHIVIM HA TOM TyTH, — Mbl MOCTPOMIM Pa3-
HOCTHBIE YDABHCHWS, YHOBJIETBODSIONIME YCIOBHIO KOHCEPBATUBHOCTH.
B camom nene, npocymmuposas ypasuenus (9.13) mo k (or ky mo k) u
o n (or ny Ao n, — 1), NPUXOAUM K COOTHOLICHUIO

k| n,—1
ny n, n — n J—
(U = Upd)h+ 3 (Wi ypp— Wi )1 =0, (9.16)
k

k= o n=n,

KOTOPOE, OYEBUIHO, AMNPOKCUMUPYET MHTETPATbHEIA 3aKOH COXPAHECHUS
(9.8) mo «komewnoit obnactu  x € [x,, x, + Ax] (x.=x, — %),
0
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x, +Ax = Xy, +I§l), te [t, 1.+ AL (1, = oy Lo+ AL = t,,l), NpUHAD-

Aexanie#t obractu pacuera (3amTpuxosana Ha puc. 9.14).

[TponeMOHCTPHpPOBAHHBIA 32eCh CIOCO6 KOHCTPYMPOBAHHMS DPAa3HOCT-
HBIX yPABHCHUM, OCHOBAHHBIA HA AaNNPOKCUMALMH HMHTErPajbHBIX
3aKOHOB COXPAHCHHUS I10 IJIEMEHTADHOM SIYCHKE PpA3HOCTHOM CECTKH,
HAa3bIBACTCA UHMEZPO-UHMEPNOASIUUOHNBIM MEMOOOM.

Hononuntensuyo u Gonee noapobHyr uHGOPMALMIO 0O pac-
CMOTPCHHBIM 3ACCH BOIPOCAM MOXHO Haitu B [2, c. 480—490], [4,
c. 171-220], [7, c.221-239], [9, c.290-311], [12, c.34—47,
259—290].

BOMPOCHI M YNPAXHEHMSA

1. BeiniucaTs 14 3anaum (9.6) pasHOCTHbIE CXeMsI ¢ 1a60HaMK, TOKA3aHHbI-
MM Ha puc. 9.15 n 9.16. McenegoBaTth Ha annpokcumanuio. ONMcaTh NOCACAOBA-
TEJIbHOCTb BBIYUCJICHHIA.

(n+l, k)

(n+l, k) (n+1, k+1) (n+l, k1) (n+1,k)
H————K K%

* *

%
(1, k) (n, k) (n, k—1) (n, k+1)

Puc. 9.15 Puc. 9.16 Puc. 9.17

2. Wccnenosare Ha annpokcuManuio cxemy Jlakca mis sagaun Kown (9.3)
(wab6soH Ha puc. 9.17):

ntl 1 n
Uy =5 Wgey Uy ta Ug1— Uiy _ n=0,1, ..,
T 2h TR k=0, 21, £2, ..,
0
Up=(x).

3ameuanue. IT0 OPUMED TaK HA3BIBAEMON HezuOKOU WM, WHAYC, ye-
AOGHO anhpokcumupylouel cxemsl (alMPOKCHMUPYIOIIEH UCXOXHYIO 3ajauy HC
1Sl IPOM3BONILHOTO OTHOLUEHUS MEXAY ILUAraMu CEeTKH). A

(n+1, k) (n+1, k+1) (n+1, k) (nt+l, k=1) (n+1, k) (n+1, k+1)
T—T * * * *
*—— B ——y H———k *

(n, k) (n, k+1) (n, k=1)(n, k) (n, k+1) 1, k=1) (1, k) (n, k+1)
Puc. 9.18 Puc. 9.19 Puc. 9.20

3. Hocrponts ans sapaum (9.3) pasHOCTHBIE CXEMBI BTOPOro MOpSAKA TOY-
HOCTH ¢ wabioHaMM, MokasaHHbBIMM Ha puc. 9.18 u 9.19.
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4. Ona sapaun (9.7) Moxer ObiThb BBIIIMCAHO OAHOMApaMETPHUUECKOE CeE-
MENCTBO CXeM ¢ IUecTUToueutbiM 1mabiaotoM (puc. 9.20):

vt —up vt 2oyt o] Ul -2V
=0 +(1—0) & :
T W h
0<oxl,
n=0,1,..;k=0, 21, £2, ..,
0
UY = p(xy).

[poBecTH UcclieHOBAHWE Ha allliPOKCHUMALIMI0 AAHHOM CXEMbI IPH MPOU3BOJIbL-
Hom o. Kakos pesysnbrar mpu o = 0.57

5. TIoCTPOUTH PA3HOCTHYIO CXCMY JUIsl PCIICHMS CMEILAHHON 3a0a41 IS BOHO~
BOTO YpaBHEHUS

Utt—aZUxx=f(t, x) (a=const) mpu { >0, 0 <x <1,
U(0, x) = ¢(x), Uy (0, x) = ¢;(x),
Ut 0) =y (0). U(t: 1) = y(0).

Hccnenosars IPCIJIOXKCHHYIO CXEMY Ha annpokcHUMalMio.
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NEKLUKNG 10

YCTOHYMBOCTb PA3HOCTHBIX CXEM

Yemoituusocms auneldnbix paznocmubix cxem. YCmouMueocns N0 HAUQIbHbIM danubim,
npagelM HACMam, KDACGHIM YCROGUAM. IIpumepor ananu3a ycmouuusocmu RpOCMERuux
cxem. Memo0Q eapmonux. Tlpunyun «3amopoxeHHbIX Kxoappuyuenmosr». Ipumep s6noi
cxemol Onst cucmembl eunepboruveckux ypaswenuii. Ipumep uccredoeanus yemouivugo-
CIMIUL HEAUHEIEHOUL CXEMDbL.

YCTOHYHBOCTD MMHEIHBIX PA3HOCTHBLIX cXeM. ITycTb ans pelwenus uc-
xonHo# (muddepenumansroit) 3agaun:

LU=F (10.1)
HCNOJIb3YETCSI PAa3HOCTHAA Cxema
LUM=F, (10.1")

U3 Teopembl, nokasauHoit B Jaekuuu 8, ciaegyer, u4To peueHne

U(h)(i;)o[U](h)’ ecaun (10.1") annpokcumupyer sagauy (10.1) u U™ ye-

TOitunBO. Borpocam mocrpoenus aNnpoKCUMHUPYIOIMIUX CXEM IS UCXOM-
HOM 3amayM OBIA NOCBAIICHA JIeKuus 9.

B nanmnoit nekunu, 3anumascs npobicmamu YCTOMUUBOCTH PA3HOCT-
HOTO pCIICHMS, MBIl OTPAHUYUMCA PACCMOTPCHUCM JueliHbIX 3aHad, /s

KOTOPBIX ONEPATOPbI, ONPEAEASIOIME BHA JIEBBIX UYACTCH ypaBHECHMI
(10.1) u (10.1") nuneinw, T.€.

LW+V)=LU+LV

L,(UM +yv®y =L,u® + L, y™,
OTMCTHM, YTO B JUHCHHOM C1yuac onpeaejacHue yCTOfﬂlHBOCTIfI, AdHHOC
B JICKIIHH 8, MOXeET ObTh cchopMyTMpOBaHO B CACAYIOLEM BUAC.

Pasnocmuas cxema (10.1') yemoiiuusa, ecau dns nioboi gynxuyuu
F® (10.1') umeem eduncmeennoe pewenue U™, maxoe, umo

U@ < cllF®)| (10.2)

¢ koncmanmou C, ne 3asucsujeii om napamempos cemku (h). (Cm.
«Bonpocsr u yrpaxuenus».)

IIpumep. Kpaesas 3agaua ans ypaBHeHHS TCIUIOIPOBOLHOCTH:
Uy—w(t, x)U,, = f(t,x) (0>0) mpu 0<x<1, >0, (10.3)
U(0, x) = ¢(x),
138 U@L 0)=,(2), U(t, 1) = p,(1).

ZaMeuaHue. YCTARABAMBAS CBA3b AAHHOMN 3agauM ¢ aOCTPaKTHOM
dopmymuposkoit (10.1), 3amcuaem, uro 3aech

2
g—l{--u(t,x)%—g- o >0 0<x<1,
x

dt
LU =4U(0, x) ma t=0, 0sx<1,
U(t, 0) ana >0, x=0,
U, 1) anga >0, x=1.
CoOTBETCTBCHHO

[f(t,x), (>0,0<x<1,
p(x), =0,0sxx1,
F=1y,(1), (>0,x=0,
lxpz(t), >0, x=1.4
BBegeM B paccMOTPCHHUC CCTOUHYIO 06nacTh (00biuHBIM 00pa3oM, Kak

B Jexumu 9) u paccmorpum s 3aaaun (10.3) ssHylo pasHOCTHYIO cXe-
my (mabnon npeacrasiacH Ha puc. 10.1):

-1 n—~1__ n—1 n—1
UZ—U: A Uk+1 2Uk +Uk_1=f2 n>0’ 0<k<K=%,
1 k h2
!
Ud=¢(x) ana 0<k<K, (10.3")

Ug=¥(1,), Uk=1(,) nmmtn=12, ..

Comocrasass (10.3') ¢ (10.1'), ormeuaem, uro L, U™ onpenensercs se-
oMM uactamu ypasuenuit (10.3"). CooTBeTcTBEHHO

f®  BO BHYTpEHHMX y37aX CETKH,
FM =1o® g yaznax nuxsero caos (n=0),
p") B roukax nesoit (k=0) u npasoii (k= K) rpanuu,

me f®={f1 n>0, 0<k<K}, ¢®={p(x)), n=0, 0<k<K},
Y = {y,(t,) npn k=0, $,(z,) npu k=K (1<n<N)}
OueBuaHo, aas 000 M3 BEKTOPHBIX HOPM, KOTODBIE MOXHO INpH-

BJ€Yb JJs OUCHKH BEJUUUHBL || F® I, o b
n,
CIIpaBEIABO *

I F®IE< 1B+ Ne®|| + 1™ |
CymecTBOBAHHME M CAMHCTBEHHOCTH pelle- (,,_1,*15_1)(,1_16, & (=1, k+1)
mua (10.3') He BBHI3BIBACT COMHEHUH, MMO-
CKOJIbKY OYEBHMAEH CNOCo0 €ro OOHO3HAYHO-
ro BHUNCACHHS (OH AHAJIOTMYCH TOMY, UTO
obcyxpancd B JieKuMd 9, C TOH OrOBOPKOM, YTO 3/CCh BEJIMUMHBI U B f
He 1ocTosHHb). C/EI0BATENBHO, MPOBEPKA YCTOWUYMBOCTH CBORUTCS K
BHISCHCHMIO, TIPH KAKHX YCJAOBMAX BBHIIOJHCHO HEPABCHCTBO, BHITEKANO-

Puc. 10.1
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wee u3 onpeaeneuus (10.2):
U@ < const- (Jl 7B + J®| + [ p®))). (10.2)

3annce ycnosus ycroiumsocru B Buae (10.2') acranmsupyer mpen-
CTAaBJICHUE O (DAKTOPAX, OT KOTOPHIX 3ABHCUT YCTOMUMBOCTD CXEMBL: HA-
mune /) B npasoit uactn (10.2') oswauaer yemoiiuugocms no npagsim
wacmam paznocmusix  ypaenenud, ¢ — no navanenem dannwim,

VY — no epanuunsim yerosusm. SlcHo, UTO YCTOHUMBOCTD MO KAXKAOMY
U3 YNOMSHYTHIX (BaKTOPOB SIBJISETCS B OOMIEM CAyyae HEOOXOXMMBIM
YCJIOBHEM YCTOHYMBOCTH B 1IEJOM (B CMBIC/IC BBINOJHCHUS HEPABCHCTBA
(10.2") co Bcemu cnaraempivu B ipaBoi uacty). C Apyroit CTOPOHBI, ec-
71 MCXOAHAs 3ajavya mpeacrasiser coboit 3amauy Kowm anst aBosouu-
OHHBIX YDaBHEHMI, TO ONPEAESIOIMMMY (HDAKTOPAMH SBASIOTCS YCTONUM-
BOCTb MO NPaBbIM YaCTSIM M N0 Ha4adbHbIM AaHHBM. (Kpaesbix ycaosmii
B (hopmynnposke 3agaun Komwu ner.) Hanporus, ans CTAOMOHAPHOM 3a-
nauu (He 3aBHCSIECH OT BPEMEHM) HET HAYANbHBIX JAHHBIX, U yCTOHUN-
BOCTb ONPENE/ISIETCH NMPABIMA YACTSAMH YPABHECHUI U KPAEBBIMH YCIOBH-
aMu. 1o obwme coobpaxeHus.

B nanpHeiliueM HAa KOHKDETHBIX MPUMCPAX MBI yOGAMMCS, UTO TIPO-
Bepka HepaseHcTsa (10.2°) sapasercs nambonee akTyanbHBIM MOMEHTOM
TP AHAIM3EC PA3HOCTHBIX CXCM C LEAbI0 BHIOOPA KOHKPETHOH CXEMBI
pacyera u3 MHOXECTBA alNPOKCHMUPYIOMMX MCXOAHYIO 3anauy. Muoraa
YA4€TCA yCTAHOBUTDb CHPABEATMBOCTh HepaseHcTBa (10.2') 6e30 BCakux
NPEANONOXEHUA O CETOUHBIX MapaMeTpax. B oToM ciyuae cxema Hasbi-
BAETCA abCONOMHO YCMOUvuaol.

Ecn nepasenctso (10.2") ynoBaeTBOpsieTcs B NPCANONOXEHMU O He-
KOTOPOM COOTHOLLCHUHM MEXAY IIATAMHU CETKH, TO ITO NPCATIOI0XKECHUC
ABJSETCA docmamounslm yeaosuem yemoiiuugocmu. Ecan ynaercs yera-
HOBHUTD, UTO TPH HEKOTOPOM OrPAHWYECHMH HA CCTOMHBIC MAPAMETPHI YC-
TOMUMBOCTL UMCET MECTO JIMIIb TI0 OTAEJAbHOMY (haKTOPY, TO AAHHOC O-
PaHMYEHUE HA ILIAT CCTKH TPAKTYETCS KaK Heobxodumoe YCiosue yemoii-
yugocmu.

BepHemcs x Hamemy mpumepy, ynpoctuB ero: Gymem CUMTATh, UTO
paccmarpusaercs 3anava Komm nns ypasmenus rensonposogHOCTH 6e3

npasoi yactu (f(z, x) = 0), ¢ HOCTOSHABIM KOIPDUUHCHTOM pn>0. Co-
OTBETCTBYIOLIAS PA3HOCTHAS CXEMA MMEET BMJ

L S L
krk — - k=l =, n>0;k=0, %1, ...,
UR=9(x), k=0, =1, ... (10.3")

3anucaB BepXHEE COOTHOLICHUE B BHAC
— -1 - -
Ug=(—=20)U ' + p(Up;t + UpTh
¢ p=ut/h% nonyuaem ¢opmysy, onpeensiomyio peuleHue B y3nax
1-T0 CJI0S NO { YEPE3 NaHHBIC HA MPEABIAYIIEM CJI0¢. B yacTHOCTH, nis
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— k
CHENUAIbHOIO HAYA/IbHOIO pacnpenesneHust ¢, = ¢(x,) = (—1)*e Gynem
uMeThb: Ha 1-M cioe no ¢

Up=(1—=2p)e(—=1)* + p[(=D e + (=1)*le] =
= (1 —4p)(—=D*e=(1—4p)¢,,
H4A n-M CJI0€
Up=(1—4p) ¢, = (1 —4p)g,. (10.4)

Ipu 1— 0 peuieHne B KaxXAOM ysje CETKH OYAET OCTaBATLCA Orpa-
HUYEHHBIM, TOJBKO ecan |1 —4p| <1, T.e. mia —1<1—4p<1] wm
ana p = wt/h% < 1/2. Tlpu BHIMONHCHNM 3TOTO YCIOBUS B PACCMATPHBA-
€MOM CIy4ae MMEET MCCTO YCTOMUMBOCTh IO HAYAJIBHBIM AAHHBIM:

IUP|| = max | U3 ] < max | ¢,] = [lo®|] =e.

OucBHAHO, YTO ITO YCIOBME, NMOAYUECHHOE AJis YIPOLWEHHOMR 3aJaun, npu
CNEUMATBHBIX HAYAIbHBIX KAHHBIX MOXHO PACCMATPUBATD JIMLIb B Kaue-
CTBe HEOOXOOMMOIO YCAOBHS YCTONUMBOCTH B Gosice ofuwieM ciyuae, aas
cxemnr (10.3').

Ha npuMepe 5TOit CXeMbl MBI TIOKAXEM TEmepb, KaK MOXeT OBITh
VHOIZA JOKA3aHO BBHIIOJIHCHUC HemocpeacTBenHo Hepasencrsa (10.2),
03HAYAOLIEr0 YCTOHYMBOCTh PACCMATPMBACMOM CXEMBL NMPH HEKOTOPHIX
AMPUOPHBIX MPEAMOIOXCHUSX.

Wrak, mmycrs waru ceTku, ¢ KOTOpbIMH ucrionbayerca cxema (10.3'),
YAOBAETBOPSIOT YCJIOBUIO

(10.4")

| -

T
p= max pu; —5 <
n, h
(mpu p = const 510 yC/iOBUE, KAK BHAHO, COBHANAET C HAMACHHBIM BLILIC
HCOOXONUMBIM yC/IOBMEM YCTOWUMBOCTHM cxeMbl). [lepenumiem BepxHee
cootHomenue (10.3') B BuaE

2}‘~”_IT }Ln_l'[ . -
1= 1= o+ B gt + g + o

OuenuBas BenuunHy U} 1m0 MOAYJI0, NOJyYHM

Z}Ln—l _ pn—lr B -
|URl < 1 — 22 U + khz QUTIE+H LU + s <
Zp,n_l‘[ . M:—l , .
— % n-= n- T max <
< {1 e orsnlfng[Uk | +2 % OrsnkasxKlUk | + 2 | f7] <

< n—1 n
ST VR + T max 1
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B cuny nponssosnbaoctu Homepa (0 < k < K), a1 KOTOpOro mosyue-
Ha OLIEHKA, MOXHO HAMHUCATb

max |Ug| <

max |U%7! m n
0<k<K Osksl(l A ax [ fels

WIH, YCUIMBASL HCPABEHCTBO, 3@ CYCT BTOPOrO CIATACMOrO B IIPABOM
YacTu:

max |U}| < max |U?™! m ny o n-1 om
0<k<K| "I\osksxl A k‘anx L/l m,?XIUk [+ i

Hakonen, yuuTsiBacM KpaeBble yCIOBHSI HA n-M C0€:
max |Ug| <max %rsnkag(KlUZ_ll +Tll PN, max {[,(2,) ], 19,(2,) [}

0sk<K
(10.5)
Hepasencrso (10.5) HassBaeTca npunyunom maxcumyma aiast CXembl
(10.3"). U3 nero cicayer ycnoBAC YCTORUMBOCTH, TAK KAK, YYHTHIBAS PE-
KYPPEeHTHOCTh HepaseHcTBa (10.5) mo n, MOXHO MepenucaTh ero B BUAE

max | Ut | < max {m;?x | U2 + 21| f™],

max {I“\Pl(tn)l, le(tn—1)|> |w2(tn)|, |w2(tn—1)|} S... 5

< max {max 021 + nt|l /P, max {max (v, (,)[, max [ P,(2,) | )}}-

B cuny npon3BonbHOCTH HOMEpA 1 M3 MOCACAHETO HEPABCHCTBA CCAYET
max |Uz| < max {|lo™|| + Nl /P, 9P},

me [l¢®] = max |U9] = max @], Il = max {max (|9,(s,)],

max |,(¢,)])}. Y oxonuarensHo:
n

U@ < max (™| + TUON, 9®Y} < CUSOY + B + @),
rae

C= T, npu T>1,
I, npm T <.

Mer nonyunnn mepasencrso (10.2') mnst paccMarpuBaemoit CXCMBI,
T.C. A0Kasanu AocraTouHocTh ycaosus (10.4') naa ycroiumsocTH cxe-
mer (10.3").

Ilono6Horo pona BHKIAAKM (CBS3AHHBIC C YCTAHOBACHUEM IpUHIUNA
MaKCHMYMa) NIPUBOAST MHOTAA K YCIIEXY NPH MCCACAOBAHMM YCTORUMBO-
CTH HEKOTOPBIX CXEM IS pacCMAaTpUBAEMOU M Apyrux 3azad. Ho mur ga-
JIEC OCTAHOBUMCSL HA OOCYXIEHMHM NPOCTOrO M AOCTATOYHO YHUBEPCAJIb-
HOro METOAA, KOTODHIN MO3BOSIET HAXOOUTH HeoOX0AUMbLEe YCIO0BUSL YC-
MOUMUGOCMU PAIHOCMHBIX CXeM ONLsL I6OJIOUUOHHBLX 3a0aH.
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Meron rapmouuk. Kax yxe orMeuasoch, pasHOCTHBIC CXEMBI ISl
DBOJIOLMOHHBIX 33734 creuddUuUHbl B TOM CMBICJIE, UTO PEUIEHHME Pas-
HOCTHEIX YPaBHCHMIA B Y371aX (DMKCHPOBAHHOTO CJIOS MO BPEMEHM Oflpe-
AEJSETCS OAHO3HAYHO MO JAHHBIM HA TIPEABIAYLIEM CJIOE, — ABYXCIOM-
HBIE CXeMbl (MM 1O JAHHBIM HA HECKOJbKMX TPEABAYIMX CAOSX —
MHOTIOCJIONHBEIE CXEMBI).

3amcuyanne. Jnaa oraenbueix 3agau (Hanpumep, A/ BOJHOBOIO
YPABHECHMS) ECTCCTBEHHBIMHM SIBASIOTCS TPEXCAOHHBIE Cxembl. s Hux
PEUICHHE B PACCMATPUBAECMbBIH MOMCHT BPEMEHM OMNPEACALCTCI AAHHBIMHI
Ha ABYX MPCOBAYLIMX CIOAX. A

Hanomaum, uto Mbl paccMarpuBaeM NMHEHHBIE 3a73ud.

OKaSBIBaBTCSI, NMpU  HCKOTOPLIX AOOMOJHUTCJIBHBIX YHPOIIAKIIUX
TIPEATIONOXKEHUAX PCUICHUC COOTBCTCTBYIOUIHX PA3HOCTHBIX YPABHCHMM
MOXeT OBITh BHITHCAHO B SIBHOM BHMAC. AHAIM3MPYS MOBEAEHNE ITHX pe-
IlIeHPIﬁ, OPUXOOAT K YCJIOBHAM, KOTOPBIC TPAKTYKOTCH KdK HCOéXOIlI/IMhIC
[pH PAcIpOCTPAHCHUM MX HA CXCMBI Oosicc oOwWEero Buaa.

Yrnpomawumue NpCeAnooXCHUS COCTOST B cacaywomeM. B pamkax
00CyXIaEMOr0 CCHUAC METOAA FAPMOHMK NPH HMCCICIOBAHMU yCTOHUM-
BOCTM DPA3HOCTHBIX CXCM Mbl OyAeM OTBACKATLCS OT MpPaBbIX uacTei
pPa3HOCTHBIX YPAaBHCHWI (rosaras MX HYJCBBIMH) M KpAaeBBIX YCJO-
BUH, T.c. OyaeM paccMaTpuBarh CXEMBI, ANNPOKCHMHUPYIOIIKC 3aAauy
Komn pna opuopopusix auddepenumanvupix ypasHenuit. Kpome Tto-
ro, OyACM CYMTAThb NOCTOAHHBIMU KOXDMUUMCHTH ITHUX yPABHEHHIA
(«3amopaxuBaa» WX, ecau (PAKTUUYECKM OHM HC IIOCTOSHHBI B MCXOM-
HOM 3ajgaue).

B 3THx ycnoBugx pa3HOCTHBIE YPABHEHHMS MMEIOT YACTHBHIE PEIICHUS
BHM/Ja TAPMOHMK MPOU3BOJBLHOM YACTOTH ®:

up = CA"e'®* = CArelokh = Cpneika, (10.6)

rne C =const, o= whA, ® — TPOM3BOJBHOE HATYPAJbHOC YHCIIO,
A=2 (a, 1, h) TOmNEXHAT OTHICKAHMIO JUI9 KaXA0il KOHKPCTHOH
CXEMBI.

Mmul 6ynem yGexnmarscs B Hannunu peurenuil Bupa (10.6) mocae oro-
BOPEHHBIX YNPOLICHUI Pa3HOCTHBIX CXEM BO BCEX KOHKPETHBIX NpHMeE-
pax, xoropsie 6yacMm pacCMaTpUBATh.

Iocne cacnaHHBIX YIPOMICHUH BXOTHBIMM JAHHBIMHM ISl HOJYYCHHS
CXEMBI SIBJISIOTCS JIMIIb HAYAJIbHBIE YCIOBHS.

Buirekatomee u3 (10.2) ycnosue yCTOMUMBOCTH O HAYATbHBIM JAHBIM
ans pemennit (10.6) cBoanTcs K TPEGOBAHMIO OTPAHMYEHHOCTH AMILTHTY -
OBl 5TUX TAPMOHMK:

| A"| < const. (10.7)

Hanee MBI yBUAUM, 4TO IJIS KaXOO# CXeMbl OyAET MOAYUAThCH CBOS 3a-
BACMMOCTb aMIUIMTYZEI OT HAPAMETPOB CETKM M NAPAMETPA
A= A(t, A, a). TpeOys BoinonHenuss Hepasescrsa (10.7) mpu mpoms-
BOJIBHOM @ (T.€. Ml NPOM3BOJBHONA TAPMOHMKHM), HAXOMUM HEOOXOMM-
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MO€ YCJIOBHME YCTOMUMBOCTHM PACCMATPHBAEMOM CXEMB B BHAE HEKOTOPOIO
OTPAHMYEHMSL HA WIATH CETKU T, A.
YuureiBas, uro n = t,/1, HETPYAHO YOEeRuTBCA, UTO MPOBEPKA HEpa-

sencta (10.7) sxBuBaseHTHa nposepke 6oJice MPOCTOTO YCIOBHS:
[A]| <1+ At, rae A= const. (10.7")
B camoMm peue,
[A*] = |A]"<s (1 + AD)%W" = exp {(z,/7) In (1 + A1)} =
= exp {(1,/0)[At — A*1*/2 + O(1®)]} <
< exp {(t,/1)[AT]} = exp {Atn}, (10.7")

¥, CTano 6biTh, Mpy JaOGOM KOHEYHOM 3HAUEHHMH {, BHIMOJHEHO TpeGo-
Banme (10.7).

Hepasencrso (10.7') naswiBaetca ycroguem Helimana ycmobiuugo-
CMuU pasHOCMHBIX CXeM Nt IGOMIOUUOHMHBIX 3a0aH.

DaxkTHYECKH € YYCTOM OMOBOPEHHBIX BHIIC YIIPOMAIONINX HPCATION0-
KEHMH, JIEKAMUX B OCHOBE METO/A TAPMOHMK, MBI, KAK Y€ OTMEUAIOCh,
HAXOAMM YCJOBME YCTOMYMBOCTH IO HAYAJBHBIM JAHHBIM. AHAIU3 ITOKa-
3BIBAET, UTO GOJIBINEH YACTHIO OHO SBJSETCS ONPEACSIONIAM /IS YCTON-
YMBOCTH PA3HOCTHBIX CXEM, AIIIPOKCHMHPYIOIMX IBOTIONAOHHEIC 3aTaYH.

IlepeiineM K HCCAEHOBAHMIO YCTOWUHMBOCTH KOHKPETHBIX CXEM.

Hpumep 1. Cxema (10.3") nocne ynpomcuuii, Ha KOTOpsIe OMUpa-
eTcst MeTOR rapMonnx, nepexogut B (10.3'"). Byaem uckare yactHbie pe-
IICHUS PA3HOCTHBIX ypasHeHui B Buac (10.6). [Moacrasnsem (10.6) B
ypaBHCHUS M, cokpawas Ha CA" !et*e nopyvaem

A-1 eit_2 4 —0.
T A2

Orciona A =1 + p(e’®*— 2 + ¢7/*), me p = ut/Ah2, nn
A=1+42p(cosa—1)=1 —4psin2%.
ITpuraekaem ycrosme Heiimana.

3ameuaHue. B rex cayuasx, xorma BBIPAXEHUE JJIS A HE 3aBUCHUT
SBHO OT T (T.€. T BXOAMT TOJILKO B HEKOTOPOM OTHOLICHHHM C /), Hepa-
Bercrso (10.7°), kak mpasmio, MOXHO 3aMeHuTH GoJiee MPOCTHIM YCJI0-
BUEM |A| < 1. A

YuurtsiBag CACJIAHHOC 3aMCUaHHueE, noaydyacm
—1<1—4psin®Z<1,

A OKOHYATEJIbHO:

o

It
[E

n
S

(10.8)
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ITO KJNACCMYECKOE YCIOBUE YCTOWUMBOCTH SIBHOU PA3HOCTHOW CXEMBI IS
11apabosuYeckoro ypaBHEHU.

3ameuanue 1. Mb yxe noayuanu gro ycnosue (soiue). Ho Tor-
Aa 970 OBLIO CAETAHO HA OCHOBE AHANMM3A CYLIECTBEHHO Oosee y3Koro
knacca vacTubix pewmcauit (10.4). A

3ameuanue 2. [lpunyun «3amMOpoXeHHbIXy KOIDPUyuermos.
Ilng ypaBHEHMt C HENOCTOSHHBIMU KO3dHUIUEHTAMH METOX TapMo-
HHK IIPUMEHSETCS B NPCANOJOXCHUU, uTO KO0IGDUUHEHTB «3aMOpO-
XeHbl» (MOCTOSHHBI). 34TCM B OKOHYATEIBHOM YCJIOBHH Ko3chdu-
LHMEHTHl «pa3MOpa>KuBarOTCs». [IpMMEHUTENPHO K pPAaccMaTpPUBACMOM
cxeMe nocjaeAHee oaHauacr nepexox or ycaosus (10.8) x ycmosmio
p = max w(t, x)1/h? < 1/2. Boiuce Gbina aoxasaHa AOCTATOYHOCTH ITOTO

yeaosus maa cxembl (10.3") 6¢3 kakux-1ub0 yHnpoM@OMHUX HPEATOO0-
XXKEHUUA. DTO MOATBCPXIACT AOCTOBCPHOCTh YCIOBHN YCTOWUMBOCTH, IO~
JIyYAEMBIX TI0 MCTORY FAPMOHUK. A
ITpumep 2. Hesshas cxema aas sapauu (10.3):
+1 +1 +1 +1
U: —U: n—t U:+1_2U2 +U:~1
1 k e
Ud=e¢(x,), mma 0sks<K,
o=, (1,), Ug=1,(t,), a1a n=12, ..

2

&=

= [}, n>0,0<k< K=

[Moacrasasia mocae CTaHAAPTHHIX ynpowawinx npeanonoxenuit (10.6)
B PA3HOCTHHIC YPABHEHMS, MOCJAE HCCJIOXKHBIX BBIKJIAJOK HAXOTHUM:

A= 1/(1 +4H-;sin2£'£).

h 2

Quesuano, |A| = A <1 Bcerna, HezasucuMo or maros cerku, CooTser-
CTBEHHO CXE€Ma abcosromHo ycmouuuasa.

3amevaunue. CTporo roBops, B paMKax AAHHOrO MOAXOAA MOJY-
YEHHBI PE3yJIbTAT CACAYET TPAKTOBAThH TakK: HCOOXOAMMBIX YCIOBHU
YCTOMUMBOCTH, KOTOPHIC MOTYT OBITh MOJIYUYCHBI TIPW AOMYUICHUSX, CO-
MYTCTBYIOLIMX METOAY FAPMOHMK, IS JAHHOU cxemsl Her. Ho, Kak yxe
OTMEYaJIoCh, BHIBOAB OTHOCHTEJIBHO YCTOMUMBOCTH, K KOTOPHIM IIPHBO-
OAT METOX TAPMOHHUK, TIOATBEPXIAIOTCH, OOABIICH YacThiO, NPAKTHYE-
CKMMH pacuyeTamy. B UacTHOCTH, HEIBHBIE CXEMBI, KAK MPABUJIO, SBJS-
I0TCS A6COJIIOTHO YCTOMUMBBIMHM. A

I[Tpumep 3. Kpaesaa 3apaua naist ypasHCHUS NEpeHOCA:
U,+aU,=f(1, x), t>0, 0<x<l, a>0,
U(0, x) = ¢(x), O<x<1, (10.9)
U(t, 0) = (1), O0<t<T.
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PaccmoTpum cxemy ¢ mwaGmonom ma puc. 10.2:

Un+l_ Ut U?— U”_
—ttat—t==r1 n=0,1,..,N=1; k=1,2, ..., K,
U=9(x), k=0,1,..., K, (10.9")

Ut=y(1,), n=12,..,N.

[Ipumenss MeTon rapMOHMK, MPOBOAMM HEOOXOMMMbIC BHIKIANKH:

A—1 1—e

. +a 7 =0,

A= (1—p)+pe®, p=at/h=-const.

B ofmem ciyuae B pamkax MeToja rapMOHMK AAs A [OJIy4aeTcs
KOMIVICKCHOE BhIpaXeHue. Jlasee, B TaKOM Cayuae, MOXHO BBHIIHCATDH

(n+*le, k) (nw;k‘l, k)
H———k He—m—— ¥
(n, k-1) (n, k) (n, k) (n, k+1)
Puc. 10.2 Puc. 10.3 Puc. 10.4

dopmyny ans |A|? u, paccmatpusast Hepasenctso |A|% < 1, uckathb ye-
JIOBHS, TIPH KOTOPHIX OHO BBINOIHACTCA. 34€Ch, B JAHHOM NPUMEPE, IPO-
e NPHUBJICYb FEOMETPHYECKUE COOOpaXKCHUS.

YuuTHIBasS TMPOM3BONBHOCTb (, B KAYECTBE BO3MOXHBIX 3HAUCHMI A
MMEEM KpyT HA KOMMIeKCcHO#M miockoctu (puc. 10.3) pamuyca p ¢ uen-
TpoM B Touke (1 —p) Ha peficrBurennvHO ocu. Ouesupno, uTO
[A] <1 (7. e. npu mo6oM a A HE BHIXOAUT 32 HNPEAE/bl ERAMHUYHOTO KPYy-
ra Ha KOMIUIEKCHOW IJIOCKOCTHM) TOTAA M TOJBLKO TOTAQ, KOrna

a

Osp=7'<1 (10.10)

— THIOMYHOC yCJIOBUE YCTOMYMBOCTH SIBHOM CXEMBI ANl YPABHCHUS Tie-

peHoca (ero WHOrAa HA3HBAKT ycaosueM KypaHTa, COOTBETCTBEHHO
p — uncno Kypaura).

I[Tpumep 4. lna toit xe 3agaun (10.9) paccmorpum cxemy ¢ a6~
JIOHOM, MPEACTABACHHHIM Ha puc. 10.4:

yrtl_yn no
k k k+1
- a——L=f n=0,1,  N—1,k=0,1,.,K—1,
0 _
U= 9(x), k=01, .., K, (10.9"
Up=%(,), n=1,2, ., N. '
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IlpuBnekas METOX TAPMOHHMK IJId AHANMNM3A YCTOWYMBOCTH ITOM CXe-
MBI, HAXOOUM

A= (1+p)—pe’® (p=at/h).

OuepupHO, npu mobom o (kpome a = 0) 3HaucHHE A JICXHT 3a Ope-
AeNaMi COMHUYHOTO KPyra Ha KOMILJIEKCHOM IUIOCKOCTH, T.e. |A| > 1.
HeobxoguMulii KpATEPHil YCTOWUMBOCTU HE BBLIOJHCH HH [PU KAKOM
OTHOLICHHA MEXAY T ¥ A, CXCMA HEYCTOHYMBA M, CTANO OBITb, HE rO-
JUTCH IUISL TIPOBCACHUSL PACUCTOB.

3ameuanue 1. B aexuun 9 Mpr yxe 3aMCTHIIN, YTO IT4 CXEMa HE
peajM3yeMa C TOYKHM 3PCHMS OPraHM3anMH BhIYMCACHMA. BcnomHmM o
«pusnueckom» cmpicac pewcHnga sagaun (10.9), koTopoc npencTasaser
coboit mpu a > 0 NEpeHOC HAYATBHOTO BO3MYIIEHUS MO NPOCTPAHCTBEH-
HOl TIepeMeHHO#l cjacBa Hanpaso (cM. OOCYXAGHHE O9TOH 34amaud B
gexuuu 9). C yuetoMm oToro 00CTOSITCABCTBA MOXKHO CKa3aTh, UTO CXEMa
(10.9’) orscuaer «bu3aMKC ACAa»: PCUICHAEC B KaXAOM Y3JC 3aBHCUT OT
JaHHBIX B y3J14X, PACMOJ0XEHHBIX JICBEE B MPCABIAYIIME MOMCHTH BpeE-
menu. Cxema (10.9"), HampoTMB, <«IEPEHOCHT» TEKYIIEE COCTOSHUE
CripaBa HaJCBO. A

3ameuanuc 2. Ecm a< 0, o 8 (10.9) xpaesoe ycj0BUC AOKHO
OBITh TIOCTABACHO HA IpPABOM IpaHuue 00J4aCTH, PEIUEHUE MPCACTABILET
co60i1 MEPCHOC BO3MYUCHMS CIPABa HaNeBO (IO IPOCTPAHCTBCHHOH me-
pemennoit). Cxema (10.9') Gyaer Bcerna neycroiunsoit, cxema (10.9")
ycToifuMBa npu BeIONHCHUM ycaoBus Kypasra |a|t/A<1. A

AONOJNIHEHNA K NEKUMH 10
Kpaesas 3anaya AJid CHCTEMbl TMNEpOOIMYECKHX YPaBHEHUH.
PaccMmarpuBacTcsa 3apaua
U,+ aV,=f(t x), mpu 0<t<T, O0<x<1,
V,+ bU, = f,(t, x), ab> 0,

U(0, x) = ¢,(x),
V (0, x) = ¢,(x)
a,U(t, 0) + B,V (1, 0) = ¢,(2),
aU(, 1) + BV (2, 0) = 9,(1)

3aMcuaHuce. KOPPEKTHOCTh 3aJdHHBIX TAKMM 00pa3oM IPaHMUHBIX
YCJIOBUM NOSCHSCTCS HUXE. A

— HauyajabHbIE NAHHBIE, (10.11)

— Kpaesbi€C YCJI0OBUA.

Ycnosue ab > 0 cymecrsenno. OHo obecrieunBaer rumepOboIMUHOCTD
(3BomonmonHOCTh) 3amaun. B camom pacne, amddepeHuypyd nepeoc
YPaBHCHME 110 f, TIOJIYYUM

Uy,+aV,= (1)
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Huddepennnpyst BTopoe ypaBHeHuE no x, umeem
Vix t U = (f3),

YMmHOXas NOCJACAHEC COOTHOLICHNE HA @ YU BBHIYMTAS K3 npeasiayuero,
NOJYyYMM B KAYECTBE CICACTBUS MCXOAHBIX ypaBHCHIfIﬁ

U, —abU, = g(t, x) = (f)), — a(f,),]. (10.12)

(AHanornuHOC ypaBHEHME MOTY4aeTCH IS V.)

Ouesunno, ypasuenue (10.12) snserca runepGoanueckum (ypasue-
HHEM MasbIX KOJIe6aHM CTPYHBI), TOAbKO ecan ab > 0. Ecmm ab < 0, To
(10.12) — sunMnTHyecKoe ypaBHEHHE, ONMMCHIBAKONICE PaBHOBECHOE €O~
CTosHHUE (! HENb3sl TPAKTOBAThH KaK BPEMSI).

3ameuanne. Cucrema (10.11), kak 1 mpexHHEe MOAETbHBIE ypas-
HCHMSI, MOXeET OBITh HanonHeHa duamueckum cMmbicioM. Hanpumep, ec-
M U — 51eKTPHYECKUi TOK, V — HANpsKEHHE, TO 9TO CUCTEMA ypas-
HEHMI 9/1eKTpouenu (a, b Ipu 5TOM BHPAXaoTCs ucped Kodbdumen-
THI COTIPOTHBJICHAS U EMKOCTH). A

Jlnst MOCTPOEHMSI PAa3HOCTHOM CXEMBI, KaK OGBIMHO, BBOAMM CETOU-
Hy1o obnactb ¢ mapamerpamu T u A (puc. 10.5). Ilpu ncnop3oBanuu

t h
Ay
1 s (n+1, k)
ty *
H 3k
0 Xpo1X Xeay X (n, k-1 (n, k)
Puc. 10.5 Puc. 10.6

CTaHAAPTHBIX ITIPHEMOB O/l COCTABJCHMS PA3HOCTHBIX YPABHCHUIl BO3-
MOXHOCTE# 31eCh Gosbliie, YeM A OZHOTO YPABHCHHUS, TAK KAK npu
4nnpoKCHMaUuHu KaXA0ro ypaBHEHus (hOpPMATbHO MOXHO MCIOJIb30BATE
cBoit wabnaon.

loctpoum mpocreiimyio cxemy, annpoKCcUMHpys 00a ypaBHEHMS 1o
mwabsony puc. 10.6:

1 +1 n
U: _U:+a Vk—V:—lz(f )n
i h Ve p=0,1,...,.N—1,
n n
Ve —Vi Ue—U k=1,2,...,K,

k k+b khk—1=(f2)z,

T

Up=¢i(xy), Vi=9,(x), k=0,1,...,K,  (10.13)
alug + B;VS = wl(tk),

AazUz—i-Bsz:wz(tk), n=1,..., N.

<
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Hccnenys paHHylo CXeMy Ha annpoOKCHMALUK, MBI NOJDKHBI HAWTH
HeBa3ku Beex ypasHenmit (10.13) ma pemrenmax U(t, x), V(¢, x) uc-
XOOHO# 3anaun. BeibpaB B KauecTBC «OMOPHOIM TOuKM» y3en (n, k), u3
ypasHeHn# neppoit crpokm (10.13), npeanonaras, uTo CymecTBYIOT u
OrpaHMYEHBI BTOPHIE NMPOU3BOAHBIC OT U, V 1O CBOMM apryMeHTaM, Ho-
JLyunM

h n
(p)r= (g Uy—5 Vxx) . + O(1%, KY),

W3 YpaBHCHMI BTOPOM CTPOKH:
n
(9 = (% V=2 Uxx) + O(12, K?).
k

Coornowenns B nocncauux Tpex crpoukax (10.13) annpoxcumupyior co-
OTBETCTBYICIUME HAUAJBHBIC M rpaHuyHbic ycaosus n3 (10.11) touno.
Takum 06pa3oM, riaBHbIC UlCHbl OWHMOOK ANMPOKCHMAIIMM CYTh Be-
JIUYMHBL TIEPBOTO MOPAAKA MANOCTH KAK MO T, TAK M 1o A.
Meroa rapMOHMK TSI AHAAM3A YCTOMUYMBOCTH PA3HOCTHBIX CXCM JUis
cerounnix dyuxuuit UM, V) cocrour B ToM, uTo B KaxaoMm yaie KOM-
IOHEHTHl 9THX (QYHKUMIA MiIeM B BUAE

n

C
ki [T an ika
vl = e, Ate™e. (10.14)

[oacrasass (10.14) B pasHoctHbie ypasuenuns u3 (10.13) u, kax oObu-
HO, nonaras f;=f,=0, a —0 < k< oo, TOJYYHUM TOCJAE COKPAICHUS
Ha Arefke:

A—1 1—¢™e

¢, =Ly cul=t =,
'A‘l ? e (10.15)
Cy 5=+ Cyp ——=0.

Hac wuurepecyror Herpusmanbhbie pewenus suma (10.14) ( ¢,
C, #0). Pacemarpusas (10.15) xax ommopommyio cucremy mas C,, C,,
MBI, CJI€JOBATCJIbHO, AOXKHbI NPUPABHSATH HYJIO €€ ONPCACINTCAb:

A—1 1—e i
a =€

T h
1—¢@  A—1

b h T

Otcrona nosyyaem AOMyCTHMEBIC 3HAYEHUS A

A= (lFp)*peic (p=‘/ib—I).

AcHo, uTO 3HaKy «+» npu MOOBIX O COOTBETCTBYIOT A, JCXKALIHC 33
HpeneiaMu CAMHUYHOIO Kpyra KOMIUIEKCHOM obaactu. CremoBaTesnpHo,
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HEoOX0OMMOE yC/IOBUC YCTOMUMBOCTH [A| < | HE BHIIOJHEHO HY TIPU Ka-
kux p, cxema (10.13) neycmoiiuusa, nns pacuera HENpUromHa.

3mech MBI CTOJKHYJINCh C MPUHUUNUAIBHBIM (DAKTOM: IIPU MEPEXOAE
OT CKAJSPHBIX YPABHEHHil, KOTOPBIC MBI PACCMATPHBAIM IIPEXIE, K CH-
cremaM (Hanpumep, supa (10.11)) nocrpoeHne yCcTONUMBOM SBHOM cXxe-
Mbl CTAHOBHTCS HCTpUMBMAIbHOU 3anaueit. (HeTpyaHo mocTpouTh HedB-
HYI0 YCTOMUMBYIO CXEMY, HO B 3TOM CJIy4ac CCPbC3HBIC OCJIOXHEHHS
BO3HMKHYT Ha CTAAUM opraHu3auuu BuiuuciacHuii. CMm. ynpaxuenue 7.)

Yrobul cipaBATLCS € ITOM 3amaucit, Ml 3aMeHNM AuddepeHINANb-
neic ypasHeHus (10.11) gpyrumu, S5KBUBAZCHTHHIMM, HO, YTO BaXHO,
Gosee mpoCTBHIMH. JTO OKA3bIBAETCS BO3MOXHBIM Onarofaps runepbo-
auyroctn cucremst (10.11). WMrak, paccMoTpuMm juHeiny KoMOuMHA-
nuo aucdepernuanbubix ypasuenui ma (10.11) noka ¢ nconpenenen-
HEIMU KO0dpunueHramMu a u 3

(aU + BV), + (aaV + BbU) . = af, + Bf,. (10.16)

[Tonpo6yem mogobpare mapamerpsl @ ¥ f§ Tak, yToObl M 1O #, U O X
mdpdepeHnuposanacs ogHa n Ta xe Qynknua. Ias oToro Hago, uToObt
npu aobsix U U V ¥MMeaa MEcTo MponopLMOHAILHOCTD

al + BV = n(aaV + BbU),
T.€. 4ToBBI
a=xpb, p=unaa (10.17)

st Tpex HEOmpeme/JeHHBIX MAPAMETPOB MMCCM /B4 COOTHOILEHHS.
CnencreueM ux (pe3ysbTaToM IEJCHMS OXHOTO HA APYTOC) ABJIAETCA CO-

OTHOILICHUE, CBA3BIBAIOIIEE O M [3: (a/ﬁ)2= b/a, nin

b
f= =yl (10.18)

Omua napamerp BuiGMpaem no cBoemy ycmorpenmioo. s ompene-
JIEHHOCTH nojoxuM B == 1. Jisa spauenus a onpeneasitorca ua (10.18):

a= *xvb/a. CoorsercTBeHHO 1aBa 3HaueHus x — wu3 (10.17):
x=+ (Vab) .

Takum o00pazoM, CymecTBYKWT [ABC HE3aBUCUMbIE KOMOMHALIMU
(10.16) xenaemoro Buaa:

(\gu+v)t+m (@U+V)x=\/§fl+f2
(—@U+V)t—m (—‘/gu+v)x= Oy

BBong B paccMoTpeHue HOBHIE (DyHKUuU
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OAHO3HAYHO CBA3dHHBIC C MCXOOHbBIMH, TAK UTO

U=2”‘/;7;, V:*P;’, (10.20)

MBI MOXEM TepeidTv K (OPMyJMPOBKC MCXOAHOM 3amauM A9 HOBBIX
¢yHKUMI — p U r:
p,tep,=g  (c=Vab, g =Vblaf +1,),
r,—cr.=g, (g, = —Vblaf, +f))
p(0, x) = §,(x) ($,(x) =Vblap (x) + ¢,(x)),
r(0, x) = $y(x)  ($(x) = —Vblap,(x) + ¢,(x)),

(10.21)

1 ay

Gp0,0) 4 Bt 0 = w0, &= [+ b Bu= (g B

(e, 1)+ B ) =00, = (i) Bo= - g+

OueBnaHo (B CHIy NMpOACAAHHBIX BHIKAAA0K), 3agaua (10.21) oxksusa-
JeHTHA ucxomnoit 3apaue (10.11).

3ameuanuc. OyHkuua p ¥ r, 11 KOTOPBIX YPaBHCHUS DasAcis-
OTCS B TOM CMBICJIE, UTO B KaXA0M ypaBHeHuU audepeHunpycres To1b-
KO O{HA M3 HMX, HA3BIBAKOTCH unsapuanmamuy Pumana. Hanmune nHBa-
puaHTOB PuMaHa ccrh CaeacTBMe TMOepOONMUHOCTH MCXOZHOM CUCTCMBI.
Beuay Toro, yTo ypaBHCHUS A/ MHBADMAHTOB SBASIOTCS 3HAKOMBIMHM HAM
YPABHCHUSIMH MCPEHOCA, MBI IPUXOAMM K BHIBOAY, UTO MHBADUAHT p pac-
MPOCTPAHACTCSl BAOJIb XapakTepuctuk dx/dt = ¢ (x = ¢t + const — Tak
HA3bIBACMBIC € -XAPAKTEPUCTUKM). MHBapuaHT r MEPEHOCHTCS BAOID

¢_-XapakTepucTuk: dx/dt == —c (x = —ct + const). Taxum obpaszom, nas

VCXOMTHOM CHCTCMBI CYHICCTBYIOT ABA CCMCUCTBA NCHCTBUTCIBHBIX XapaK-
TepucTuK (B ueM, COOCTBEHHO, M BBIPAXACTCH CBOUCTBO MHNCPOOSTUUHOCTH
cucremst (10.11)). a

Tenepsp yxe HE COCTABIIET TPYAA MOCTPOMTH IBHYIO YCTOUUMBYIO CXC-
My AJid pemieHUs 3agaun. Masectro (cM. npuMepst 3 u 4 Ha cTp. 145—146,

(n+1, k) (n+1, k)
T *
e ~m— ¥ H———k
(n, k-1) (n, k) (n, k) (n, k+1)
Puc. 10.7 Puc. 10.8

YTO ANNPOKCUMAIMST YPABHEHUS AN p N0 wabaoHy, n3o0paXxeHHOMY Ha
puc. 10.7, npMBOAMT K YCTOMYNBOMY PEUICHHIO MTPH BBIMOIHEHMH YCIOBUS
Kypanra ct/A<1. Ilpu TOM Xe yCIOBHH YCTOMUMBA ATNIIPOKCHMALIMS
ypaBHeHud Ut r no wabiony, uzobpaxennomy Ha puc. 10.8.

151



YpaBHEHVS, OMUCHBAIOMUE MEPEXO] OT A-TO CJIOS HO ! K (n+1)-
MY, BRIDISOAT TaK:

n+1
14 —-p P_
e = (g)0, k=1,2,.., K,
rn+l_rn P
et et = (g, k=0,1,2,...,K—1, (10.22)
Pe=8,(xp), ry=¢,x,), k=0,1,..., K,

alpo '+ 61 rgtl= Yi(ly41), ‘121’?l + ﬁz’"“ =9,(L,41), n>0.

[TocaenoBaTenbHOCTb BEIYMCICHUI P TICPEXOAE OT 71-TO BPCMEHHOTO
caos K (n + 1)-my ouesmana. Vcnonsays ypaBHEHMS A8 p, BHIUHCIIEM
PZH BO BCEX TOYKAX, OTMEUCHHHIX KpecTkoM Ha puc. 10.9. M3 ypasue-

HUi 11 r Haxogum rit!

B TOUKAaX, OTMCUCHHBIX Kpyxouxkamu. lanee,
3Had B TOYKE JICBOM TI'pAHMIBI

t sHauenne rp*!, u3 npeanocaen-
Hero ypasuenus (10.22) Haxo-

el auM pP*!. U3 xpaesoro ycnosus
Ha npasoil rpauuue (mocaeaHee
ypasuenue (10.22)) Boluncasgem
r*1. Ha atom pacucr ouepeaso-

FO CJI0d 3aKaHYHUBACTCH.

3ameuanuc 1. Onucan-
HBI# crmocob pacucTa, OYEBHIHO,
¥ NpUBOAMT K CAMHCTBEHHOMY pe-
menmo (ccm @, =0 u B, = 0),
YTO CBUIAETEJIBCTBYET B 3TOM
CJIyya¢ O KOPPEKTHOCTM TPAHWYHBIX YCJIOBHMi, 3aJaHHBIX B MCXOMHOM
topmyampoBKe 3amaun. ITO YTEEPXKACHHUE CIIPABEAJIMBO IIS PA3HOCTHOIM
sagaumn. Ho, BooOme roeops, MOXHO YCTAHOBUMTE €ro CIpPaBEAIMBOCTD U
nas ucxopuod (auddepeHumanbHoit) 3aaaun. A

Puc. 10.9

3ameuanue 2. JloBOmBITHO MOCMOTPETh, KK BHIISIANT YCTOHYH-
Bas ABHAA CXeMa Aad UCXOOHBIX MdyHKumi U u V. [Iag 3TOro 3aMeHUM B
cxeme (10.22) pu r va U v V no dopmyaam (10.19). IMocne HecAoXHbBIX
npeobpa3oBaHuil (CIOXKEHMNA M BHIYMTAHMI yPABHCHHI ApyT U3 gpyra)
MONYyYHM I/ BHYTPCHHUX TOUYEK CCTKH CAEAYIONIAC COOTHOLICHHS:

Un+1 Un | %4 1% Ut Ut Ut
k k1~ Vi h Y41 kT Y%—1
“+a 2 _Vab‘z"__T““—‘(fl)Z,
| S 7 ur A L
k k r1 Ui 1 h Vil kT k=1 n
T + b 2% — abi—-T————-—(fz)k.A
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3ameuanue 3. Pasymeerca, ana 3anaun (10.21) MOXHO NPEITOXHUTH
U Apyrue (SBHBIC ¥ HESBHBIC) yHOGHBIE /IS PACUCTA CXEMBI. A

3ameuanue 4. B [18] ofcyxpaercs BApMaHT SIBHOM CXEMBI HEIOC-
PEACTBEHHO Aid McxoaHoit cucremsl (10.11) Ha Tak HAa3bIBAEMOM «max-
MATHON» CETOYHOI obnacru. A

00 yCTOIYMBOCTH HENMHEHHOH Pa3HOCTHON CXeMbl. PaccMorpum
CJAEenyIOmMYIO 3axauy:

= —0<Xx<
U,+UU, =0 npu >0 1 —o <x < oo, (10.23)
U(0, x) = ¢(x).
Boinumem kakyio-iubo pasHOCTHYO cXCMy, HallpHMeEp,
Un+1 Ut n_Un_
St pur Ao 0, W=, (10.24)
n=0,1,...; k=0, 1, 2,

IIpu ananusc ycroilumBOCTH nOmOGHOM (HCIAMHCHHON) CXCMBI MBI
HE MOXEM MCNOJb30BATH METOJ TADMOHMK, TAK KAK YACTHHIC DPCIICHMS

up = CAmet*e xoropeic npu sTOM NPUBJICKAKOTCH, UMCIOT CMbICA TOJb-

KO I NMHCHHBIX PA3HOCTHBIX YpaBHEHMU (C MOCTOSHHBIMEH K02(Ddu-
LIMCHTAMH ).

Mol npubcriem 3aech K CICAYKOMEMY 3BPHCTHYECKOMY (MOATBCPX-
NaEMOMY ONBITOM) COCO0Y PacCyXAEHMI.

Mycts U = ¢, + 82, tak uto || 8% = max |89] << 1. Coorsercrny-

owee pewenue UM = {UL}; 8 = Uk —
BbI3BAHHOE MJIBIMM BO3MYUICHUSIMA BXOJHBIX NaHHBIX {89}

U? — BO3MyLUCHUE pEUICHUS
k 4

Ecnu cxema ycroitumsa, 10, oueBuaHO (U3 onpeneaeHUs yCTOWUMBO-
crn), [[3™)) = max | 8¢ ~[|8% ~o(1).

Bynem npexnonarats, uto ycrofuusocts umeer Mecto. Onupasice Ha
9TO MPEATOJIOKCHUE, MBI ITOJYYMM AaJiee JUHCAPU30BAHHLIC YPaBHEHUS
ANs BO3MYWIEHMH O} M, MPUMEHSIS METOX TapMOHMK (yXe K JIMHEHHOMY

YPaBHECHHIO!), TIONYYNM YCIOBMSI, TIPM KOTOPHIX NPCATOIOKEHHE 06 yc-
TOMYHMBOCTH OMPABAAHO.

Bosmymenue pemenns 87 ynoBaeTsopseT pa3HOCTHHIM ypaBHEHHSM,
KOTOpBIE IMOJYYAKOTCSl ITOCJAE MOACTAHOBKU UZ = U} + 3} B cooTHOMmIE-
HUSI, M3 KOTOPBIX HAXOQUTCH BO3MYUIEHHOC peuicHue, T.e¢. B (10.24),
3amucaHusie s Uy

+1
stl_gn

T

+1
vt Wi+ — Wy, +8. )

h

o (U + 81

0,
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nin
artign 8, U-Ur 88"
n - k-1 sn n “k k—1
" + U= + A oy + oF =
_ u;+‘—u;+un Up—uy_,
- 1 k h '

B cu1y HauasgpHOrO NpPEANONOXEHUS 00 yCTOMYMBOCTH O} — Massl, mo-
9TOMY MNOAYEPKHYTHIM ILUTPUXOBOM JHMHMCH craracMbiM mnpexebperaem
KdK BCJINMYMHOU BTOPOIro nopsiaka MaJoCcTH U nonyqaeM JUHCUHBIC Ypas-
HEHUS JUISl BEIUYMH OF:

n+1 n +1
ol g &8 vi—ur (u; —ur

Y v:_l)
: .

”n
% n Ok Yk—-1 k=1 sn . __
+ U} 7 + A o = A

T

3aMeTnM, YTO MPaBbIC YACTH ITHX YPABHEHMH IPENCTABJIAIOT coboii mo-
TPEIHOCTh  ANMMNPOKCUMAUMHM  MCXONHBIX  (HCAMHEHHBIX) YpaBHEHWI
(10.24) BO BHYTPECHHUX y3/14aX CETKH.
3amopaxusas kodbduuuentst (Uy = a, (Uy — U;_,)/h = b), npu-
MCHSICM JIS1 AHAIM3a YCTOMUMBOCTH METOJ [aPMOHUK:
A1
T

+alSb=0,  A=(l—p)+pe bt (p=at/h).

Ouesunno, ecmn 0 s p< 1w |b] <const, o |A| €1+ |b|T — kpume-
puti Heidmana soinoasen! Hanee, «pazmopaxupas» KoIPOUIMCHTH B
n

YCIOBUSX, K KOTOPbIM TPHULIM, U YUHTHIBAS, UTO %z (%%) n,
k

IPUXOANM K OKOHUATCJIBHBIM HEOOX0OUMbLM YCAOBUSIM YCHOUUUBOCM U

CXeMbl JUISl Of, @ BMECTC C TeM (KaK CJIERYET M3 JIOTMKHM PACCyXIEHHIH)

u ans neaunetinoi cxemst (10.24):

21044 U}
0< h"sl (mns Bcex n wm k), v Ut=0 u T"sl, (10.25)
UZ—UZ—1
— | S const (nas Bcex n u k), winm x| < const.
k (10.26)

Bameuanne 1. U3 (10.25) cnenyer, uto mo cxeme (10.24) mMoxno
BBIYMC/IATh TOJBKO Takoe pcuwenue 3aaaum (10.23), xoropoe ocraercs
HEOTPUUATE/bHBIM NIPH BCEX 3HAUCHUSX HE3ABUCHMbBIX IIEPEMEHHBIX X M
t. Hanee, mpu cueTe war t A4S Nepexofd C OAHOrO BPEMEHHOIO CI0Y Ha
APYroil Hago BHIOMPATH TIEPEMEHHBIM: T = T, TaK YyTOOBI

h

T, =1 -1 € —
n+l max U}
&

n

3ameuanuc 2. Mu mornm 6er nonyunts yenosme (10.25), dop-
MaJbHO TIPUMCHHUB IPUHIHUI «3aMOPAXXKMBAHMS» KOI(DOUIHEHTOB B He-
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snHeiHoit cxeme (10.24), Ho 3aeCch MBI NOMTYyYMAM €mie OOHO TpeGopa-
Hue — (10.26), koropoe, BNpOYCM, HOCHT HE KOHCTPYKTHMBHBIH, T. €.
MPUBONAIIAI K KAKOMY-TO NpPAaBUJIY BeIOOpA LIATOB CETKM, 4 OPUEHTUPO-
BOUYHBIH XapakTep, T.C. «IPCHyNpekKAACT», UTO B UMCJCHHOM pPCIUEHUM
MOXCT TOSIBUTHCS HCYCTOMUUBOCTb, €C/IM MCKOMOE pPELIEHUE MCXOTHOM
sagaun (10.23) xapakTepnaycercs B KAKOU-TO 001aCTH HE3ABUCHMBIX I1E-

U
PEMCHHBIX GoabIINMU rpaaiuCHTAMU; Ia}-‘ BEJIMKO. A

Bonee raybokoe u cTporoc 06CYyXAEHME PACCMOTPEHHBIX 3/1ECH BOTI-
pPOCOB MOXHO HAWTM B CACAYIOWMX UCTOYHMKAX: [2, c. 480-—-526], [4,
c. 221-283, 362—418], |5, c. 44—47], |9, c. 311—-389, 424—434, 439—
451], [12, c. 339—-377].

BONPOCH! U YMNPAXHEHUS
1. YcTaHoBUTb DKBUBAJICHTHOCTD OlIpCAC/ICItMI yeToRurBocTH: (10.2) B nannoit
nekuuu M (8.24) 8 nickiuu 8.

2. JlokasaTb goctaro4tocTs ycsioBusi 0 < p = «v/h < | JUist YCTOMUMBOCTH pas-
HOCTHOM cxembl (10.9').

3. Ins 3agauu (10.9) uccienoBaTh HA YCTOMUMBOCTL Pa3HOCTHBIC CXEMBI C
wabsonamy, rokasalubsiMU Ha puc. 10.10.

i * % :

* * e ——
a 6 8

Puc. 10.10

4. To xe 3afanye 115t CXeM BTOPOTO IIOPSRKA AT POKCHMALIMH ¢ 1abioHaMU Ha
puc. 10.11.

5. UccnenoBath Ha yCTOHYUBOCTbD HEABHYIO CXeMY ¢ 11abGioHoM Ha puc. 10.12
ons 3agauu (10.3).

6. CpaBHUTBL YMCJIO OTIEPaLMi, KOTOPbIC TPEOYETCH BLIUIIOJIHMTD IIPH paCUETe Be-
JINYMH Ha OJHOM LIare Mo BpeMenH, Ipu peluctiny sagauu (10.3) no gBHOM U HesiB-
HOW 4ETBIPEXTOUCUHBIM CXEMaM.

B uem npeuMyHIECTBO HESIBHOM CXEMbl 1JI YMCJIEHHOIO peUICHUS 2Toit 3afaun?

He K *
I | ¥ * A # 3
H % He P I
a o * %* * ¥ *
Puc. 10.11 Puc. 10.12 Puc. 10.13

7. Onst euctemst (10.11) nocrpours cxemy o wabony puc. 10.13. Uccneno-
BaTh Ha anIpoKcUMalMio U ycTolursocTh. [logymaiiTe, Kak 0opraHH30BaTh BbIYMC-
JIeHHs.

155



NEKUUSG 11

PA3HOCTHbBIE CXEMbI
ANA SBONIIOLLMOHHDBIX 3A0AY
C ABYMA NPOCTPAHCTBEHHbIMK MEPEMEHHbIMH

Dopmyruposka 3a0auu Ons ypasuenus menaonposoduocmi. Senas u HeGHAS wiecmu-
moyeuibie cxembl. Annpoxcumayus, ycmousugochs. OpeaHu3auus GbMUCAEHUI, 3KOHO-
MUHHOCMb GbIMUCAEHUI. DKOHOMUYHbIE Pa3HOCMHbIe CXembl. Memod nepemennsix Hanpas-
saenuti (MITH). Yemoiiuuaocme, noepeutHocms annpokcumayuu cxemor MIIH. Memod no-
KOOPOUHAMHOZO PACUENIIEHUS.

PaCCMOTpHM CACAYIOIIYIO 3aJadyy A1 YPAaBHCHHUS TEIJIONPOBOAHOCTH!
Uy=uUe = U, =7t x,9) (1), 1y >0),
U(o, x, y) = ¢(x, y),
U(t,0,y) =v9,(t, ), Ut 1,y) =9 y), (11.1)
U(t, x, 0) = x,(¢, x),

U(t, x, 1) = x,(1, x).

Kak suaso mn3 pmuc. 11.1, pemenue a0/0kHO ObITH HAWAEHO BHYTPU
napananenenumnena obaacTH HE3ABHCHMBIX NEepeMeHHHX (7, X, y) ¢ enu-

HHUYHBIM KBaJPATOM B OCHOBAHMHM (11pu
A t=0). Ha ocHOBaHMM M3BECTHH Ha-
YaJIBHBIC JAHHBIE, HA GOKOBBIX TpaHix
IJOJIXHBI BEIIOJIHATHCS 3aJAHHBIE Kpae-
BBHIC YCJIOBHS; W, U, — KodPumuen-
Thl TEMJIOMPOBOAHOCTH MO HAMNpPABJIE-
HUSIM X M Yy COOTBETCTBCHHO.

3ameuvanne. Ecamm rosopurs
- KOHKPCTHO O TMIEPEHOCE TCIIa, TO,
GosbUIEH YACTHIO, HA TPAKTHUKE BO3-
HIKAIOT 3a73a4Ys C M30TPOMHOM TEIuIo-
Puc. 11.1 NPOBOJHOCTBIO, KOIIa |, = [,. Ml co-

WM BO3MOXHBIM PACCMOTPETH Gosiee

oOuif, HEM30TPONHbIA Cayyait (|, # W,), TaK KaK JITO HE HPUBHOCHT

KaKuX-JA00 OCTIOXHEHUH B IOCAEAYIOWHUE OOCYXKACHAA. A

=y

Beenem B pacueTHOil 06/1aCTH CETKY y3JI0B
n={(l X4, V)i t,=n1, n=0,1, N=[T/x];, x, = kh,,

k=0,1,..,K=[/h); y,,=mh, m=0,1,..., M=[1/h]}.
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Kak ¥ mpexne, Mbl OrpaHAuMBAEMCS PACCMOTPEHMEM CETOYHEIX 00na-
CTedl mpocTedIeld CTPYKTYPBI: NPSIMOYTOJbHBIX, C MOCTOSSHHBIMHM CETOY-
HbIMM NIapameTpamu (luaramu ceTku) T, h,, A,

B npocrpaHcTBE TpEX HE3aBUCHMBIX HEPEMEHHBIX CETKA — TPEXMH-

ACKCHas. Yaen k nm JICXKHT Ha NIEPCCCUCHUM 1-TO CJI04 110 BPEMEHHU C k-Mm

CJI0EM IO X U C M-M CJIOCM IO y; T — LIAr O BPEMEHH, A, — 1ar no x
(paccTosiHHE MEXAY COCENHUMH CJIOSIMH TIO X), A , — liar mo y.

SIBHas ¥ HestBHAA IIECTUTOYEYHBbIE CXeMbl. OrpaHnunM, Kax obu-
HO, 3a7a4Yy BHIYHCAEHMEM NpuOIMXeHHBIX 3HaueHud pewenns (11.1) B

n
yanax cerku. Mckomoe 3nauenne B yane |, -, | Oyaem oGosHauars yepes
% s @ BCIO COBOKYNHOCTb MCKOMBIX BENMYMH OyneM TPaKTOBAaTb KAk
CETOYHYIO (hyHKUMIO

UM ={up s n=0,1,..,N; k=0,1,...,K; m=0,1,..., M}.

[IpumMenss oOwIuHBIA noxXx0A, nocTpoum ans U™ pasHocTHyio cxemy:

n n n
mo omt1 "2y Uy e

+1 n n n
U:,m_U:,m Uk+l,m_—2uk.m+uk—l 1 f
L ) X =Je,m

T ! hi
n=01,..,N—1,
k=1,2,...,K—1, m=1,2,....M—1,
Up o= 9(x ¥y)s k=0,1,...,K; m=0,1,.... M, (111

—— n — =1,2,
L B E ot L S

Up o= %(t, %), Ui pe = %2(2, %), =1,2,...,K—1.

ey

Cxeme (11.1") orBeuaer wabaoH, u3obpaxcuusld HA puc. 11.2. J1o
SI6HAs WECTUTOYEYHAS CXEMA /ISl ABYMEPHOIO YPAaBHEHMSI TETLIONPOBOA-
Hocti. UTO Kacaercs pACCMOTPEHHBIX HAMMU B
NPEABIAYINMX JEKUMIX METOXOB AHAMM3A CXCM HA
ANNpPOKCHMALHUIO M YCTOMUMBOCTb, TO NPH nepe- ‘
XOZi€ K MHOTOMCDHBIM 33/1a4aM NPUHLMINALHEX */

CJIOXXHOCTEN HE BO3HHUKAET. /( ) ( )
k,mI\k+1,m
Hccaenosanne cxembl (11.1') Ha anmpox- %
cumaumo. Ioxacrasnaa 8 (11.1') npoekuuwo pe- Puc. 11.2
mwerus 3agaud (11.1) Ha cerounyw ofsacts u o
BbIUMTAA IIpABbi€ YacTW, MoayyaeM (19 BEPXHUX COOTHOIICHHH
(11.1")) HeBsasky, Koropasd IpPeACTaBJAseT COOOl NOrpEemIHOCTh AMIpPO-

k, m+1

KCUMAalWH B Y3J€ (k nm)Z

2
_ @ WAy @
Vi m=3U, U LU

i + O(, k%, k).
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B rpanuuHbIX y31ax MorpemiHOCTh anmpoKCHMALUMK HyseBas. TakuM o6-
pasoM, €CJIM CYNMIECTBYIOT M OPAHUUECHBI COOTBETCTBYIOINE IPOU3BOIHDIE
or U, TO 9T0 cXeMa HCPBOTO MOPSAKA ANMPOKCUMALMH 110 BPEMCHH U BTO-
POro MopgaKa — [0 NPOCTPAHCTBCHHBEIM HEPEMEHHBIM,

Hccnenosanue Ha yCTOWYHBOCTb METOAOM rapmonuk. O6obmenue
MCTOAd FaPMOHHUK Ha paCCManHBaCMinI CJIy‘-Iaﬁ COCTOUT B TOM, UTO IIpU
YIPOIIAWIMX NPCAMOIOXKCHUAX, KOTOpble 00CyXaanuch B jgekuum 10,
pElICHUE PA3HOCTHBIX YPABHEHUH MIIETCS B BUAC ABYMCPHBIX TAPMOHUK:

;cl, = CAleioX,pivy, — C)\,nei(‘”hx)kei("hy)m — C}\nei(akﬂrﬁm)’ (1 12)
e a = wh,, f= vh, — NPOU3BONBHBIC NIAPAMETPHI (BBMAY NPOM3BOJIb-
HOCTH HOMEPOB T'APMOHHK ®, V).
[loncraasas (11.2) B sepxuue cooromenust (11.1°) (¢ f§ =0), no-
ce cokpamenns Ha CA"ei @ +Bm) nonyyum
A=l et—24e P24
T 1 hi 2 n2

=0,

k—1+2 (cosa—1)+2 (cosﬁ——l)—

=1 —g M2 e gt 2B
=1 4hzsm 5 4h251n 7
x y
Tpebys, uTobsl mpu moOOHX o, f BHIMOAHANOCH HepaBeHCTBO |A| <1,
IPAXOAUM K HEOOXOAMMOMY YCIOBHIO YCTOMUMBOCTH
Wy By 1
h2+h2 <3 (11.3)
X

SIBHOM LIECTUTOUCYHON CXEMbI /IS JBYMEPHOTO YPABHEHHS TEIIONPO-
BOZHOCTH, SIBJISIFOIIEMYCSl CCTCCTBCHHBIM 00001IEHHEM YCIOBMS yCTOMYH-
BOCTH, MOJYUYEHHOTO HAMH ISl OZHOMEPHOrO cayuas (KOTopoe, B CBOIO
ouepens, QgopmansHo momyvaercs u3 (11.3), eciu nomoxuts w, uam
{; PABHBIM HYJIO, YTO COOTBETCTBYET «OJIOKMPOBKE» PACIPOCTPAHCHHUS
TEIUIa B OMHOM M3 HAIPaBJEHMH ).

3aMeuaHU e AHANOMMYHO TOMY, KaK 3TO ObLIO CAEIAHO B JCKLUH
10, mMoxHO mokasaThk AocTaTo4YHOCTb ycrosus (11.3) ans ycroHuuBocTH
cxemnr (11.1). A

IlppHUMNanbHBIE TPYAHOCTM TIPM pPACHPOCTPAHEHHMH DA3HOCTHBIX
METONOB HA CIy4ail ABYX u 00Jice NPOCTPAHCTBEHHLIX NEPEMEHHBIX CBS-
3aHBI C Po0aeMOil 00ECEUEHUS IKOHOMUMHOCMU BbIUUCACH UL,

INocmorpum Ha cxemy (11.1') ¢ mosummit TPymOEMKOCTH BHIUHC/IE-
aui. O4YeBUIHO, UMCIO APUPMETHUECKMX ONCPAlUil TIPH MCIOIb30BAHNAK
SIBHOM CX€MBI NIPONOPUMOHAABHO YHCTY Y3JI0B B CETOUHOM obnacru. s
HACJASJHOCTH NOJYyYAaEMbIX B JTOH 4acTH OLCHOK OyOEM CUMTATDh, YTO
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hx~hy~1/K. Torma u3 ycjoBus yCTOMUMBOCTH IpH f, ~ W,~ 1 cremy-
er, uto 1~ 1/N~1/K% CncnoBaTe/bHO, YHCJIO Y3JI0B ¥ COOTBETCTBEHHO
uncno onepanuit Symer Q~ K*N~ K*. Ilpu K~102 Q~ 108 — o10 yxe
MHOIO A CEPUUHBIX PACUETOB M 3aCTABJSAET 3adyMaThCd O MOUCKe 6o-
see 3DPEKTHBHBIX AJITOPHTMOB.

O6paruMcsa Teneps K 1esiGHOL MICCTUTOUCUHON CXEME U PCIIeHUS
sanaun (11.1). labnon cxems uzobpaxed na puc. 11.3.

PasHoCTHBIC yPABHCHUS I PCILUCHMS BO BHYTPCHHHX Y3JaX CCTKH
MMEIOT BUX

+1 +1 +1 +1 +1 n+1 n+1
U:,m_UZ,m U:-}-l m ZUZ, Un —1,m _ U: m+1 2Uk, Uk m—1 — fn
T ¥ 12 2 n2 k,m>
x
n=01,..,N—1, (11.1")

k=1,2,...,K—-1, m=1,2,...,. M—1.

OcranbHble YPAaBHCHUS CXCMBI BHIISAAT Tak , kak B (11.17). Jlerko
MOKa3aTh, YTO HTA CXCMa NPUBOAMT K TCM XE OLLEHKAM (C TOYHOCTBHIO
0 3HAKOB) AJS MOTrPCLIHOCTH annpokcumauuu, uro ¥ cxema (11.17).
Merog rapMOHMK OPHMBOAMT K BbiBOAY 00 aGCOMIOTHOM YCTONUMBOCTH
OAHHON CXCMBI.

[Tepexomum K 06CYXIEHMIO BOIPOCOB, CBI3AHHBIX C PCIUCHMEM YpaB-
menmit (11.1"). Kak yxe orMeuanoch B JeKUMH 9, OCHOBHON BBIUKMC/IA-
TCABHBIA LMK/ MPH MCIOJIb30BAHHU PA3HOCTHBIX

CXEM J1/151 3BOJIIOLMOHHBIX 3aaY COCTOUT B IIEPEXO- *( ol 1)
ac OT n-ro cnos 1o Bpemenn X (n + 1)-my, T.¢. B
ypasHenusix (11.1") HemsecrnbiMum cumtalorcs *——¥

naussie Ha (n + 1)-m caoe. B kaxnom ypasHenun, / ‘ k’: 1m
C/ICOBATEABHO, COAEPXMTCS MSTb HEU3BCCTHBIX.

Ecm  kakuMm-To  00pasoM nepeHyMepoBaTh (k ")
HenspecTHuie Uy ., uTOOW NpEBpaTUTL HMX B
9JIEMEHTBl OJHOMHACKCHOTO MaccuBa (C  TCM,
uToObl MMOAYUNTh 3aHUCh JIMHEHHOW CHUCTEMSI
ypasHeHuit (11.1”) B TpapmmumonHoM nnst nuHeitHolt anreOpnl BHAE),
TO MOXHO YOCHMTBCH, UTO BHIYMCJACHHE peuieHus HA (2 + 1)-M caoe
CBOAATCA K pPEUICHUIO CUCTEMBI C MSTUAMATOHAJABHOM Marpuueid. K
COXaJICHHIO, 3ANOJHCHHBIC HCHYJICBHIMH 3JJEMEHTAMM [MATOHANM HE
00pa3syoT «CIVICIIHYIO JIeHTy» (HE paBHBl HYJIIO JJCMEHTHl HA IJIaB-
HOH AMAaroHa ¥, HA JBYX NPUMBIKAIOI(MX K HEH CBEPXY W CHU3Y H
elme Ha ABYX, YRAJICHHBIX (BBEpPX ¥ BHM3) npuMepHo HA K wam M
MIATOB B 3aBUCUMOCTH OT Cnoco0a HYMEpPAUMM HMCKOMBIX BEJMYMH
{U "“} KakK 3JICMCHTOB OJHOMHAEKCHOrO BCKTOpa). [Tosromy, HecMmoT-
ps Ha CWIBHYIO Da3peXEHHOCTh MATPHIH (6o/bmas 4acre €€ dje-
MEHTOB — HYJIEBHIE), IIOCTPOMTh MPOCTOM JKOHOMHUHEIA METOH pe-
LIEHUS TakKoH cHUCTeMHB (HAMOmKOOME METOJa MPOTOHKM IS CHCTEM C
TPEXIVArOHAIbHOM MATPMLER) HE TaK IPOCTO.

Puc. 11.3
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Ecnu npusneub pns pemenus oOwmit merox 'aycca, To mpumeM x
KpaitHe HeOsaronpusaTHOM ouneHke 3POEKTHBHOCTH: YHCAO TpeByeMBix
onepanyit NPONOPHUMOHAJLHO KyOy YHMCIZ HEM3BECTHBIX, T. €. MOPSAKA
(K?)® = KS5. U1 510 TOJIbKO HA OTHOM IIAre 10 BPEMCHH!

YuuthiBas JCHTOYHYIO CTPYKTYDPY MAaTpPHULbI, MOXHO Ha ABA TOpPSA-
Ka CHU3HTb TPYAOCMKOCTh BRIUMC/ICHHIA HA OQHOM IlIare 1o Bpemenu. B ca-
MOM A€J1€, KOJTHUCCTBO DJICMEHTAPHBIA ONnepanuit, HEOOXOOQUMBIX As pe-
UICHHS. METOTIOM MCKJIIOUCHHSI CUCTEMBI C JICHTOUHOM MaTpuuelt ~s*N,,
Fe § — MOMYUIMPHBA JEHTH, N, — mopsaok cucremsl (cM. [9]). B cuny
a6COTIOTHON YCTORUYMBOCTH CXEMBI 31¢Ch HET OFPAHUUCHUIA HA BHIGOp Inara
0 BPEMEHH, M CCIM COOOPaXXCHUS TOUHOCTH MO3BOJISIIOT B3SITh T~ A (T.¢.
N~K), 10 (yuuTsiBas, uTo B HameM cayyae s~ K, N, ~ K?) obmuit 06b-
em Tpebyembix A5 pelIeHus 3aaauu onepanuii Symer ~ K> (Gonpure, uem
IVIS SIBHOM CXEMBI).

Ceituac Ha npuMEpC HAWICH MOOENBHOM 3aJa4YM Mbl PACCMOTPUM HE-
KOTOpBIC METONbI KOHCTPYUPOBAHHUS PA3HOCTHBIX CXCM /IS JBYMEPHOIO
YPaBHCHUSI TCIUIOIPOBOXHOCTH, [PUBOASIUME K BbICOKOI(D(DEKTHBHBIM
(c TOYUKM 3peHMA 3aTPAT MALIMHHOIO BPEMEHM) UMCIEHHBIM AJATOPUT-
MaM, M, YTO BAXHO, JIOMYCKAKmMuM 0000IeHe Ha cayuait 0osee caox-
HBIX 33734y (HampuMep, A9 YPABHEHUU C HEMOCTOSHHBIMM KO3(hduIm-
€HTaMH, B O0JACTAX COXHOM (POpPMEI).

Bameuauune. Ins runepbosnyeckux ABYMEPHBIX 3agay {HAIpH-
MEp, AN ABYMCDHOTO YDaBHCHMs mepeHoca: u, + au, + bu, = f) ora
npobseMa HE CTOMb aKTyaabHAa, TAK KAK AAS SBHEIX CXeM OObIuHOE
TpebOBaHME K 1UATY 1O BPEMEHH, BLITCKAIOIIEE M3 YCAOBHS YCTOHUM-
BOCTH: t~hx~hy, T.¢. N~K u o0muit 00beM apupMETHUECKUX OME-

pauMi a8 penicHus 3agauu nopsaka NKZ~K3. Dro npuemueMas
OLICHKA. A

MeTton nepeMeHHbIX Hanpasjgenun (MITH). Dtor Merton wmHOrma
HAa3bIBAIOT MEMOOOM NPOOOSILHO-NONEPEUHbIX NPO2oHoK (B HHOCTPAHHOM
Jureparype — memoodom Hucmena—Paxgopda.)

BseneM B paccMOTpeHME NIPOMEXYTOUHBINA CJIOM y3JI0B, COOTBETCTBY-
IOLIMA KOOpAUHATE [, | p="1 + 1/2. KOMIOHEHTH CETOUHOM (YyHKUMK

HAa MPOMEXYTOUHOM c1oe ByneM ofosnauats uepes UZ*L/2. Tlepexon or

n-ro ¢yog K (n 4 1)-my npennaraercs cosepuwarth B Asa srana. CHauana
M3 ypaBHEHUU

+1/2 n+1/2 +1/2 n+1/2

U:,m —-U:,m _ M Uk+1nn__2L¢,m +"Uk—4,m _
2 1 2
t/ h?

u? —2Uf  +U;
k, m+1 k, k,m—1 __ +1/2
—MZ = hzm =z _-fz,m/ ’ (11'4)
¥

k=1,2,...,K—1, m=1,2,..., M—1,
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JOMOJHEHHBIX TPAHUYHBIMM YCIOBUSMU IpK k = 0, K, HAXOOATCS BEIH-
YMHE HA TPOMEXYTOYHOM CJIoe. 3aTEM M3 YPABHCHHMA

vri-ut -,
2 - W 2 -
7} h?
n+1 n+1 n+1
Uk,m+1—2Uk,m+Uk,m—1 — rn+lf2 (11 5)
W 12 =Se/m )
y

k=1,2,..,K—1, m=1,2, ..., M—1
C rpaHMYHbBIMU ycroBusaMu npu m =0, M OTBHICKUBAETCH pPELIEHUE HA
(n+ 1)-m cnoe.

Cucmema (11.4) paccrausaemcs na mpexmoueunwie (no k) cucmemot
anzebpauueckux ypasnenui npu kaxoom guxcupoaannomn m. Ilocrnegnune
pemanTcd no GopmMyaaM MPOroHKH (TPOrOHKH

1o Hanpaejaenuio x). Yucao Tpebyemsix onepa- * bl *
Ui npu 3ToMm ~ M- K ‘ " K~K2. Ananornuno g[ /*
cucmema (11.5) paccnausaemcs na mpexmo- X (n+1/2)
ueunste (N0 m) cucmembl PU GUKCUPOBAHHBLX / fom
3nauenusx k, KOTOpbIE PELIAIOTCS MPOrOHKAMH ¥
no HanpasjieHuo y. CyMMapHOe YMCIO Onepa- * * *
LMt HA IICPBOM M BTOPOM aTanax ~ K2, o) 6o ()
Jlance mbl mokaxeM, uto cxema (11.4)— ‘K7hm/ MemloRkrhom
(11.5) abcoroTHO yCTOWYMBA, T. €. OrpaHuye- Puc. 11.4

HMIl HA LIAr T HET M, €CJIU €CTh BO3MOXXHOCTb
(o cooBpaKeHNUAM TOYHOCTH) BECTH CYET C LIATOM i~h ~h, r0

N~ K n obuuit 00bem onepaumii 41 BEIYHCICHAS PEMICHUS BO BCEX y3-
nax cetky NK~ K3, uto, Kak yX¢ OTMCYAN0Ch, BIOJHE IIPHEMIEMO.

3ameuvanue l. MoxHo cuutats, uro cxeme MITH coorsercTByer
wrabyioH, u300paxkeHHblit Ha puc. 11.4. A

3amevanue 2. BeluMcIMTENbHOW HEYCTOWUYMBOCTH MPH CYETE IO
opMynam 1pOroHKM, K KOTOPOMY CBOASATCS BBIYMCJCHHUS HA KaXAOM
JTane, He BO3HMKaeT. B camom nene, kak ObUIO NOKAa3aHO B JICKLLUM
2, IS CUCTEMBL yDaBHCHUI

QX T bx toxe =g

AuaroHainpHoe npeobnamanue |b;| > |a;| + |c;| rapanTupyer ycroiuu-
BOCTh NIPOrOHKHM. B Hamem ciayuyae, HampuMep, Ha HEPBOM IJTAle IPH
uxcupoBagHOM m uMeeM

n+1/2 n+1/2 n+1/2
a UgTi, + b Up =+ Ul = &

¢ ap=—wt/(2hY) =c¢;, b, =1+ w,v/h%: Ouesumno, |a,| + |ci| =
=ut/hi<b,. a
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006 ycroiynsoctd MITH. Metox rapMOHMK NPUMEHHTE/IBHO K JAH-
HOM CXEME COCTOMT B CaeayromeM. [Ipu ofbUHBIX yNpomammux Ipes-
nonoxenusix (f; , =0, k € (—w, ®), m € (—w, ©)) umeM pemenne
Pa3HOCTHBIX ypaBHeHui B Buae (11.2):

UZ, = C}\nei(ka+mﬂ),

apuueM A = A(A,, rae A; — KoapduuneHT yCHACHUS aMIUTATYAB rap-
MOHHKH IIPH NEPEXOAE HA MPOMEXYTOUHBINA CJIOH, TAK UTO

U2,+n11/2 — Ale' = C)‘l}\nei(er-FmB)’

(11.6)

a Ay — COOTBETCTBYIONIMIA KO3((UIUEHT NPy NEPEXofie C MPOMEXYTOY-
Horo cjod Ha (n -+ 1)-it:

Un+1 7\ Un+l/2__ Ca (l xne(ka+mﬁ)) — kn+l z(ka+mﬂ) (117)

[loacrasnss (11.6) B passocrusie ypasuenus (11.4), maxognm
A = 1—2p_sin?(p/2) T T
VT T2 sty PxT 2 BT "

U3 (11.7) u (11.5)
1—2p,_ sin*(a/2)

A, = ,
2 1+2p, sin(B/2)
T. €
T b sin®(B/2) 1—2p, sin®(a/2)
727 1 4 2p,_sin(B/2) 1+2p sin’(a/2)”
W |A] <1 npu mobeix T, Ay, A,

O nmorpemlHOCTH annpoxcuManuu cxemblt MIIH. Pagu xomnmaxr-
HOCTHM BBIKJIQOK BBEAEM OOO3HAYEHHS AN ONMEPATOPOB PAa3HOCTHOTO

AuHEPEHIMPOBAHNS  CETOYHOM (DYHKIMHM 1O NPOCTPAHCTBEHHBIM
HAMPABJCHAIM:
u; —2U; . +U;
_ k+1, —1,
MUR m =Wy = 2 =,
h
X
(11.8)

n
Uk m+1 2Un +U: m—1
2
h)’

AU = Wy

Pasnocrurie ypaBHenns n3 (11.4) u (11.5) moxuo sammcats Toraa
B BHUIE

U =Up nhiz_ n +1/2
— fn
/2 A U AZUk,m_fk,m ’
n+l_Un+l/2 (11.9)
k,m kym n+1/2 __ +1 __ +1/2
/2 AlUk, m AZUZ, m fz, m *
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Uckmounm u3 coornomenuit (11.9) mpomexyTouHsit ciao, T.e.
nepeiiteM K osxsusancuTHoi cxeme MITH Ha McxogHOM CETOUHOM 06-
gactn (6€3 MPOMEXYTOUYHBIX COEB). BHUMTAA BTOPOE COOTHOLICHHE
(11.9) u3 mepsoro, mosxyuynm

Ut o+ Un+l
+1/2 _ Yk, k,m +1
Uy / ———’—"—2—— AU — Uk ) (11.10)
CxnanbiBas coorHomenus (11.9), umeem
Un+1 - Un vt o+ Un+1
A Un+l/2 Az Ic,m2 fn+1/2'
Iloacraenag croga U"“/2 u3 (11.10), nonyuaem pa3HOCTHBIE yPaBHECHMS
MITH nist BHYTPEHHHX y3JI0B MCXOAHOM CCTOYHOH obaactu w:
+1 +1 n n+1
Uz,m_uz,m__A U:m U:.m_A U Ukm+
1 1 2 2 2
+5 /\/\Z(U"’rl " m)=/2+n‘!/2. (11.11)

Wcnonp3ysa majpiue OOBIYHYKO TCXHMKY, NPUXOAMM K BBIBOAY, UTO NpH
JIOCTATOYHOM rmankocTH peiuenus U coorHouwrcHns (11.11) anmpok-
cumHpyloT ucxonnoe audipepenumansioc ypasHeune u3 (11.1) co Bro-
PBIM TIOPSAKOM TOYHOCTH KaK IO X, ¥, TaK U 1o /.

Hrak, Mmbl nocrpoun 9¢hEKTUBHBIM AATOPUTM YUCJACHHOINO PELIEHUS
ucxonHoi samaum (11.1). MITH mwupoko MCmonb3ycTcsl /sl PEUICHUS
ABYMEPHBIX 3aay MOZOOHOTO THMA.

KocHeMcsl KOPOTKO APYIMX MOAXOAOB K MOCTPOEHUIO 3¢b(EKTHBHBIX
CXEM IUIS MHOTOMEDHBIX 3apad.

MeToa NOKOOPAMHATHOrO PaciierieHus. JTOT METOA MHOrAa Ha-
3BIBAIOT JOKAbHO-00HOMepHbIM Memodom. Ilpeanmonaraercs caenyro-
IMii ABYX3TanHbi cnocob nepexona ot A-ro ciod X (n+1)-My ciaowo no
BpPEMEHMU:

Uy i 7 1
Rl -m__A U _fn ,
T Flm 2k (11.12)
k=1,2,...., K—1, m=1,2,...,. M—1
¢ TpaHMYHBIMU ycaosusimu nipu k =0, K;
Un+l—(7
- m_ A Un+l 1 gn+l
2f (11.13)

k=1,2,...,K—1, m=12,...,, M~1

€ rpaHMYHBIMU yciaosusmu npu m =0, M. (B sanucm HUCHOMB30BAHHI
BBEICHHBbIC BhiE 0003HAuUCHUI A, U A,.)
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B ormmume or MIIH 3mech Her IPOMEXYTOUHOTO cjosg mo f. Ha
TIEPBOM JTANE BBIUMC/ISIOTCS TPOMEXYTOYHBIEC 3HAUCHUS U %, m> KOTO-
PBIE MOXHO TPAKTOBaTh (aNeaMpyst K (DM3MUCCKOMY CMBICTY ypaBHE-
Hus remonpoBogHocTH (11.1)) xak u3sMenenwe U Ha 3JEMCHTapHOM
BDEMCHHOM HHTEpBaNE tT=/{,, —{f, 33 CUYCT TEIIONPOBOTHOCTH,
«BKJIIOYCHHOW» JMUIb II0 HANPABJCHUIO X. 3aT€M HA BTOPOM 3TAIc
«BKJTIOYAETCH TEIUIONPOBOAHOCTh HO Yy (BHIKJIIOYAETCS MO X)»; 3HAUC-
Hug U, | UCONb3YIOTCS B KAUECTBE HOBBIX HAUAJABHBIX AAHHEIX IIpH

t1=t¢, a UZ*,; paccMaTpUBAIOTC KaK OKOHYATE/ABHOC NMPUOJMXKEHHE K

PEIICHUIO MCXOAHOW 3ajaum Ha cioe f1=¢1, ,,, cdhopMuposaHHoe 3a
CUeT ACHCTBHSA TEMJIONPOBOJHOCTH TMO TOMY M APYIOMY IIPOCTPAHCTBEH-
HBIM HaNpPaBJICHUIM.

Ha xaxpom arane pacuer Hocur sxonomuunbii xapakrep. (Tak xe,
Kak u B cxeme MITH, 3nxece cucrema (11.12) paccnausaercs Ha TpexTo-
UYECYHBIE CHCTEMBI JIMHEMHBIX YDAaBHEHUH TPH KAXAOM (DMKCHPOBAHHOM
m, a (11.13) cBomuTCS K AaHAJOTMUHBIM CHCTCMAM TIpH KAXAOM K.)

He ocranmasnmupasck Ha NOAPOBHOM aHANM3E, OTMETHMM, 4YTO HA JTa-
ne (11.12) mpu KaxpoM m COOTBETCTBYIOIAS TPEXTOUCUHAS CUCTEMA
IKBUBANICHTHA HEIBHOM UCTBIPEXTOUEUHOM CXEMC MIS OFHOMEPHOTO
YPABHCHMS TEILIOMPOBOAHOCTH, KOTOPAd, KAK MBI BMAEAH B CBOE BpC-
M, abcomorHo ycroiumsa (aHanormuno Ha orame (11.13)). B urore,
JIOKAIbHO-OAHOMEDHAs cxeMa Takxe Oymer alGCoawoTHO ycToHuuBOH. B
OTO CBsi3M BHIOOp IMara T HE CBA3aH KecTkuM ycosmeMm tuna (11.3),
M, €CJIM COOOPaXXEHUsI TOYHOCTH NO3BOJIAIOT HPOBOAMUTH BHIYUCIEHHS C
arom r~hx~hy, TO AAHHBIK AJropuT™, Kak m cxema MIIH, obecne-
YMBAET HSKOHOMHUYHBIM PACYET HE TOJIBKO HA OXHOM WHTCPBAJIE MO BpE-
MEHH, HO U B LEJIOM.

3amMeuanue. Ita cxema MoOONBITHA TCM, YTO HA KAXAOM OTHETb-
HOM 3Tarne pa3HOCTHBIE COOTHOLUGHHS HE ANNPOKCHMHPYIOT auddepes-
panpHoe ypaBHenue. OmHAKO MMEET MECTO TAK Ha3blBaeMas cymmap-
Has annpokcumauusi: PA3HOCTHAS CXEMA, IBJISIOWASICT CACICTBHEM
(11.12)—(11.13) (mocae MCKIIOUEHMS M3 TOCAEAHMX MPOMEXYTOUHBIX
3HaucHuit U, m)» ANIPOKCHMHPYET MCXOAHYIO 3a7auy. A

Bonee nonpobryio mHGpOpMaLmo no0 paccMOTPEHHBIM 3/IECH BOIIPOCAM
MOXHO HaiTu B [2, c. 548—561], [4, c. 284—297], [5, c. 96—106], [9,
c. 389—400, 435—439], {11, c. 232—259], [12, c. 369—377], [13].

BOMPOCDHI U YNIPAXKHEHNA

1. HokasaTk nocraTodnocts yeaosus (11.3) qng yeroitumsoctu cxemst (11.17),

2. HccnenopaTh Ha YCTOMYMBOCTb HEABHYIO CXEMY C [IECTHTOUYEUHBIM 1HA6I0-
HoM (puc. 11.3) ana 3apauu (11.1).
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3. IocTpouTe U McclenoBaTh HAa YCTOMYMBOCTD SIBHYIO PA3HOCTHYIO CXeMY, ari-
IPOKCUMUpYIOLIYIo 3aaady Ko s ypasHeHHs TEIIONPOBOAHOCTH B TPEeXMep-
HOM IIPOCTPAHCTBE X, ¥, z. KakoBbl raBHble YIEHBI MOMPEUIHOCTH annpokcUMaluu
NpPeUIoXKEHHON CcXeMbI?

4. PaccmarpuBaercd cMellaHHas (¢ HayaJbHBIMM M KPaeBbIMU YCJIOBUSAMU)
3ajava I YpaBHEHUs TEIJIONPOBOAHOCTU B EAMHUYHOM KyOe TPEeXMEpHOro npo-
crpaHctBa: 0 < x, y, z < 1. IlpeyioXMTh 3KOHOMHYHBI} Pa3HOCTHBIA METOA pelie-
HUS 32724y,

5. BuinucaTe Matpuuy cHctembt (11.1"7) pna K =3, M = 4.
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NEKUKMA 12

YACNEHHOE PELUEHME
SNNUNTUYECKMX YPABHEHHMH

ITepaas xpaesas 3adana Ons ypasuerus Ilyaccona. IIpocmedwasn paznocmuas cxema, an-
npoxcumauus, ycmotivugocmes. Ilpobaema pewenus pasnocmuvix ypaswenuid. 06 umepa-
YUOHHBIX MemMOo0ax peuieHus, C8si3b Memodos nocredosamensviblx NpubiuxeHuil ¢ peue-
HUeM HEKOMOPOU 360MI0UUOHHOI 3adavu. O memodax peureHus, OCHOGAHHbIX HA NPUHUU~
ne ycmanogéaenus. Jloxa3ameibCmaeo yCmoiueocmi cxemol.

Msnr GyaeM paccMaTpUBaTh 34ECh MEPBYIO KpaeBylo 3anduy (3amauy du-
puxJie) aas ypaBHenus IlyaccoHa:

Uy,+U,=f(x,5), (x5 €,

Ulp = 9(x, ), (x,y) €T; (12.1)

® — MHOXECTBO BHYTPEHHUX TOUEK pacueTHoit obnactu, I — rpanunu-
Hole Touku (puc. 12.1). O6benunenue mMuoxecs o u I' (@=w U )
npeacrasasier coboit pacuersyio obnacts w sagaum (12.1).

y 3ameuanue. ConocraBagd
(12.1) ¢ abcrpakTHoit hopMym-
POBKOH McxomHou 3anauu LU = F,
BUAUM, YTO B JAHHOM CJyuyae

ymax

2 2
U U

—“sz +——Z % (%)) € o,

LU = J

Yinin Ulr,

(x,y) €T,

- ——> _1/(xy), (xy) €o,
mex o(x,y), (x,y)€E€ET. A
Puc. 12.1
IIpocreitmas pa3HOCTHaA
cxema. [locrpouM ceTouHy® 00-
JIaCTh, HANPUMEP, TAKUM 00Pa3oM: IPOMEXYTOK [Xin, Xpn.x] Pasneanm

Ha K cnoeB: x; =x_. +kh, h = (x,. —%x..)/K, k=0,1,...,K
wupuHOA h,. COOTBETCTBEHHO [Ypin, Ymax] — HAa M croes: y,. =
=yont mhy, hy = siz— 4 (Ypax — Ymin)/M, m=0, 1,..., M mmpu-
HOI hy (puc. 12.2).

Buyrpennnmu ysnamu (,) cerouHoi obnacta OyseM CUMTATh TOY-
KM C KOODAWHATAMH (X, ¥,,), KOTOPHIC PHUHANJIEXAT 00JaCTM ® BMeE-

CTE €O CBOMMH YCTHIPbMS OJMXAWIMMKM COCEJHHMH TOYKaMH (Ha
puc. 12.2 ormeuennr kpyxoukamu). I'pannunsie yans (y,) — 9710 CO-
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BOKYIIHOCTb TOuUEK (X, ¥,) € w, A9 KOTOPHIX MO KpahHe#W Mepe oaHa

M3 UETHIPEX COCEMHMX TOUEK JIEXKHT 3a NpeaejamMu w (KpecTUKH Ha
puc. 12.2). OObenunenune MHO-

XECTB W, ¥ Y, OPEACTABASET CO-  y h,
Goit cerounyro ofmacte @, A , )
v — max —
nanHod 3amaun (0, = w, U v,). [~
O6osxaumm uepe3 U, ,, HCKOMOE ; I
3HauCHWE  peweHus B yane / Thy
(x> ¥,,) cerounoit obmactu. Co- A
BOKYMHOCTb WCKOMBEIX 3HAYEHHMH T ]
BO BCEX Y3JIaX CETKHM NPEACTABAA-  min
er cofod CETOUHYH (DYHKLHIO
(h) =
U {U ,, ana (k, m) rakmx, Yo o Yo X

uto (X, ¥,,) € w,}. Hcnonssys

o6bIuHbIH noxxon (3aMeHy Npou3- Puc. 12.2

BOJHBIX PA3HOCTHBIMK OTHOIIEHH-

siMM), ANMPOKCUMHUDYEM ypaBHEHME [lyacCcoHd BO BHYTPCHHMX Y3Jax
CETKHM Da3HOCTHEIM yPaBHEHHMEM

Uk+1,m_2Uk,m+Uk—1,m Uk, m+l—2Uk,m+Uk,m——1

=fk,m’ (xks ym) € @y,

h? H
' ’ (12.2)
JlOmOIHUM 3Ty CHCTEMY COOTHOLICHHMHA YCHOBHSMHU B MPAHMYHBIX Y3/ax:
Upom =% mr (X0 V) € Vg (12.3)

3neck § . = ¢(X, ¥), tne (X, y) — Gauxaitwas x yany (k, m) € v,
Touka rpanuue I B mcxommo# 3apauc (12.1). (Ha puc. 12.2 6mxai-
mei K rpaHuuHOMY y3ny A asjsiercs touka A € T.)

Coornomenus (12.2) n (12.3) o6pa3yoT 3aMKHYTYIO CUCTEMY pas-
HOCTHBIX YDABHEHMH IS KOMMOHCHT CCTOUY-

. *(k, m+1)
HOM (yHKIMH U™, 1. e. npeacTaBnsior co-
0o0it npUMep BO3MOXHOW PA3HOCTHOM CXCMBI
1), (11  CXEMBI * * *
aaa sagaum (12.1). (IMabnou atoit ¢ «X T i Em
u3o0paxen Ha puc. 12.3.)
*k, m—1)

Annpoxkcumanms. HMcnonssays oObiyHyO
TEXHMKY HCCACHOBAHMS HA ANNPOKCHMALHIO, Puc. 12.3
MoJiyyaeM, 4YTO BO BHYTPEHHHX Y3JaxX CETKU
(npu Hannuuu y pewrenus (12.1) orpaHMYEHHBIX NTPOM3BOXHBIX Ug.v ) m

Ug,l,,v)) IVIABHBIC WIEHH TOTPELUTHOCTH ANTPOKCHMAIMK MMEIOT BHI
a5 pan 4 4
— X
wk,m_Ux" 12‘}‘[]),4 T% “ m)+0(hy, hx)’ (xk, ym) € w,.
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YMECTHO OTMETHUTB, YTO B AdHHOM CAYYac ONPEACIISIOMEH SBASETCS
HNOrpEIIHOCTh aNMMPOKCMMANMHA TPAHUYHBIX YCIAOBUE (paHblle, KaK npa-
BUJIO, TPAHUYHBIC YCJIOBMS aNNpPOKCHMUPOBANKMCh TOUHO). B paccmarpm-
BACMOM 3474aY€ MHOTHME M3 TDAHMYHBIX Y3J0B CETKH HE COBNAAAIOT C
TOYKaM MCXOAHON rpanuusl I, a rpannunsie ycnosua (12.1) B stom
cayyae annpoxcumupyrorcs B (12.3) mocpeacTBoM «cHoca» TOUHBIX yc-
JIOBMA. SICHO, YTO IIpPX 5TOM NMPUBHOCHTCS IOrPELIHOCTH

wk, mN(thx + hyUy) l(k, m), (xk7 ym) € Vhe

Taxum obpazom, cxema (12.2)—(12.3) anmpoKCUMHPYET HUCXOAHYIO
3ajauy € MepBbIM MOPAAKOM IO X U TIO Y.

3ameuanue 1. [Ipumenss qns annpokcuMauyyu rpaHAYHBIX yCI0-
BMA HE «CHOC», a Gojee TOuHBIA ciocol (HanmpuMep, WHTCPIOMSIHUIO),
MOXHO MOCTPOUTh CXEMY BTOPOrO MOPSIAKA AMMPOKCHMALUH. A

3ameuanue 2. Ecim ucxomnnas pacuetnas o61acTh NpeACTABISET
o0 MPAMOYIOJBHUK, TO FPAHMUHBIC y3JIB MOCTPOCHHOH TaKuM 0Gpa-
30M CETKHM, OUCBHIHO, NMPUHAMICKAT UCXOAHOM rpanmue I', rpaHuuHbie
ycnosus (12.3) Gynyr ynossmeropsitbea TouHo u cxeMa (12.2)—(12.3)
OyAeT cxeMOM BTOPOro NMOpsAKa AMIPOKCHMALHMHU. A

3ameuanue 3. Moxuo Gbuto Gbl COBOKYMHOCTM BHYTPEHHHX U
TPAHWYHBIX Y3JI0B ONPEACAUTDH NO-APYTOMY, KaK 9T0 ObLIO CAEAAHO, Ha-
npumep, B sekuun 9 (cM. puc. 9.2). Torsa pasHOCTHBIE TDAHMYHBIE YC-
JIOBUS YAOBJIETBOPSIIACE OB TOYHO, HO PACCTOSHMS OT BHYTPEHHUX Y3-
JIOB CETKH, TMPUMBIKAIOMUX K TPAHHULC, KO OMMXKAHUIMX TPAHNUHKIX Y3-
J0B He O 6br mocTOsHHBIMM. I[lpM 9TOM BO3HMKAET mpobrema
annpokcuManuu ypasHeHus IlyaccoHa Ha HEPABHOMCDHOM CETKE. A

006 ycroitunsocTn. Hanomuum cHauana, 4To METOA rapMOHUK IPUCIO-
COOJICH ISl AHAJIN3A YCTOMUMBOCTU Cyry6O SBOIOLMOHHBIX PA3HOCTHBIX
CXeM. DTOT METO CYLICCTBEHHO MCTIONb3YET «CJIOMCTHII» (110 BPeMEHH ) Xa-
PAKTEp PELICHUS DBOMIOLMOHHBIX 33/1a4 M, B KOHEYHOM CUETE, CBOTUTCS K
aHaANM3y 3BOJIIOLNHM HAYAJIHHOTO BO3MYUICHHS Had MHOXECTBE BO3MOXHBIX
(Npu onpenesICHHBIX JONYLICHUSAX) DEUIeHMi PA3HOCTHHIX YpPABHCHMUIA.

DAMMNTHYECKMC YPABHCHHS ONMCHIBAIOT CTAIMOHAPHOE (YCTAHOBHB-
LIEECs) COCTOSIHUE — 3AECh HET BPEMEHH, HET dBomonny. COOTBETCTBEH-
HO MCCICAOBAHUC YCTOMUMBOCTH PA3HOCTHBIX CXEM, AIPOKCHMUPYIONIMX
3aauv QIS OJUTMITHYECKNX YPABHCHMM, CBOXUTCA K HENOCPEACTBEHHOM
NPOBEPKE BEITIOJHEHNA HEPABEHCTBA

IU®] < const- || F#,

SIBJISIIOLICIOCY ONPENETCHAEM YCTOMUMBOCTU (A1 JTMHEHHBIX 3a1a4), ec-
JIM KOHCTAHTA HEC 3aBUCHMT OT CETOUHBIX mapamerpos (cMm. sexknmio 10).

Kak aro moxuo cpenate mpumenutensno x cxeme (12.2)—(12.3),
NMOKA3bIBACTCH B AONOJHEHUH K AAHHOH JICKIINH,
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PeweHue pasHOCTHBIX ypasHenuil. [lepexons K 00CYXIEHUIO BOM-
POCOB, CBSI3AHHBIX C BHIUMCICHHEM PELICHUS 3a4a4M (12.2)—: (12.3), mbr
OTPAHMUMMCS PACCMOTPEHHCM MNPSIMOYTONBbHOM pacueTHOM obnactu:
0<x<a, 0<ys<b. (Kak 6but0 oTMeueHo Boime, cxema (12.2)—(12.3)
ANMPOKCHMAPYET UCXOAHYIO 3a/aUy HA NPIMOYroIbHOM 06aacTi co BTO-
PbIM MOPSAKOM M0 X U IO y.)

Herpynso noaMeTnTh, YTO B OTOM C/Iyvac Pa3HOCTHAsS CXCMa NPEA-
crapaser coGoil CUCTEMY JIMHCHHBIX a1refpanyeckKuX ypaBHEHUH, monob-
HYIO KOTOpOH MBI yX€ BCTpeuanu B jekuum 11, xorma paccMaTpusanu
HCABHYIO CXemMy C MECTUTOUCYHBIM IIJa6JIOHOM A lIByMCpHOFO ypaBHC-
HUS TEIIONPOBOAHOCTH. M CHOBA HA MEPBBHII IJIAH BBIJBUIACTCS BOHPOC
9KOHOMHYHOCTH BBIUWCJICHUH.

Merox Taycca TpeByer BbInOJAHEHUs uMcAa oncpamuid  Q~
~ (KM)3 = K®. XoTsl 9TO ¥ CyIIECTBEHHO MEHbIIC, HEXCJH s

PCIICHUS NO YIOMSIHYTOM HESIBHOM CXeMe napabonuucckoro ypaBHCHUs!
(TaM Takoil 0Obem paboTHl HYXHO BBINOJHSTb AJ1s EPCXOAA TOJbKO HA
OIIMH, OYEPCIAHOM CJI0M DO BPEMEHH), BCE PABHO, 3TO HEAOMYCTUMO MHO-
ro. Mul yGeauMcs nasee, 4To BO3MOXHBI ropasfo 60/ce paLuoHaIbHBIC
criocoObl pacuera.

3ameuanne. DPpdexTHBHBIMA METOIAMH DEIICHHUSA HOCT&B]ICHHO]E‘[
3a7a4M TP ONpEAEAEHHBIX YCJIOBHSAX UBJISIOTCS MCTOA, MCMOJIb3YOLWINA
6ricTpoe mpcobpasosanne Dypbe, U METOA PEAYKUMH ([12," c. 337, 418],
[13]) Tpebycmoe kommuecTBO apuhMETHUECKUX ACWCTBHH sl TOTO H

apyroro merona ~K?21n K. A

O MeTo[ax MOCAeAOBAaTENbHbIX npudinxenni. [lepermmmem pas-
HOCTHbIE ypaBHeHus (12.2) B paspcuICcHHOM OTHOCHTCIbHO U, . BUIC M
PACCMOTPUM UTCPALMOHHBIA NpouUece:
s+1 1

1 s s
= |~ Simt 5 Wi m T Uiy ) F
Ui m 2(1/h§+1/h§)[ Tem hf( kel k=dom

5 N
2 Wi + Vi) |s (i yn) € 0 (12.4)
y
s+1
3nech s — Homep npubmuxenus; Uy ,, Ans (Xg, ¥p) € ¥, CUMTAIOTCS
OIpEACTCHHBIMU M3 TPaHMUHBIX ycaopuit (12.3).
Zameuanne. DTo HE UTO UHOE, KAK METOR SIkoOu (cM. ekuuio 3),
Tak Xak Mel u3 (k, m)-ro ypaBHeHuns uckmovaeMm U, ., T.€. AMArosaib-
HbIJ DJIEMCHT. A

He ocranapnuBasick Ha 0OOCHOBAHMHM, OTMETHM, UYTO MTEPALMH
(12.4) cxonstcst. Cxomarcd AOBOJbHO MEWJICHHO; TEM HE MCHEC, OTOT
METOA MHOTAA IPUBJICKAETCH A/ NPAKTUUEeCKUX BerumcyeHuit. (Hecmor-
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Psl Ha MEIJIEHHYIO CXOAMMOCTH, OH HAMHOIO palMOHAAbLHEHR Meroaa [a-
ycca B CMHIC/IC 9KOHOMUYHOCTH. [loHOE umMcno omepauwmil, CBI3aHHOE C

peasusanyeit 3Toro METoAR, Q'K_M~K4 In X ([4], [12]).)

Mns Hac ceituac merox (12.4) mHTEpeceH TeM, UTO OTTOJKHYBUIHCH
OT HEro, Mel CymeeM 0003peTh crocolwr mocTpoerus Gonee apdexTus-
HBEIX METOHOB YMCJICHHOIO pemerus cuctem tuma (12.2)—(12.3).
Beeaem oboanauenune

1 1 hzhi

T 2R URD 2 (B4 RD

(12.5)

Torna (12.4) moxno sanucats B BuAe

s 5 5 5
+1
lsU — Uk+1vm+uk—1-m+Uk,m+1+Uk.m—1

T Jkom 2 2 _fk. .
K hy "

. 1#
Boiunras u3 obeux yacreit mocnenHero paBeHCTBa 7 Uk, m» TOTy MM

s+1 s 5 5 5 s s s
Uk, m_ Uk,m _ Uk+1, m_zuk, mt Uk-—l, m v, m+1—2Uk,m+Uk,m
T - 2 + 2
h h
x y

-1
—fk,m=

= L,U® — | a2
k,m

rae L, — onepaTop (MaTpula), oNpeRensOunil BUA yPaBHEHMA (12.2)
C YYETOM TOTO, YTO KOMMOHEHTH U} , B TDaHHYHBIX TOUKAX OINpEAE-
nenbt w3 (12.3). Jlanee nepenumem coornomennst (12.6) B Buae

s+1 s
UM = (E + L) UR) — ¢f®), (12.7)

Bcvnomnnaz Marepuan nekuuu 3 (MTEPALMOHHBIE METORB PCIICHMS
JIMHEHHBIX CHCTEM YpPaBHEHWH), MBI BuguM, uto (12.7) He urto mHoe,
KaK 3amuch OfHOMAPAMETPUUECKOTO HTEPALMOHHOIO MpPOLECCa IS CHC-
tembt L, U = f®) ecnu oreneusca or KOHKPETHOrO 3HAUEHUS MHapa-
Merpa T, 3agasaemoro opmysoi (12.5).

Crano GuiTh, B pamkax 3amucu (12.7) MBI uMeeM aeo YXE C ceMei-
CTBOM UTEPALUMOHHBIX CXxeM s 3apaud (12.2)—(12.3). MoxHo uckars
AManasoH 3HAYEHUA napamerpa T, npa Koropsix npouecc (12.7) cxonmt-
ca (3Hauenme (12.5) Bxomur B 9TOT OManas3oH). MOXHO MCKATh ONTH-
MAJBHOE T, NPH KOTOPOM CXOAMMOCTH SIBJIsieTCsl Haubonee GwicTpoit. [e-
JIO CBOAUTCA K OLUEHKE MHHUMAJbHOTO M MAaKCHMAJIBHOMO COOCTBEHHBIX
4mMCeNT oneparopa (Marpuusl) L.

3pech yMECTHO 3aTPOHYTH BOIPOC O JIONYCTHMOI MOTPELIHOCTH npy
34dBCPUICHMM MTEPAIMOHHOIO MNpPOLECCA, MCHONb3YEMOTO A PEIUCHUS
paccmaTpuBaeMoi 3afauM. B cuury Toro, uro pasHoctHas cxema (12.2)—
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(12.3) anmpokcumupyer 3agauy (12.1) co BTOpHIM MOPIAKOM TOYHOCTH
[0 X ¥ IO y, TOUHOE peureHue 91o# cuctemsr (12.2)—(12.3) B cuny us-
BECTHOU TEOPEMbl 00 ANNPOKCMMALUM, YCTOMUMBOCTH U CXOAMMOCTH OT-
JINYAETCH OT PCLICHMS MCXOQHOM 3aJauM B Y3/1aX CETKH HA BEJIMYMHEBL
()(h?c, h?). CiegoBaTenbHo, B pAMKAX BHIOPAHHOIO MTEPALMOHHOTO IIPO-
Uecca MOCTATOUHO OTPAHMUNTBLCS NPHOAMXEHMEM, KOTOPOE OTJIMYAETCH
OT TOuHOro pemieHus cucremb (12.2)—(12.3) Takxe Ha BEJIUYHHY
e~O(h2, h:). D10 M ecTb xapakTepucTvka (M0 MOPSAKY BEJIUYHHBL)
AN JOMYyCTHMOrO YPOBHS TOTPEMIHOCTA HpPH BBIUMCJACHHU TIOCIEAOBA-
tenbHBX npubamxennit,. C yuerom 3T0Oro OOCTOSTEALCTBA AN METOAA
(12.7) nonyyaeTcs yXxe ynoMsiHyTas OLCHKA [OJIHOIO KOJIMUYECTBA ONE-
paLuii: Ql ~K*In K (cm. [4], [12]).

Onmpasch HA YNOMSHYTBHI aHajuM3 cOGCTBEHHBIX YMCET ONmEpaTropa
L,, ynaerca crpouth Ocsiee adexTHBHBIE HTEPAUMOHHBIE CXEMBI NS

pemenusa cucreM tuna (12.2)—(12.3). (Hanpumep, uebbimicBckuii ute-
PALMOHHBIA ITPOLLCCC C Ql ~K31n K — cm. [Ipunoxenne 3.)

O MeTo0/JaxX, OCHOBAHHBIX HAa MPHUHIMNE yCcTaHoBaeHus. O6paTim-
ca eme pas K coornomenusm (12.6). Cornacuo (12.5), © — Mansii na-
pamerp (t~O(h?), rae h= max {h,, hy}). Cnenosarensno, (12.6)
OyKBaJIbHO COBMANAET C PA3HOCTHHIMM YPAaBHCHUSAMM 4BHOM IICCTUTO-
YCYHOM CXEMbI IS ABYMEPHOIO YPABHCHUS TECILIONPOBOAHOCTH

Uy=U,, +U,—f(x,), (12.8)

€C/IM HOMED NPUOAMKCHHA S TPAKTOBATH KAK HOMED CJIOS MO BPEMEHH,
4 T — KaK WAar CCTKH [0 BPCMCHH.

B nexkuum 11 Mbl DOJYyUYMIN YCAOBUC YyCTOMUYMBOCTH AJISL ITOM CXEMBI,
KoTopoe npumecHuTeabHo K (12.6) 3anumierca B Buac

t(1/h2 + 1/h2) < 172.

Kak Buamo us (12.5), mapaMmerp T, COOTBETCTBYIOWMH IIpocTedmicH
cxeme wurepanuit (12.4), ynosaersopser stomy ycaosmwo! Takmm o6-
pasoM, merox urepaumi (12.4) pewenus cucrembm (12.2)—(12.3) ak-
BUBAJICHTCH OXHOM M3 PA3HOCTHBIX CXCM pELICHMA cMeumaHHoM (c xpa-
€BBIMM M HAYAJILHBIMM YCJIOBMSIMM) 3afdaud RIS HECTAIMOHAPHOTO
ypasHenns (12.8), a pemeHne MOCHACAHEH NpPY HC 3aBUCAIMAX OT Bpe-
MEHM KDAEBHIX YCIOBHAX C TCUEHHMEM BPEMEHM yCTaHaBauBaetcs (rme-
pecTacT 3aBHCETh OT BPEMCHH) M B IIpPEAe]e YAOBJETBOPSET CTALMO-
HapHoMy ypasuenuio (12.1).

ITpuBeneHnble paccyxmenus 0000IIAIOTCA NPUHLUNOM YCMAHOBe-
Husl, COTJIACHO KOTOPOMY DELICHHME CTALMOHAPHON 3a4aud MOXHO MCKATh
B KAUECTBE MPCHENBHOIO PEIICHUS JBOJIOIMOHHOM 33/1aUi C HE 3aBUCS-
MMM OT BPEMEHM TPAHUUHBIMH YCJIOBUSIMM.
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3ameuanue 1. B COOTBETCTBUM C NPUHIMIIOM YCTAHOBJICHAS JIO-
6as cxema WIS COIIACOBAHHOM HECTALMOHAPHON 3a4dauM MOXET Tpaxk-
TOBATbCS KAK MTEPAUMOHHBIA MPOLECC Ui PENICHMS CTALMOHAPHOIN
CHCTEMBI. A

3ameuvanue 2. M3 npeanayInero 3aMeyaHus BHITEKAET, 4TO s
HCCJICAOBAHMSA YCTOWYHMBOCTM HTEPAUMi MOXHO NPUMEHSTh NPHEMH
UCCAEAOBAHUS YCTOWUYMBOCTM DPA3HOCTHBIX CXEM IS SBOJIOLMOHHBIX
3a7a4. A

Bosspamasch x mcxogHOM 3amaue W OmMpasich Ha NPHMHLMI yCTa-
HOBJIEHHSI, MOXHO TEHepb BLIOPATH B KAYECTBE CIocoba UMCJACHHOTO
€€ PCHICHHS MCTOA IEPEMEHHBIX HAMPABJICHWA WM METOL TOKOODAM-
HaTHOTO paciieryicHus Ang ypasHenus (12.8) ¢ kpaeBbIMM yCIOBHSI-
mu (12.3) ¥ NpOM3BOJBHBIME HAYAIbHBIME NAHHHIMH. IIpH 3TOM BbI-
YHCICHUSL CJIEAYET MPOBOAUTH A0 TEX IOP, MOKA, HANPAMED, HE BbI-
TIOJTHUTCH YCIOBHE

+1 s
lr U® — g
T

<e,

4YTO COOTBETCTBYET, OUYCBHUIAHO, TpCGOBaHHIO YCTAHOBJICHNA CTALMOHAP-

HOro pEICHUA: < e. Aanus NOKA3BIBACT, UTO MPH 3TOM MOXET

GBITH AOCTMTHYTA CTOJb XK€ BHICOKAs 3()DEKTHBHOCTD, KAK ¥ IS YIIOMSI-
HYTOTO BBILIE YEOBIIEBCKOTO UTEPALMOHHOrO Tpoiecca (MOJIHOE KOImue-
CTBO TpeGyeMbIX omepaumi Ql ~K31n K).

K=M

AONONHEHHUE K NEKLMM 12

HoxazaTensCTBO yCTOWYMBOCTH cxembl (12.2)—(12.3). Ilpensapu-
TCJABHO JOKAXEM ABC JICMMEI.

JNemma 1. Iyems cemounas gyncuyus VW ={v, ., (k, m) € @, =
= w, U v,} na w, ydosremeopsem ycrocusam

14 2V, 4V 14 2V, +V

k+1,m™ “Vi,m k=1, km+l ™ “Viom k, m—1
5 =+ 5 =—=z0
h h
x y

(wnu 6 xomnaxmnoi zanucu L,V 20, ecau nod L, nonumamse pas-
HOCMHbLL Onepamop, onpedenenubli gudoM JeGOl “4acmu YpaGHeHuii
(12.2)). Tozda nauborewee 6 @, snauenue V™ docmueaemces na zpa-
Huue v,

Hoxazamenvcmeo. lonycTuM npoTHBHOE, T.€. MyCTh

V‘E' m In_ax Vk, m nu (-IE, ﬁ) (S (Dh.
©p
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ottt

Torma npu k=k, m =71 NpUXOAMM K TMPOTHBOPEUHIO C YCIOBHMEM
JICMMBI:

Ven s~ et Vicus | Vemo " Pemt Veaor
" W2
x ¥y
Vs Ve R T Ve m Ve R n Vet V@ Y Ve Ve m-t <0
B K2 > '
x ¥y

AHAJIOTHYHO AOKA3BIBACTCS ciacayomasa aemma.

Jemma 2. Ecau VP na o, ydosremsopsem ycnosuio L,V® <0,

mo min V, . docmuzaemcs na vy

Dy

W3 nokasaHHBIX JIEMM BHITCKACT TCOPCMA.

Teopema. Ecau L,V? =0 na w,, mo maxcumarbnoe u munu-
Manbnoe 3navenus V, - docmueaiomest npu (k, m) € v,

W3 aroit TecopeMnl CCAYET BBIBOA O CYWCCTBOBAHMN M CAWHCTBEHHO-

CTM pEIICHMS Pa3HOCTHOM 3amaum (12.2)—(12.3). B camom nene, ecnu B
(12.2)—(12.3) nonoxurs f,  =0u §, , = 0 ans Beex (k, m), 10 co-

. h —
OTBETCTBYIOLIAS] OJHOPOOHAS CHUCTEMA YPABHCHMH LhU( ) =( cornacHo
TeopeMe OyaeT MMCTh JIMIIb TPUBUANBHOC PCUICHHUE.

IepeiineM Teneps HENOCPEACTBEHHO K AOKA3ATCABCTBY YCTOMUHBOCTH
cxemnl (12.2)—(12.3). BegeM B paccMOTPCHMC BCIIOMOTATEJIBHYIO

dynxumo PV = {P, } B yanax cerku:
1
Py =7 MR — (xZ+ )]+ M,
rae R* =max (x* + y*), M; =max |f; .|, M¢=rr§ax | B, ml-
® ®p h

OuesuaHo, YTO pe3ysbTaT NMPUMCHCHMA onepatopa L, K KOHCTaHTC
caenyrommit: L, (const) = 0. Hanee,

2 2 2 2
I {xz} _ x2+1—2xi+xi_1 _ (xk+1—xk)—2(xk——xk_1) -
AR e, m) K2 h?
K+ 2 = +x, 9 2
= 7 = 2.
1
TouHO TaK Xe Lh{yz}l(k = 2. Mosromy L,P"M=7M;(-2—2)=
s m
= —M; < 0 BO BCEX BHYTPEHHUX y3/aX CCTKH, T. €.
L, (U® — p®) =M+ M =0.
h( ) ‘ (k, m) f f
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B cuny nemmnl 1 makcumanbhoe 3Hauenue paszsocrtu U — P po-
CTMraercs Ha rpaHuiue v,. Ho B Toukax v, umeem

~ 1
Uk,m_PIc,mz ((pk,m_M(p) —ZMf[RZ_ ('xz—f—yrzn)] SO’

r.e. Uy ,, < P, ,, HA BCEH CETKE @),
Hanee, L,(P® + U™) l(k ) =—M;+ f, ,, <0. Orciona ¢ mpusze-
, m ’

UCHHEM JIEMMBI 2 monyuaem, uro —P, < U, , Ha @,.
Wrak, B 11060M y3/e ceTOUHOR 00/1aCTH W, UMEET MECTO HEPABEHCTBO

=Py SUg o S Py s

1
< < <- R%
wiu  |Uy | <Py, T IB‘%IUk,ml\rga'fpk,m\4RMf+M\p'

Ilpuenexasi paBHOMEPHYIO METPHKY B IIPOCTPAHCTBAX CETOYHBLIX (PYyHK-
UMM, NOCJCAHEE HEPABEHCTBO MOXKHO MEPENHCATh B BHAE

1
NUBN <7 RPN+ ™.

910 03HayaeT yCTOWYMBOCTL PasHOCTHOM cxembl (12.2)—(12.3).

C Gosee cTporuM U OOCTOSTENIbHBIM W3JOXEHHEM TEOPUM PA3HOCT-
HBIX CXEM JUIH SJIMNTHYECKMX YPABHCHUUM MOXHO MO3HAKOMHUTLCH B [2,
c. 526—546, 561—570], [4, c.298—361, 378—425], [3, c. 106—119],
[9, c. 401—423], [10, c. 199—289], [11, c. 211—231}, [12, c. 291338,
378—425], [13].
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NMPUNOKEHUE 1

NOJIMHOMbI YEBbILWWEBA 1-TO POAA

Ha orpeske ¢t € [—1, 1] nosHOMBI, C KOTOPBIMA MBI HAYMHAECM 3HAKO-
MATBCS, 0OBIYHO ONpPEAesAOTCS CASAYIOMEN KOMIAKTHOM (HopMyIoit:

T, (t) = cos (m arccos t). (I11.1)

3nech m — CTENneHp NOJUHOMA.

B Tom, uto dopmysoit (I11.1) sagacrcs uMcHHO MOMMHOM m-# CTeE-
HEHHd, MB yOemMMCd 4YyTb HHXE, a [0KA MOJYYMM IONE3HYIO VIS
AaJbHEHIIET0 PEKYPPEHTHYIO CBA3b MeXay mnonumHoMamu UYeObiuésa
pasnuuHbIX crenexei. [IpuBickas M3BCCTHOC TPUTOHOMCTPHMYECKOE CO-

OTHOILIEHHUE
+ —
cos a + cos f§ = 2 cos (a—zﬁ) cos (“Tﬁ) R
AMEEM:

cos [(m + 1) arccos ¢} + cos [(m — 1) arccos 1] =
= 2 cos |m arccos t] -cos [arccos ¢},

UTO, YYMTHIBAS BBEACHHOE AJS MOAMHOMOB ‘HeObleBa ompeacsicHue
(I11.1), mMoxer ObiTb 3aMUCAHO B BUAE

T,e1(t) + T, (1) =2T,(1)
Han

T 1 (8) = 2T (8) = Ty (0). (IM1.2)

Teneps HE COCTABJASET TPyAa ycMorpeTsb, uto dopmyna (I11.1) aeit-
CTBHTEIBHO ONpENENAeT anreOpanyecKuit MOJMHOM cTermeHu m. B camom
nene, u3 (I11.1) nonyuaem

npu m=10 T,(t)=1,
npu m=1 T,(t) =t,
WUs (I11.2) caenyer
T,(t) =212 — 1,

T,(t) =488 — 3¢, (I11.3)

T,(t) =81*—82+1
U TAK gaJ’ice.

3amMeuanue. 3anuch nosusoMoB Uebnmesa B Buae (I11.3) mo-
3BOJISIET PACIPOCTPAHMTD MX 00aCTh ONpPEAETEHUS 32 IPCAC/IE OTPE3Ka
[—1,1]. A
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OTMeETIM HCKOTOPBIE XapPAKTEPHBIE OCOOCHHOCTH HOAMHOMOB Yelhi-
wepa (manee NOAPasyMeBaercs, uto m = 1).

Kak Bumno u3 (I11.3), kosdpdunment npu crapueit cremesn ¢ mis
NMOAMHOMA m-H CTENeHn paseH 2™ 7L,

W3 npencrasnenua (I11.1) sugHo, uTO KOpHM ITOAMHOMA M- cTeme-
HHU ONPENESIOTCS YPABHEHUEM

marccos t =n/2 + kxn, k=0,1,2,... (I11.49)
Pasnnunsie (HEMOBTOPAIOMINECS) PEIIEHUS] ITON0 YPaBHCHHUS:
tk=cos(‘2"—2j“n”—"), k=0,1,....,m—L. (I11.5)

Ilpusenenneit B (I11.5) Ananason monycTEMBIX 3HAUYCHHMIl k onpenenser
COBOKYIHOCTb /M pa3/JIMUHBIX KOPHCH IOJMHOMA m-# crenenu. Bce xop-
HY, OUEBMIHO, MpUHAMIEXKAT orpesky [—1, 1].

Puc. I1.1

MoXHO OTMETHTH CACAYIOIMYK) TEOMETPUYECKYIO MHTEDPIPETALUIO
KopHeil nmosvHoMa YeOblmuena.

Paspenum  BepXHIO  NOIYOKPYXHOCTH  CAMHMUHOTO  paguyca
(puc. I1.1) Ha m pasubix uacted. Torma KOOPIMHATHL CCPEAMH 3Jc-

MEHTapHEIX Ayr (xBagpaTtmku Ha puc. [1.1) cosmamalor ¢ KOpHSIMH
(111.5).

B cBowo ouepenr, KOOPAMHATH TOYEK C/ICHUS

t2=cos(%t), k=0,1,....m (I11.6)

NPEACTABIIIOT COO0M TOYKM IKCTPEMYMOB MoJMHOMa UeOHmeBa creme-
HM m.

CootpeTcTByIOmue (9KCTPEMANbHBIE) 3HAUECHUS TTOJTHHOMA
T, (t)=(— D% k=0,1,..., m

Paccmorpum Tenepp moamHoMb UeGhimeBa, HODMHPOBAHHEIE TAKMM
obpa3oM, 4YTO KO3(pPUUMEHT NPM CTApUIEH CTCHCHM ! PaBEH CAMHMIIC.
g 3T0ro, oueBMAHO, HAZO HOAC/IATH T,(t) Ha 2m=1

T, (1)
2m—l ¢

(T11.7)

T, (1) =
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T —

—

INonuHoMel, 3amucanHbie B oObuHOM (anreOpawmueckoit) dopme
(II1.3), nocne yka3aHHOW HOPMUPOBKU HEPEHIYT B
;I:I(t) = tv
= 1
T (1) =1 —3,
- 3 1.8
T3(t) =t3_zt) ( )

= 1
T, () =0 —1+3,

3ameuaresbHBIM CBOACTBOM MOJUHOMOB T, (1) SBIACTCH TO, UTO OHU

«HAUMCHCE YKJIOHIKTCS OT HYJd» Ha pACCMATPHBACMOM OTPE3KE Cpean
BCEX NMOJIMHOMOB CTCHCHH M C CAMHAYHBIM KOS(X)(bI/ILlHCHTOM npy CTapmcu
crenenn L. [Tocaennee YTBEPXKAEHUE MOXHO BBIPA3UTh B BUAC HCPABCHCTBA!

max |T, (¢)| <max | P, (#)], (111.9)

—l=t=l ~l=sr=]

B KOTOpOM nox P, () MOHUMAETCHA nPOU3GOAbIbLL OJUHOM CTCICHH M
C CAMHUYHBIM K03(h(UUMEHNTOM MPU CTAPLICH CTCNCHM f.
SIcHO, UTO JKCTPEMAJIBHBIE 3HAUCHMS NOAMHOMOB T, (/) AOCTUrArOTCS

B Toukax (I11.6) u pasum coorsercrsenno T, (£}) = (— 1)¥/2m~!. Jle-
Bas uactb Hepasectsa (I11.9), crano GwiTh, pasna 1/2™m7".

Yro6bl ycTaHOBUTHL cripaseiisocts (I11.9), gorrycrum nporushoe. IlycTs cy-
uiecTByeT nounom P, (f) (c epvHMutbIM KO3 UIHCIITOM NTPH tm) Tako, uTo

! (I11.10)

m—1"

max |1~’m(t)| <max |T, ()] =
{-1,1] =4, 1] 2

PaccmoTpuM pasHocTh ABY X 110JIMHOMOB
Ry () =T, (1) — Py (D),

NPEACTABJISIONIYI0 co00i1, OUeBUIAHO, MONUHOM (m — 1)-# CTEeneHy, T. K. CTapline
crenenu T, (f) M P () NpH BEIYUTAHUH COKPALIAIOTCS.
B roukax (I11.6)

Ry (6) =T, () — P, (ty) = (— D*2' " = P(t}),

(I11.1n

u B cuny npennooxenns (I11.10) suak R, _ () cosnanaer cosHakom T, (t;), TO

ecTh MeHseTcs m pa3 Ha oTpeske [—1, 1] (rakkak k =0, 1, ..., m). Mbl npuumk
[IPOTUBOPEYMIO: TIOJIMHOM (m — 1)-ii cTenenu Rm__1 (f) nmeeT m KOPHEH.

HeTpyaHo HAMWMCATH OJMHOM CTEIICHH /1, HAMMEHEE YKJIOHAFOLIIIACS
OT HyJd HAa TPOU3BOIBHOM OTpE3Ke X € [a, b]. 3ameuas, uTo npeolpa-

30BaHUC
t___2x—(b+a) (111.12)
~  b—a
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nepesogut x € [a, b] B t € [— 1, 1] , nonyuaem TpeOyeMBlii TIOJIHHOM

5 (2x—=b+a)
Qn(x)=T, (—*,',Ta—) (M1.13)
Crapumit xoaddpuument Q,,(x) pasen, ouesugno, (2/(b— a))™, To
€CTh, cTporo roeopd, (I11.13) mammenee yxaousierca or HyJS Ha OTpE3-
ke [a, b] cpeau mommsOMOB C YKa3aHHBIM CTapmuM KoadpuiumeHToM.
OKcTpeMasbHBIE 3HAYECHMS IIPY DTOM JOCTHIAIOTCS B TOUKAX
_a+b , b—a *=a+b+b-a kxn

X = 5~ + 5— 5 57— €0s -, k=0,1,....,m

M PaBHEL
Q,,(x}) = (—10/2m—! (T11.10%)
(oto cremyer m3 (I11.12) u (I11.10")).
Kopun (I11.13) pacnonoxenn Ha orpeske [a, b] B Toukax
x, = a;b + b;a t, = a;b + b;a cos (Zk;nl)“, k=0,1,...,m—1.
(I11.14)

YToOH MOJYYATH TIOJMHOM mM-H CTETNEHH C eOuHUuHbLM cmapuium
Ko3hpuuenmom, HANMCHEE YKJOHSIOWMIACS OT HyJd Ha OTpE3Ke
[a, b], nocrarouno pasmenurs Q.. (x) Ha ero crapmmit KoahduKeHT:

b—a

0,,(x) = ( - )QO(x). (I11.15)

Hna Qm(x) OKCTPEMAJIbHBIC 3HAYEHUS! (MAKCHMAJbHBIE YKIOHEHUS
or Hyas), kak caepyer u3 (I11.15) u (I11.10'), pasusi:

(

On() = (3% GE = (-1 Gen (e

22m—l

B manpHe#imeM HaM OKaXeTCH MOME3HBIM MOJHHOM S,,(x), Haumenee
YKJICHSIOIUKICH OT HyJs Ha OTpe3Ke [a, b] cpemn noaMHOMOB m-if cre-
HEHU CO CBOOONHBIM YJICHOM, PABHBIM CAMHHIE, TO €CTh CpPEIO¥ IOAMHO-
MOB, MPOXOISUIMX YEPE3 eAUHULY mpH x = (.

S,,(x) oueBunHBIM 06pa3soM CBA3aH C MOJIMHOMAMH, BBEICHHHIME B
pPacCMOTPEHHE BHIIIE:

_2.m_ 0,0 & (u—t+ia) /s [ 0+a))
S, () 0o 2,0 =T, ( T\~ b—a | T

_ 2x—(b+a) _b+a
_Tm(T)/Tm( ——b_a). (11.17)

Pagymeercs, nomunom S,,(x) umeer cmeicn, ecmm x =0 He coBmazaer
HH C KaKMM M3 KOpPHCH mosmHoMa UeObimesa m-it CTENEHM, ompene-
JIEHHOTO Ha otpeske [a, ] (dbopmynamu (111.13) wmm (I11.15)). B mpo-
TUBHOM ciayvae 3uamenaresn B (I11.17) ofpamarorcs B HoMb.

m
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3ameuvanue. MoxHO HaiiTH GopMaNbHOE pEIIEHUE 3afaud O IOo-
JIMHOME, HAMMCHEE YKJIOHSIIOIIEMCS OT HYJS M B 9TOM CIy4yae, HO OHO
HE MPEACTABASET IJist HAC ceituac Kakoro-ambo mMHTEpeca. A

B nocnenyrowux paspenax GyayT npuBEAEeHH! NPUMEPH MCIOJIb30BA-
HHUY PACCMOTPEHHBIX 30ECh MOJWHOMOB NPUMCHHTEIBHO K OTHAEJIbHBIM
METOAdM BHIYUCTUTEIBHOM MAaTCMATHKH.
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NMPUNOXKEHMUE 2

MUHUMU3ALUMUS OLLUUBKU NPU NONIMHOMMUANBHOM
MHTEPNONSALMUNA DYHKLIMH

Hamomuaum ¢opMynuposky 3azaum 06 uHTEpmonquuu. B rtoukax
{x;,, i=0,1,...,n} orpeska [a, b] 3amann 3HaueHMs yHKUAK
J(x): {f;, i=0,1,..., n}. Ilo 51uM TaGnuunbM gaHHBIM TpeOyeTcs
HOCTPOUTEL Mpubmuxennyo dopmyny mas f(x).

Ecnm npubanxeHne MINETCS B BUAE CTENECHHOTO MOJMHOMA, TO, KaK
MU3BECTHO, PEHIEHMEM SIBJISCTCH TAK HA3BIBAEMBIA WHTEPNOJSMMOHHBLA
MOJIMHOM, KOTOPHIH MOXET ObiTh 3aMMCAH B pasaMuHbiXx opMax (JeK-
uus 5). Hamomuum, Hanpumep, sarpaHxesy opMy 3armuci HHTCPIOS-
LUOHHOIO MOJIMHOMA:

f (X—x)(x—x).. . (x—x))
0 (xg=x)(xg—xp)-..(xp—x) ot

P (x)=

(x—xo).‘.(x—xk_l)(x—xk+1)...(x—xn)

+...+

kX)X =X P —x D (X —x,)

(x—-xo)(x—xl)...(x—xn__l)

+ f (T12.1)

n(x,—xg)(x, —x))..(x,—x,_)

Tabmwunbie TOUKA {X;} B KOHTEKCTC PACCMATPMBACMON 3a4auM IpH-
HATO HA3bIBATh y3JaMM MHTEpHONALMH. B o0weM cayyde oHM pacrpese-
JICHB IO OTPE3KY [a, b] npomssonsubiM 06pasom. (Ilpeamonaraem, uro
OHM TPOHYMEPOBAHBL B MOPSAKE BO3PACTaHHS, TO €CThb X, > X;). Pac-
crosguus Mexny ysaamu {h;=x,,, —x; i=0,1,..., n— 1} HasbiBa-
10T HIaraMy MHTEPIOJIMPOBAHMS.

Owmbka wunrepnonsumu R, (x) = f(x) — P, (x) (wam ocraroumsiit
YICH MHTEPNOAAUMOHHON dopmyns f(x) ~ P,(x)) mis dyHkunm
(n+1) pa3 uenpepsiBHO aucddepenumpyemoir Ha orpeske [a, b], kak
M3BECTHO, MOXeT OBITh NPEACTABJIEHA B BUJE

. f(n+1)(x’)
Rn(x) = _(’F—l)—' wnﬂ(x), (HZ’Z)
e X — HEKOTOpAsl TOYKA Ha OTPE3KE [a, b], a ®,,(x) — DonuHOM
(n + 1)-it crenenn Bupa
®, (X)) = (x = x5)(x —x))...(x — x,). (I12.3)

OueBuaHo, UTO BEJMYNHA OIIMOKM 3aBUCHT OT PACTIOIOXCHHUS Y3JIOB.
B niekumm § paccMaTpuBanMCh OUEHKA NOTPEIIHOCTH MHTEPIOJSIMN [0~
JIMHOMAMH DA3/IMYHON CTEHEHU B IPCANOJOXEHHHU, UTO Y3JIB MHTEPIO-
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JSUUN PABHOOTCTOSIT APYT OT ApPYra: X;,, — X; = h == const. 3xecb Mbt
OCTAHOBMMCSI HAa C/yyae, KOraa BO3MOXHOCTh «PacCTaBjATh» Y3/Bl Ha
[a, b] HaxoaMTCH B HAameEM pacnopsXeHud (Hanpumep, TaOaUUHbIC JaH-
HblE BHIYMCISIOTCS HA KOMIBIOTEPE), M IIOCMOTPHM, HEJIb3d JIM MUHAMMU-
3UPOBATH OIIMOKY MHTEPMOJSLMHA 33 CYET ITOH BO3MOXHOCTH.
OxasmiBaercd, MoxHO. M pemenue 5Tod 3a7ayd CTAHOBUTCS OUEBHA-
HBIM, €C/M, BO-TIEPBbIX, OOpaTUTh BHUMAHKUE HA TO, YTO ®, ,,(Xx) mpex-
cTaBisger coboit MOMMHOM C €AMHUUHBIM XOO(DUIMEHTOM MPH CTApIIEH
CTENEHM X, @ BO-BTOPHIX, BCNOMHHUTH, UTO B NPEABIAYIIEM PA3AcJc AaH-
HOTO NpPHJIOXKEHNS Mbl BHIIMCHIBAIHM NOJWHOMBL IOXOOHOTO BHJIA, HAMME-
HEee YKJIOHSIOIUECS OT HyJIS HA PACCMATPUBACMOM OTDE3KE.
_ TakoBbIMH CpEfd IOJIMHOMOB CTCMEHH /M ABJSIMCH TOJMHOMBI
0,,(x) (cm. (I11.15)). B nawem cryuac m = n + 1. Kopnu aroro mosu-

HoMa, cornacuo (I11.14):

_a+b b—a, _a+b b—a 2k +n _
Xy == + 5 =" + 5 COS oy k=0,1,...,n (I12.4)

Kopau w,,(x), KaK BHAHO M3 (112.3), cytp ixi, i=0,1,..., n}.

Ecin x; cosnanawor ¢ (112.4), 10 o, (x) = Q, ().

I'oBOpST, YTO B TAKOM CAy4ac OCYIICCTBISICTCS Cmenennas unmep-
NOMSUUSL NO YeObLULEBCKUM YINAM.

TTocMOTpMM, KAaKoe KOHKPETHO BJIMSHUE OKa3blBAECT HHTCPNOALUS
o ueOweBcKUM y3am Ha morpemHocth R, (x). Cormacho (I11.16),

MakCcUMajbHOE YKJIOHEeHHE Q, . (x) OT Hyas paBHO

A= mo™ (112.5)

22n+1

Taxum 06pa3oM, MOXHO BHITHCATH OLUEHKY

R VAGRICI I Mo [b—al]™™!
S I S(n+1)!-2"[ 2 —
(3meck M, ,, = max |M"*D(x)| — maxcumym monysst (n + 1)-it npo-
n+l la. b]

N3BOAHON (YHKIMHK f(X) HA PACCMATPUBAEMOM OTPE3KE).
B rabauue I12.1 aag pasanuHbIX 3HAUYCHUN 1 NPUBOAMTCH BCAMYMHA

n = max|Q,,,(x)|/max]w,,,(x)1,
{0, 1] [0, 1]

KOTOpad xapaktepuayer 3hdeKTHBHOE yMEHbIIEHHE MAKCUMAJIBHO BO3-
MOXHOH OmMOKM HMHTEPHOOALLUMA NPU TICPEXOAE OT PABHOPACHPEAEICH-
HBIX y3/I0B K ueObllIeBCKMM y3jaMm Ha orpeske [a, b].

Taonumall2.1

n 1 2 3 5 10 20 30
M 0.5000 0.6495 0.6328 0.4514 0.1145 0.0041 0.0001
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3ameuanme. Moxno nokasats? uTo 3HAUEHHME 1 HE 3ABUCHT OT
oTpeska [a, b]. IIoaTOMy KOHKpETHBIC BHIYHCIEHHS MPOBOANINCH HA OT-
peske [—1,1]. A

Uro kacaetcst 601bIMMX 71, TO HAMOMHMM, YTO MHTEPIIOISIAS 110 PABHO-
OTCTOALIMM y3/1aM IIpH 1 = 10 NpakTUYECKH HE NCITO/Ib3yeTCs. Bo-nepBoix,
CXOAMMOCTb MHTEPIOS LMY IIPH YBEJUYEHUH 1 MOXET OTCYTCTBOBaTh. Kak
TIOKa3bIBAET M3BECTHHIA npumep yHknmu Pynre f(x) = 1/(1 + 25x?%),
naxe st 6eckoHeuHO quddepeHmpy eMoit byHKIMH ommOKa MHTEPROIS -
LMK C POCTOM 72 MOXET CTAHOBHTBCS CKOJb yrogHo 00abuioi. Bo-BTopeix,
AaXe Maable TOTPENTHOCTH, COACPXKALIMECH B TAONMUHBIX JAHHBIX, TIPHBO-
AST K 6OMBIHM (HEYCTPAHMMBIM) OlIMOKaM MHTEPHO/ISLHH MPH UCTIONB30-
BAHMM IIOJTHHOMOB BHICOKOIA CTETIEHH.

Bce 3™H HENPUATHOCTH HE MMEIOT MECTa, EC/IM MHTEPIOIAIHS OCyLIe-
CTBJISIETCS IO YeOBILIEBCKUM y3J1aM, TO €CTh HOMHMMO TOTO, YTO UeOhIIIEB-
CKad MHTEPHO/ISLUS MUHUMH3UPYET TEOPETUUECK Y0 OluOKy, OHa obaana-
€T enIe APYTrUMHU NOI0XUTEIbHBIMHI CBONCTBAMM CPABHUTEIBHO C MHTEPITO-
JISILMEN TI0 pABHOMEPHBIM y371aM. Bosiee moapoGHo 911 Bonpock ewe 6y ayT
3aTpoHyTH B IIpunoxenun 4, a moxa paccMOTPUM HEKOTOPHIE TPUMEPHI.

Ipumep 1. Ha puc. I1.2 nokasansl pe3yabTaThl HHTEPHIOJINPOBAHMS
dynxuum Pyure f(x) = 1/(1 + 25x%) nonunomamu 8-it n 10-ii creneneit,

— f(x)
20 — Py ()
1,5 R
—o— P (x)
1,0 |
0,5
0 -
_0’5 -
-1,0f
1 1 1 1 |
-1,0 -0,5 0 0,5 1,0 x
Puc. I1.2

TMOCTPOCHHBIMM 110 PABHOPACHPEAEJICHHEM Ha otpeske [—1, 1] yanam, a
TAKXC MOMHOMOM 8-i cremeHu — Pge0(x) mo ueGmhmesckum yamam.

Bostee nonpobusie nanusie npusenens B tabauue [12.2. B nepsom cTo-
Oue Tabnuubl yKazaHa CTENeHb MHTEPNOSIHOHHBIX TOJIHHOMOB, B IOC/IE-
AYWIUMX IPUBOAMTCS MaKCHMMasbHad (IO MOAY/K0) omuOKa MHTEPHOS-
LLH: BO BTOPOM M TPETHEM CTOO1aX — /19 HOJTMHOMA 110 PABHOOTCTOSIIIHM
y3nam (BO BTOPOM CTO0LE NPHBEAEH MAKCMMYM OIIMOKH HA OTPE3Kax
0.7 < |x| <1, rae MHTEPIONAUMOHHBLA IPOLECC MO PABHOOTCTOSIIMM y3-
Jam a8t pyHKkumm PyHre pacxogutes ¢ pocToM n; B TPETheM CTOIOIE COOT-
BETCTBYIOIIAs OIHNOKA HA oTpe3ke | x| < 0.7); B yueTBepToM CTOABIIE MOKA-
3aHa omuOKa HHTEPHOIANMY MO YEOHIUIEBCKAM y3/1aM.
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Tabnunall22

N Oumbka usTEepnONIIUM

4 0.438 0.375 0.400
5 0.108 0.433 0.550
6 0.608 0.229 0.262
7 0.172 0.274 0.392
8 1.0t 0.246 0.167
10 1.88 0.302 0.109
16 12.64 0.245 0.031
20 40.00 0.116 0.014

Kak BupHO, ommbKa s DTOM «HeXopowcily (C TOUKM 3PEHUS HHTEp-
HOJMAIMH) DYHKUMM TP MCHOAB30BAHMYM 4cOBILICBCKMX Y3J0B PABHO-
MEPHO CTPEMHUTCS K HYJIIO C POCTOM UMCAA Y3JO0B.

B cnenyromem mpuMepe M/LTIOCTPUPYCTCS BAMSHUC HEYCTPAHMMBIX
NOrPEIIHOCTEH HA PE3YJIbTAT WHTCPHOJISLUH.

Mpumep 2. B rabnuue 112.3 npuseacHsl pe3yabTaThl NPUOIMKEHHS
Ha otpe3ke [—1, 1] MHTEPHIOAAUMOHHBIMM MIOJNHOMAMY PA3AUYHOI CTE-
NeHn «xopowei» ¢yHxkuuu f(x) = cos nx.

Kak u B npepsitymieit Tabiauue, 3aech 19 pa3iMUHON CTEICHM UHTEP-
noisuuu (cronbey, 1) npuBoRMTCS OmMOKAa MHTCPHOASLMHA AJIS TOJMHO-
MOB, IOCTPOEHHHIX II0 PABHOOTCTOSIIMM y3aaM (cronbus 2, 3) u no ue-
Osimesckum (cronbup 4, 5). [lpu sToMm B cTroabuax 3, 5 IpPHBOXATCS AAH-
HBbIE, NOJYUYEHHBIC /IS CAyYas, KOora Koo uuUueHThl COOTBETCTBYOUIMX
MHTEPNOJSIMOHHEIX TOJUHOMOB BHIUHCASJIMCE N0 TAOIMUYHBIM AAHHBIM
dbyaKIHY f(x), MCKa>KeHHBIM CiiydaiiHoi owmbkoi < 0.01.

Tabnunall2.3

N OumbKxa MHTEPNOASUMH

2 0.6090 0.6110 0.5503 0.5541
3 0.4844 0.4522 0.3640 0.3620
4 0.0886 0.0939 0.0555 0.0613
5 0.0624 0.0627 0.0320 0.0351
6 0.0071 0.0136 0.0027 0.0090
8 0.0003 0.0067 0.0001 0.0091
10 1.31-107° 0.0115 1.54-107 0.0095
14 6.53-1079 0.5137 2.16-10710 0.0104
20 2.97-1079 15.33 2.55-10711 0.0111

BunHO, 4TO BIMSHHE HEYCTPAHUMBIX MOTPELIHOCTEM TMPH MCHOIB30-
BAHMM 4eOBIIEBCKUX Y3/0B CYMECTBEHHO MEHBIIEC CPABHUTEIbHO C MH-
TEPIOASIUEH 1O PABHOPACIPCAESCHHBIM Y3JIaM, KOFAAa MPHBIEKAIOTCH
TIOJIMHOMEL BRICOKOM crenienu (n = 10).
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MPUNOMKEHUNE 3

METO[, UTEPALIMH
C YEBbILLEBCKMM HABOPOM NAPAMETPOB
ONA PELUEHNA CUCTEM JIMHEMAHBIX YPABHEHMH

B orom pasmene Gyner paccMOTpeH eme OMMH NMPEMED MCNOMb3OBAHHS
4eOBIIEBCKAX [IOJMHOMOB A1l OCTPOCHUS 9((HEKTHBHOIO YHMCICHHOIO
merona. Peub maer, kak crenyer M3 Ha3BaHMS MPUIOXEHHMS, 06 UTEpa-
IIHOHHEIX METOAAX PELIECHHUS JMHCHHBIX CUCTEM YPABHEHHIA.

Wrax, nycrs 3agana cucrema

AX=f. (I13.1)
3nech A — KBaapaTHAs MATPHUIA MOPSIKA 1 C DIEMCHTAMH @ ;j» X — BEKTOp
HEM3BECTHBIX BeamunH {x, i=1,2,...,n}, f={f, i=1,2,...,n} —

NIPABHIE YaCTH YPABHEHMI CUCTEMH.

IMpucrynas x ofCcy>XACHMIO METOAA MTEpPALMii ¢ YEOHIMIEBCKMM HA00-
pOM MapamMeTpoB (MM, KaK MHOIJA TOBOPST, C YeOBIIEBCKUM YCKOPCHH~
€M), MBI OTTOJIKHEMCS OT PACCMOTPEHHOIO B JIEKIMU 3 OXHONIAPAMETPH-
YECKOTN0 MTEPALMOHHOTO MPOLECCa, KOTOPHI MOXHO HCIONb30BATh B Ka-
UECTBE OJHOTO M3 BO3MOXHBIX METONOB BHIUMCJICHMS IPHOIMKEHHONO
pewenns cucremur (I13.1). Kanounueckas samuce (crp. 49) ororo mMero-
Ja BHIVISAWAT CACKYIOUUM 00pasoM:

XD —xn (113.2)

+ AX(™ =1,
m — HOMep MpuOaMXeHus (ATEpauuu), T — HEKOTOPHIA UHCICHHBINA
napaMmerp.

ITpu 3apanHOM HauasnbHoM (HynesoM) npubamxenmn — X©@ kax-
noe cnepyromee, kak caegyer ua (I13.2), moxer 6BITb BHUMCIEHO TIO
dopmyam

X+ = X0m) — 1 AX() 4 1f = (E — 1A)X(m) + of

(E — epmHu4HAs MaTpuoa).

Ecau mMatpuna A — CHMMETPHUYHA WM MOJOXHUTEILHO ONMPEACAEHA, TO,
KdK NOKA3bIBACT aHAMU3 (CM. JieKuuio 3), OpubanxKeHns, BHIYUCISIEMbIC
mo ¢opmynam (I13.3), cxomaTca X HMCKOMOMY pEIICHHIO CHCTEMBbI
(I13.1), xorma 0 < Tt < 2/A, (A — MakcuManpHOE COOCTBEHHOE 3HAUE-
HME MaTpULbl A), TO eCTh B 3TOM CIyYae

8y = X — x|

(113.3)

m-cw

(X* — Tounoe pewenne (I13.1)).
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Ecau IIp¥ 3TOM HCNONB3YETCd HOpMa

172

n
IXH=1IXll,= |3 x}| , (113.5)
i=1
TO YAAETCH HAUTH ONTHMAJbHOE 3HAUCHUC napaMmcrpa
2
T=T == I13.6
omnr T+ A ( )

(A — MMHMMAaNbHOE COOCTBCHHOE 3HAUCHME MATPHUIB A), IPH KOTOPOM
d,, ybniBaer ¢ pocrom m Hanbosce GhICTpO:

— m
A—}
9, = &)= (A +X) 09 = ¢y, (13.7)
rae O, — ommbKa HAYANBHOIO NPUBIMXCHMUS.
O6o3HaueHne ¢ MMEET, OYCBUAHO, CCHYIOUMIA CMBICI:
_A—X__1-§ A 3.8

Huxe MBI yBUANM, YTO €C/IM NMapaMeTp T MEHSATh OT UTCPALMH K
UTEPALHUH, TO MOXHO HAWUTH TAKYI0 HOCJACAOBATEJbHOCTH NAaPAMETPOB
T,, NpA KOTOpOH omubka O, yObBacT HaMHOrO ObicTpec, YEM TpH

T = const, Aaxe ecan T =T, ..

[Mocnenyromue BHIKIARAKKA OYAYT ONMPATbCS HA YHOMSIHYTHIE BBILIC
npeanonaoxesns o marpune cucremst (I13.1):

ona cummempuyna (A= A", A" — TPAHCNOHMPOBAHHAS MATPHUIA) U
oHa noxoxumenvia ((AX, X) > 0 gns moboro sekTopa X).

Hoxanyit, 3aech yMECTHO OTB/IEYbCS OT 06CY X AaeMOM TEMBI M CAEIATh HEKOTO-
pbl€ MOSICHEHMS: 3a4eM HYXHbI DTH npeanonoxcuua? He aBjisiioTcs Jid OHM CIMLL-
KOM OrpaHH4HTEIbHBIMU?

Ha nocnepuuii Bonpoc oteer — Her. [lsisi Tex uuraTtenei, KOTopble 3Ha-
KOMbl C METOJAMH BBIYHCJICHHHM B Iipeaenax XoTs Obl BBOZHOIO Kypca, MOHAT-
HO, 4TO JIMHEHMHBIE CUCTEMBI ajrebpauMuccKUX ypaBHEHHIl, MjiS pelleHUs KOTo-
PbIX HTEPaLMOHHBIC METOAbI OKasblBaloTcs Oosice 3G GEKTUBHBIMH, HeEXenH
npsiMple (THNA TaycCOBCKONO MCKJIIOUECHMS), NOSBJAKTCS (B KayecTBe Mpome-
KYTOYHOTO 3Tana) TpH MCHOJIL30BAHMM YHMCJIEHHBIX METONOB pelleHUs ypab-
HEHMIT MaTeMaTHYeCcKOM UIMKHU,

70 OYEHB WMPOKHIt KPYT 3a/lay, KakK IIPaBUJIO, PEANBHOTO (PU3UUECKOTO COAEP-
XKaHus. B cBeTe Xe nocTaB/IeHHOro BOIPOCa BAXHO TO, YTO U1 BOSHUKAKOUINX HpPH
3TOM JIMHEHAHBIX CUCTEM TIPEITIONOKEHUS 0 CUMMETPUYHOCTH U [ONIOXKUTENBHOCTH
MaTpUll 04e€Hb YACTO OKAa3bIBAIOTCS BBIIIOJIHEHHBIMMU.

Yurateno, He YOOBIETBOPEHHOMY NOAOOHBIM HEaPryMEHTUPOBAHHEIM OTBETOM
Ha 10CIERHUH BONPOC (KOTOPBIM BhIHYKACH ONPAHUUHTLCS aBTOP), MOXKHO I10peKo-
MEH/IOBATb Pa300paTLCs C U3YUCHHUEM CBOICTB MATPHL] COOTBETCTBYIOIIMX CUCTEM,
Hanpumep B [9—13].
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Tenepe 0 ToM, umo daem npepnoIOKEHUE 0 CHMMETPUUHOCTH M NOJIOXHUTENb-
HOCTH MaTpulbl A ucxonHo# cuctemsl (I13.1). Io aroMy noBoxy, Bo-1IEpBbIX, Ha-
MTOMHMM CENYIOIIUE MOJ0XKEHUS U3 Kypca JIMHEHHON anrebpol:

a) cobCTBEHHBIE YMC/Ia CHMMETPUYHOM MATPULIBI AEHCTBUTEIbHBI,

6) y nonoxUTENbHOM CUMMETPUYHON MaTPULIbl Bce cOGCTBEHHBIE YHCIa 60JTb-
1Ie HyJIs;

B) CYLIECTBYET OPTOHOPMHUPOBaHHBIM Ga3UC U3 COGCTBEHHBIX BEKTOPOB CHM-
METPUYHOI MaTpULILI.

BO-BTOprX, OTMCTHUM, YTO B NOCJICAYOUIUX BLIK/IaAKaX Mbi 6Y}ICM CYWECTBEHHO
OIMpaThCHd Ha OrOBOPEHHDLIC NTOJIOXKEHUL.

BosspamaeMcs K OCHOBHOI TeMe AaHHoro Ilpumoxenns.
3anuiieM UTEPAIMOHHEIA MPOLUECC C NEPEMEHHBIM MAPAMETPOM B Ka-
HOHHMUYECKOI hopme

k+1) _ (k)
X =X L AX(k) =1, k=0,1, ... (T13.9)

CootBercrBytomue ¢opMynsl ans mepexoga or Tekymero (k-ro)
NpUO/IVKEHUS K CICAYIOIEMY MMEIOT BUA:
X*+D) = (E— 1, A)X® + 1 1. (113.10)
Tounoe pewenne cucremsr (I13.1) X*, oueBmmuo, mpu moboM T,
VAOBJICTBOPSIET TaKXe CUCTEME
X = (E— 1, A)X + 1.,
TO €CTb IIPH NOACTAHOBKEe X* B OTY CHCTEMY TIONYy4YaeM TOXAECTBO
X" = (E— 1, A)X" + 1, f. (113.11)

Berumras (I13.11) w3 (I13.10), nonyuyaeM COOTHOIMEHME, KOTOpPOE
ceg3biBaeT omubky (k + 1)-ro npubnmxenus ¢ ommOKkoit k-ro:

X&) — x* = (E — 1, A)(X® — X").

OI.LSHI/IM NOrpCrHoCTh HA m-~M LIAre.

BBong ofosHauenme a1a Bektopa ommbOkm ri™ = X(™) — X* u Bripa-
Xas oWMOKM MOCICAOBATEABHO YEPE3 IPEAbIAYIHE, TOTyYaeM

™ =(E—1,_ Arm )=

=(E—1, (A)(E—r1,_Arm" = =p O (113.12)

m—1

rae Matpuna P, =[] (E — 1, A).
k=0

3ameTuM, uTo Marpuua P, CHMMETPHYHA.
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B camom nene, ang marpune B = (E — aA) (E — BA) ¢ n1pousBosibHbIMY , B
UMeeM 110 NpaBuiaM rnepeMHoxenust Matpun B = E — (a + ) A + offA2. OueBua-
HO, €C/IM A — CUMMETPHYHA, TO CUMMETPUYHA U MaTpuila A%, a BMecTe ¢ TeM U
Marpuua B.

Tocsie 3TOr0 3aK/MOUEHUS JIEPKO IPUXORMM K BHIBOAY O CUMMETPUUHOCTH MaT-
puns P, .

U3z (I13.12) cnegyer omeHKa TOrpPEITHOCTH M-TO MPHOIMXCHHS:
8, = I < ||P,, 11 8. (113.13)

Ecnu morpemnocts oucHuBacrcea B eskamaosoit mopme (I13.5), to B
KayeCTBE HOPMBI MATPHL[ €CTECTBCHHO NMPUBJIEYD CIEKTPAJBHYIO HOPMY
(cM. yexnumio 2), KOTOpas A CHMMCTPHUHOM MATPUIH ONPEAETSIETCs
€€ CIHEKTPAJbHBIM PaguyCcoM:

IlAll = max |2,] = A.
4

{x;, i=1,2,..., n} — coBCcTBEHHbIC YMCAA MATPHIILL.

Bynem cunTtaTh MX ynmopsIOUEHHBIMHM MO BCIMYMHE; TIPH ITOM, B CH-
JIy TIOJIOXKUTEIBHOCTA MATpuubl A, A =X, >0 (A=1,).

C yuetom ckasausoro, B dopmyae (113.13) ||P, || = max (W™, ec-

JIM TIOJ p.g'") MOHUMATH COGCTBEHHBIE 3HAUCHMSA MATPHILBI P

HOCJICZ[HPIC CBA3aHEI C COOCTBEHHBIMM YMCAAMHU MaTpuLbl A CIEAYIO-

M 00pa3om:
m-—1

W =TT (1 — 1,4,), (I13.14)
k=0
4TO JIEFKO YCTAHABJIUBAECTCS.
HekcTBUTENbHO, NIYCTh [-My COOCTBEHHOMY YMCIy MATPHIlbl A COOTBETCTBYET
cobcTBeHHbIH BekTOp €;. Torna s matpunsl Py = (E — 1,A) umeeM:
Poe, = (E—1,A)e; =¢; — tphe; = (1 —14h,) e,

TO €CTh }Lgo) = (1 — 14};) ABnsieTca cobCTBEHHBIM 3HaueHUeM MaTpuubl P, danee
T4KX€ HENOCPEACTBEHHOM IIpoBepKoi yOexpaaemcd, 4TO }Lgl) = (1 — tlki) X
X (1 —1y);) sBngercs coGcTBEeHHBIM uMCIOM MaTpuupl P = (E — T A) X
(E—154) X uT. o,

Hacrano Bpems BcmoMHuTh O nmojguHomax Yebprmesa.

3ameTuM, uto dopmysa (I13.14) sanaer 3HaueHMs moamMBEOMA mM-ii
CTENECHU OT A:

m—1
wm ) =] (1 — 1,A) (113.15)
’ k=0
B TOuKax A;, i=1,2,..., n otpeska [A, Al.
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CoOTBETCTBEHHO

12,1l = max; |p{™| < max |ut(1)].
(% Al

(I13.16)

[lpaBas uyacTp WOCAEAHETO HEPABEHCTBA, OUYEBMAHO, MPCACTABISICT
c000if MAKCUMAaJIBHOE YKJIOHEHHUE OT HYJIS TIOJNHOMA u('")(x) Ha OTPE3KE
[A, A] , npuuem p(0) =1 npu mobsx 3HAYEHMAX napameTpoB T,
(xoTophie MOKA HE ONpENeacHH ).

B nepsoM paspene npuioxenus GBUIO NOKA3aHO, UTO CPEAM MOJUHO-
MOB NOAOOHOIO BMAA HAMMEHEE YKJOHSIOTCS OT HYJS HOPMHUPOBAHHBIE
RonxHBM 06pasom momunoMer Yebbimesa S, (X) WM NPUMEHUTETHHO K
ofosnaucHnaM naHHoro pasaena S,,(A).

Kopuau momuoma p(™ (1), kak caenyer us (I13.15) cyts

{Ay=1Vr, k=0,1,...,m—1}
Cosmemas A, c kopusmu S, (A) (cm. (I11.14)):
1 _i+A

T, 2

A—% Qk+1)n
+ 7 COS ~—5 =,

k=0,1,...,m—1, (II3.17)
MBI TeM cambiM npespamaeM (™ (L) B MOJMHOM, HaUMEHEE YKJIOHSIO-
WHics OT Hyas Ha orpe3ke [A, A] u, kak caenyer m3 (I13.16) n
(I13.13), MEHMMH3MPYIOIMIA OrPEIIHOCTb NPHAGIIKEHAS HA #-M 1HAre
nocnenosarenpHbix npubmmxenunin (113.10), a dopmyna (I13.17) onpe-
AENSCT COOTBETCTBYIOMYIO MOCJIEAOBATEIBHOCTh NAPAMETPOB T, METOAA
(I13.10) BmoTH KO M-r0 NPUBIMXKEHHUS.

Meron (I13.10) ¢ napamerpamu (I13.17) nasmBamoT Mmemodom ume-
pauuil ¢ uebbiuesckum Habopom napamempos (MaN ¢ uebbliuescxum yc-
xopenuem). B 3apy6GexHoil aMTepaType MCOONb3YETCS HA3BAHME — Me-
Tox Puuapnacona.

Kakoi Xe BBIATPHII JAeT MCHOAb30BAHUE YeOBIIEBCKOro Habopa ma-
PaMETPOB CPABHUTENBHO € T = const? COOTBETCTBYIOIME OLEHKA MOXHO
Haita B [1, 9—13, 18]. CouwneMca n1s OIPERETEHHOCTH HAa BBIKJIANKHY,
npuseacHHbE B [12, ¢. 106—107]. Tam nokazaHo, YTo MAKCUMAIBLHOE VK-
JIOHEHHE OT HYJISl MHTCPECYIOIUX HAC CEMYac NOJIMHOMOB PABHO BEJMUMHE
q,,» BRIUHCAAEMON 1O hopMyaam:

_ _1=vE L _ 2
9 = Wa Py = TW?7 g - X (H318)

Hcnonbays (113.18), MOXHO HalTH anpMOPHYIO OLIEHKY HEOGXOAMMOTO
KOJIMYECTBA NTEPALUI 151 BEIYUCIICHUS PeLIeHus ¢ TPeOyeMOi TOUHOCTBIO.

Ha m-m mare ommbka Haiinensoro npubimxenus Gyaer B & pas
MECHBIIC HAYAJIBHOM OIIMOKU:

X —X°|| < e X© — X7,

ecu g, < €.
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Orcrona B mpennonoxedud Manoctv &= A/A (4To, KaKk mpaBuio,
MMECT MECTO AJIST CHCTEM, O MPOMCXOXACHUM KOTOPHIX LLIA PEUD BHIMIE)

HOJMYy4YaeM OUEHKY Jas HeoOxomumoro uwmcaa npubavoxenwit ([12,

c. 111-112]): 1n(2/e)

mz=2m,=~ b \/E .
Hns meroja MTEpaUMil C NOCTOSHHBIM (ONTHMANLHBIM) MAPAMETPOM
KOJIMYECTBO NPUOIMXKEHNUIA, YMECHBIIAKOIMUX HAYATbHYIO OUIMOKY B € pa3

(nexuus 3):
my & 1“(215/5) (113.20)

(I13.19)

3
v

Buurpeim B uncne wrepaumii (113.19) BecbMa 3HAUMTENEH CPaBHH-
teabHo ¢ (I13.20). Hanpumep, 8 [11, ¢. 112—113] npusoourca konuue-
CTBO npuO/nKenuit, noTpeGoBaBICCcs NpH PeUICHUY KOHKPCTHOM 3aauu
¢ e =107* pna uebbruesckoro Habopa MapaMeTpoB m, ~ 34, pna ogHO-
IapAMETPUUECKOrO nponecca m, ~ 200.

Kak cienyer U3 BbIICH3I0XKCHHOTO, MCNO/Ib30BAHNC JAHHOTO METONA
Uil PEINCHUSI KOHKPETHBIX CUCTEM TpcOYCT 3HAHMH MAKCMMAJLHOTO M
MHMHHMMAaJIPHOIO COOCTBEHHBIX uUMCEa MaTpulll A (Mo KpaitHcit Mepe HX
npuOIMXEHHBIX OLEHOK). [Ipu aToM, ecan £ mMano, TO aNpUOpH U3BECT-
HAa OLCHKA KOJMMYECTBA MPUOAMXKEHHIM, KOTOPHIC HEOOXOAMMO BBIYHC-
auts — (T13.19).

3ameuaHue. BrnpoueM, MHOIMA NPUACPXUBAXOTCS MHOM TAKTHKH
BBHIYMC/ICHMI: 33aBUINCh 3HaUeHUEM m (Hanpumcp, m =~ 1/VE = VA/L),
[OBTOPSIIOT M-IUArOBbIA BHIYMCIAUTEIBHBINA LMK 10 TEX 1OP, MOKa He Oy-
AET JOCTUrHYTa TpeOyeMas TOUHOCTh, KOTOpast NpUOIMKEHHO KOHTPOJIH-
PYETCsl HOPMOH Pa3HOCTH ABYX NPUOIMXCHMM, NMOJTYUYECHHBIX HA MOCAERO0-
BATEJIbHBIX M-IIATOBBIX LIUKIAX. A

Tak wIM MHAUC YUCAO M JOCTATOYHO BCJAMKO IS PEasJbHBIX 3373y
(mopspka pmecsitkoB). [Ipu 5TOM OOHApPYXMBAETCS MOBOJBHO HEMPUST-
Hbld adpexr. Ecam npusnckate mapamerpbl {t,} B €CTECTBEHHOM mO-
paake k=0,1,..., m—1 (k — HOMEpa ynopsAO4YEHHBIX IO BO3PACTa-
HUIO COOCTBEHHBIX UMCEJ MATPULBI A), TO PACUET 3aBEPIIAETCS BPOAE
6b1 abCypmHBIM 00pa3oM: aMBO HACTYNAET «IICPENMOIHCHUC» (BBIXOX Y-
CEJ 32 IPEICabl, NOMyCTUMbIC IIPH MAIINHHOM MX IIPEACTABJICHHM), M-
60, ec/iM X0 3TOrO AENO HE NOXOOMT, B KAUECTBE PE3YJIbTATOB BBIAAIOTCS
uMCia 9K30THUECKUX (OOMBIINX) MOPIAKOB, BHI3HBAS CIPABEAIMBEIC CO-
MHCHMS B TOM, YTO MOJYYEHO NPUOCIMXCHME K MCKOMOMY PELIEHHIO.

B neiictBuTespbHOCTM Huuero alCcypoHOro 3mech HET, TAKOM MTOTr
obycoBieH cneuuUUHBIM XapaKTEPOM HOBEICHHS OMHMOKM npubimxe-
HHUS MPU NEPEXOAE OT ORHON MUTEpAalMu K CAEAYIOWEN, 4 TAKXKE CHEIM-
(MKOM MalIMHHBIX BBIYUCJICHWI: TeM, uTo umcaa B DBM scerma npea-
CTABJIEHBl C NOTPELIHOCTBIO OKPYIVICHUS, U NPM MPOM3BOACTBE apudme-
THUYECKMX ONEPanuil NOCACHHNAY B HEONATONPHITHOM CJIyYae MOXET
CYUIECTBEHHO BJAMSTh HA PE3YJIBTATHL
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IMonpo6HEIi aHAMN3 TOMO, YTO NPOUCXOANT B M3ydyaemom cayuyae (u
KaK TMpeogoJeTh BO3ZHMKAIOIAE HEMPHSATHOCTH), MOXHO Haiith B [9,
c.412; 11, c. 115—118; 13, c. 275-283; 18, c. 154—159]. [Toaromy Mm
OrpaHMUMMCS 3AeCh 0003HAUEHHEM JAHHOM NpoOaeMbl M KPaTKUM (Kaue-
CTBEHHBIM ) MOSICHEHUEM «MEXAHM3Ma» HEOrPAHUUYEHHOTO POCTa HOTPEIL-
HOCTH NPH €CTECTBEHHOM nepefope napaMeTpoB B 0OCYXXAaEMOM METOAE.

TIpencrasum BexkTop HauampHo# ommbky r® = X© — X* s uge pas-
JIOXEHHS N0 JnemenTaM 0a3uca u3 COOCTBEHHBIX BEKTOPOB MATPUILI A:

n
r® = S ce;
i=1
Torga nocje BHITOJHEHMS IIEPBOTO MIATA UTEPALMIl MOMYYHMM, COIVIACHO
(T13.12):

r) = (E—1,)r0 =3 ¢,(E— tyd)e; = ¢;(1 —15},)e;, (113.21)
I 1

rae 1, = 1/Ay — BennuuHA, 0OPATHO NMPOMOPLUMOHAIBHAS MEPBOMY KOp-

nio mosmaoma S,,(A) (em. (I13.17)). Taxum obpa3om, i-f KOMIOHeTa

NOrpeIHOCTH HAYAIBHONO PUOAYIKCHMS HA MEPBOM LIATE MTEPAUMH yM-

Hoxaercs Ha (1 — 144;).

Tak Kak KOpEHb A, HAXOAUTCH BOJM3M JICBOM TPAHMIBI CHEKTPa
(A, = 1), To mMHOXMTEMD (1 — A,/Ay) mocTaToyno Mas (BO BCAKOM CIIy-
yae, MEHbLIEC eAMHULB). TO KE MOXHO CKAa3aTbh M O PAAE CJACAYIOMUX
MHOXMTEREH B mpaBoit wacty (I13.21): (1 — A,/Ay), (1 — Ay/Ap), ...

A BOT 114 A;, NPUMBIKAIOUIMX K NpaBoii rpanuue cnektpa (A;~A):

(1—%")~( —§)~é>1.
» Y BY

Ha camom gmene, nns peansnsix 3agau A/A = 1/E>>1, Takum obpa-
30M, NpH NEPECXOAC K NCPBOMY IIpI/I6]II/I)KeHI/HO KOMITIOHCHTbBIL 01HH6KI/I
BJIOJb BEKTOPOB €; C i~ 7 3HAYMTEJbHO BO3pacramoT. To xe camoe Ha

BTOPOM IIATE ¥ T. A. 3a MOJHEIX /M IIATOB METOAA MTEPALMA HTH OMHUOKH
Obumi Ob1 mopaBsieHsl (3a cueT manocth Muoxumrenci (1 — A,/1}) npu
A A;.~A. Ho nmo takoro urtora neno He ycmeBaeT HOMTH, TaK Kak Ha
HAYAJbHOM CTAAMM UTEPAUMN CHIBHO BO3PACTAOIIME OWHMOKWA BIOJD
YIIOMSHYTHX BEKTOPOB YX€ NMPHBOALT K HEPEMOAHEHMIO JUOO K rumep-
TpohbUpPOBAHHOMY POCTY HEYCTPAHMMBIX TMOTPCIIHOCTEH IPH BHIIOIHE-
HUHM apuPMETHUECKUX ONepaumil HAX YMCIAMY YPE3MEPHO GOJBIUOIO MO-
pgaKa ¢ OrpaHMYECHHON MAHTHUCCOM.

MHorue apyrue npuMeps! UCMOAL3OBAHAS NOAMHOMOB Yelnimesa aAns
nocTpoeHUS IMPEKTUBHBIX UTEPALMOHHEIX METOLOB PEIICHUS JTUHEHHBIX
CHCTEM ypaBHCHHMM MOXHO Haittu B [2, c. 277—289; 9, c. 408—412; 10,
c. 176—187; 11, c. 110—126; 12, c. 109—1135, 389—393; 13; 17, c. 132—
134; 18, c. 154—159].
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NMPUNOMEHHUE 4

TPUTOHOMETPHUHECKASA UHTEPNONALMUSA

B sToM mpuioxeHum peub NOHUACT O NpUOAMXEHUH NEPUOAUYECKUX
dbyaKDMIL.

[Mycts F(x) = F(x + L), To ccrb nepuoa dhyHkImu paseH L, U HANO
HAUTH TOpUONVXEHHE 3TON (BYHKUMM NO ee 3HAUCHWIM, 3a0aHHBIM HA
KakoM-TO OTpe3Ke MepHOAMYHOCTH. DByaem cuurate pnsa omnpene-
JICHHOCTH, UTO TAKOBHIM siBJAsicTcs oTpe3ok x € [0, L].

3aMeruM, 4TO DJACMCHTAPHBIM Mpeodpasosanuem ¢ = 2nx/L 9ToT
orpe3ok nepesoautca B ¢ € [0, 2n]. IosTomy pance mbi Gyaem pac-
CMATPHUBATh 3a7auy O npubavxennn f(¢p) N0 €€ 3HAYECHUSM HA OTpe3-
ke [0, 2mx].

TpencrasasieTcss eCTECTBEHHBIM MCKATh NMPUOIMXKCHHOE NpEAcTasie-
Hue nepuognyeckon ¢dyHkuum f(¢) B BUAC

0,(9) =Y a, cos kg + Y b, sin k. (114.1)

k=0 k=1

3ameuanue. (I14.1) HA3BIBAOT MPUZOHOMEMPUUECKUM ROJUHO-
MOM n-li cmenenu. A

B sanucu ([14.1) N= (2n+ 1) xoadpduuuenros. Ecmu crasBurca
3apaya 00 wmTepronsuuu ¢GyHKUMH f(¢), TO 3HAUEHHS NOCACAHEN
noJXHEL ObiTh 3a7aHel B N Toukax orpeska |0, 2m] (Tounee, moayor-
pe3ka [0, 2x), mockosbky B cuny mnepuomnydoctu f(0) = f(2xn) wu
0,(0) = Q,(2x)). Ilycrs aro Touku {¢,, m=0,1,...,2n}, a coor-
sercTBylome  (3agamneie) 3Hauenns  ymkumm:  {f, = f(¢,),
m=20,1, ..., 2n}.

YcnoBust MHTEPIOASIAN

n
ay+ > (a,cos ke, + b, sin ke,)) = f
k=1

m=0,1,...,2n (I14.2)

m?

IPUBOAAT K 3aMKHYTOM CHCTEME JMHEWHBIX YPABHCHUN OTHOCHTEIBHO
koaddunuenros nommHoma (114.1).
Omnpeacaurens (114.2)

1 cos ¢, sin¢, CoS np,  Sin @,
1 cos¢, sing, ... cosnep, sin¢, (114.3)

.........................

1 cos ¢,, sin¢,, oS n,, sin ¢,
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Boryucsienus (cm. [3, 1.1, c. 156]) npusonsar x caemyoomemy pe-
3yJAbTATY:

A=22" [T sin%®, (T14.4)
O0<sl{<k=<2n

TO €CTh MPH HECOBNAmAMUX Toukax {¢,} A =0 u cucrema (I14.2)
HMEeT eAMHCTBEHHOC PEUICHHME.

B [3, 1. 1, c. 156—163] pemenue monyyeHo B aHATUTHYECKOMH hopme
¥ PacCMOTPEHBI OTACABHBIC MPUMEPHI.

310 pewieHue — HEKMH aHasor nojanmHoMa Jlarpanxa ais anareGpau-
YECKOM HWHTEPNONSUMA. YNOMSHYTOE AHAJUTHUECKOE IPEACTABIEHHE

f 4 ' 4 " 4

t y + . t + . t +

0 ‘PO ‘Pl ¢n= T \PN =1 2 ¢

Puc.I1.3

UMEET BECbMA IPOMO3IKMIA BuA. Mbl Gosiee He OyneM MM 3aHMMATBCS, a
PACCMOTPHUM HOAPOOHEE MHOM CrocOd MOCTPOCHUS TPATOHOMETPHUECKHX
DOJIMHOMOB, mpubmrkaumx Gyskuuo f(x).

Ilpu 3TOM CylECTBEHHBIM OYAET ABAATHCH NPEANOJOXEHHE O TOM,
YTO Y3JIbl MHTECPHOJAIMM PABHOOTCTOAT APYID OT Apyra.

ITycTh A ONpeAESIEHHOCTH KOOPAMHATHL Y3JI0B 3aAar0Tcda (HopMyJIon

¢, =9, +mt, m=1,..,N—1 (N=2n+1)
_ = _2n
‘P()_ﬁ, T_W'

(I14.5)

Ha puc. I1.3 xpecTukamMu OTMEUEHO PACHONOXEHHE 3aAAHHBIX TAKHM 00-
pasom y3a0B Ha orpeske [0, 2x]:

PaccmoTpum passnunbie (DYHKIMH, ONPEHCICHHBIC CBOMMH 3HAYCHU-
amu B yaaax (I14.5)

§9=1{g,=28(¢,), m=0,1,...,N—1}. (114.6)

3ameuvannec. Haunnas ¢ Jlexuuu 8, obbektnt suna ([14.6) mbi Ha-
3BIBAJIM CETOYHEIMH QYHKUHAMH. A

OuepunHo, yto ¢ynkuum g(¥), 3a1aHHBIC MHOXECTBOM CBOMX 3HAYE-
HMif, MOXHO TPaKTOBATh KaK N-MEPHBIC BEKTODHI, KOTOPHIE BKYyIIE ofpa-
3y1oT N-MepHOE NPOCTPAHCTBO. BBEIEM B 3TOM IPOCTPAHCTBE CKAMSPHOE
[IPOM3BEACHUC

N-1
1
(g(r), f(r)) = &S m (114.7)
m=0
U HOpMY o "
1
gl = (8@, 6= |5 X &l - (114.8)
m=0
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TpPUTOHOMETPHYECKHI TIONMHOM, B BUAE KOTOPOTO MBI MIIEM HPUO/IH-
XCHUE K 3aJaHHOM yHKIuA f(¢), NpeacTasiser coboit, Kak BULHO M3
(114.1), muneitny xoMOuHaUWO Ga3ucHBIX (PyHKIUM

{1, cos ¢, sin ¢, cos 2, sin 2¢, ..., cos nP, sin np}.

TloceaHue, eCIM PACCMATPHBATh NX 3HAUCHHS B y371aX MHTCPIOJISIMH,
NOPOXAAIOT CAERAYIOIME DICMCHTH (CeTouHble (PYHKIMM) B PACCMATPH-
BAEMOM IPOCTPAHCTBE:

Yo=1,1,.., 1

N

M= {cosrp., m=0,1,...,.N—1}, r=1,2,...,n,
vy = {eos ren, (114.9)

xp%): {sin P, m=0,1,...,N—1}, r=1,2,...,n

OxasbiBaercs, Ha pasHOpacnpeaeaeHHbix y3snax (I14.5) «sexTopbI»
(I14.9) B3aMMHO OPTOTOHAJIBHBI B CMBICJC CKajsiPHOTO IPOM3BEACHHS
(ra.7).

MBI OrpaHuuMMCH 37€Ch NPOBEPKOM ITOro (hpakra A COBOKYMHOCTH
J/EMEHTOB, 33aAAaHHBIX B IIEPBOM M BTOpOM crpoukax (114.9).

Wrak, nokaxeMm, 4To

0 r+s
(92, 9 = {o-’;: 0 res (114.10)

ama0<r,s<n.

B camom pene,

N-1
% > cos r¢,, €os s, =
m=0
— 7417 E (eirlogtmn) 4 e—ir(«p0+mr))(ei5(tpo+mr) + e islegtmr)y =

- 7111\72 [eir+s)egtmr) | pils=r)wgtmr) 4 oHr=s)(pg*mr) | e~ ir+s)ogtmn)],
(I14.11)

B mpasoit yactn (I14.11) cyMMMpOoBaHUE MO m TEPBOTO CJIAragMoro B
KBaJApAaTHBIX CKOGKAX TIPUBOAMT K HYJIEBOMY DE3YJbTAaTy NPy JHOObIX 7
U S, HE PAaBHBIX HYJIIO0 OXHOBPEMEHHO.

HeitcrButenpHo (Mcnonb3ys opMysay mIsS CYMMBI PEOMETPAUCCKON
NIPOrpeCCHM), TIONYUAEM:

N—-1 ) (r+5) N-l (r+5) r+)e, 1 Ll FONT
i(r+s +mr) _ Li(rts i(r+s)mt — Li(r+s)e —
2: e (r+s)(9, = e Po E e =e o T e = 0,
m=0 m=0

tak Kak N1 =2n u er+9)2 — [ =0, ecnu r + s = 0.
ToyHO TaK XC YCTAHABJMBACTCH, YTO CYMMHPOBAHHE NOCIEIHErO
cnaraemoro B (I14.11) Bceraa maer HyJEBOM pE3YJabTAT.
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Yro kacaercs 2-ro u 3-To ciaracMeix, TO CYMMHPOBAHHME IO m I
KaXJ0ro U3 HAX DPUBOMMT K HYJIIO, ecau r = 5. Ecom xe r = s, 10

=)oyt me) = Lir=s)py+mr) — |

B nrore, noncuer (I14.11) npueonut k caeayiomemy pe3yaprarty:
N-1
. o\ _ 1 1
(92, W) =5 Scostre, =3, (I14.12)
m=0
ecmt r=s5+0mn
(wgfo)’ wY(:))) =1, mpu r=s=0. (H413)

AnanornyssiM 06pazoM NIpoBEpSETCs, UTO

(wg?, wg‘s)) =0 npu r#s

N-1
(ngtr), q,%)) = % 2_:0 sin? re,, = % (I14.14)

Urax, MOXHO CUMTaTh YCTAHOBJEHHOH CIPABEMIMBOCTh COOTHOLIE-
Huit (T14.10) co=1/2npur=s#0uno=1npu r=s=0.

B cBow ouepenr 5TM cooTHOmEHMS 03HAYAIOT, YTO N 3JEMEHTOB
(extopos) (I14.9) B paccMaTpuBaEMOM IHPOCTPAHCTBE NPEACTABJISIOT
coboit oproronambHbit 6asuc (koropsiit ¢ yuerom (I14.12)—(T14.14) uu-
YEro HC CTOMT CAE/JATh OPTOHOPMHUPOBAHHBIM ).

Bosspamasce Tenepp x ycaosuam mmteprionsmua (I14.2), mbt Bu-
AUM, YTO MX MOXHO TPaKTOBATh KaK CHCTCMY YDAaBHEHUil A1S Ko3ddu-
UMCHTOB Pa3/IOXEHUs «BeKTopa» [V no aneMenTaM ykasausoro Gaauca:

O =agyP + 3 (akq,g? + bkxpgfg) : (I14.15)
k=1

B3anMHuast OpTOTOHAIBHOCTD MOCAEAHUX NMO3BOJSIET JETKO HAWTH TU KO-
apdunueHTo.

Ymuoxas ckansapuo (I14.15) mocnezoBarensHo Ha

Wio, (9D, v, k=1,2,..., n},

MOJIYUaeM;
B (Nt
ap, = N 2 fm’
m=0
2N~—1
=% > S Cos ke, (T14.16)
m=0
SN
b, = v 2 msinke,.
m=0
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3anaua 0 MOKMCKE TPUIOHOMETPHUYECKOTO WHTEPIIONSIMOHHOIO IIOJIU-
voMma (IJis Cayuas PABHOOTCTOSINMX y370B) pewena. IloxpobHoe mccae-
JAOBAHME CBOMCTB MOAOOHBIX MOJMHOMOB B KAUECTBE NPUOMIKEHUS K TIC-
puoanueckoil qyukumm npuscacHo B [17, ¢. 49—-66]. 3necy Mbl aunib
KOHCNEKTUBHO OD03HAYMM HEKOTOPBIE PC3YJbTATHL.

1. O norpeuiHOCTH TPUrOHOMETPHYECXOH MHTepnoasuuu. [lns
MOTPEMHOCTH  TPUTOHOMCTPHUCCKOW HMHTEPHOASLIUN [OJUHOMAMU n-#
CTENEHN B TPCATIONOXECHUHN CYLUCCTBOBAHMS r-W ITPOM3BOAHOM npubn-
xaeMoit ¢yHkuuu f () Moxer GbITh NOMyUEHA CASAYIOMAs OLCHKA:

IR\ (9)1 = 17(9) = Qu(9)| Sconst =5, (T14.17)

rae M, = max | /¢)| Ha oTpeake ncpUOAMUHOCTH.

Oueuka (I14.17) o3mauaer, uto npu Haauuuu y QYHKUUK XOTs Obi
TPEThEl NPOM3BOAHOM OIKMOKA TPUIOHOMCTPUUCCKOH MHTEPNOMSIUMH 110
PABHOOTCTOSIIAM Y3/1aM pagnoOMepio CTPCMUTCS K HYJIO € POCTOM 7 (B
omnumne or axrebpamueckoit uurepnoasuuu). Cxopocrs yObBaHuS MO-
IPCHIHOCTH, KaK BUAHO, 3ABUCHT OT raaakocTH GyHKuuu /().

Heycmpanumast nozpeuHochs UHMePROJSLyUU DTO:

A, (9) = Q,(9) — Q,(¢),

rae nox Q, () MOHMMAETCS! TPUTOHOMETPUUCCKMIA TIOJIMHOM, TIOCTPOEH-
HBI MO «PEATbHBIM», TO CCTh COACPXKAMMM MOIPEMIHOCTb, MCXOXHBIM
TabauuHbM AaHHBIM: [, = [, + €,,.

[IycTh MOrpemHOCTb NOCACAHUX OTPAHUUCHA BEJIMUMHON &

max |e,| <e.
m

Torga A/ HEYCTPAHUMOM IOrpeLHOCTH TPUTOHOMETPMUECKON WHTEPIIO-
JISIAA MMEET MECTO OLCHKA

A, =max [A ()| <L, (T14.18)
®

2
rae Lnsgr-lnn+1.

3ameuanune. Maoxureny L, B (I14.18) naswiBaror xoncmanmou
Jebeza. B crnyuae NOJIMHOMHMAIBLHON MHTCPNONALMK 110 PABHOMEPHBIM
yanam npu Gombmux n (n210) L, 22" 73/(nvn) (em. [17, c. 28], uro
03HAayaeT AOBOIBHO OBICTPBINA POCT L, NIPY yBEJTHMUCHHUH 1, COOTBETCTBEH-

HO HEOJAronpusTHOE BAMSHUE HEYCTPAHMMBIX MOrPCIIHOCTEH NpH ToJ-
WHOMHANbHOH vHTepnoasumy (cMm. mpuMmep 2 na crp. 183).

DT0, KaK OTMEUAIOCh B JEKUUHU 5, OfHA M3 NpPUUMH, IO KOTOPHIM HE
DPEKOMEHAYETCS MCIOAb30BATH I8 Npubnumxenus GyHKUMH HHTEPNOs-
LMOHHBIE AJreOpauyecKue MOJMHOMBI BBICOKOH CTEICHH. A
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2. HTepnoasiuusg YeTHbIX M HEYETHBIX byuxumi. Ecnu dysknmg
() Ha OTpeske NEPUOTUYHOCTH ABALCTCH YETHOM, TO UCKOMBIIl MHTEP-

NOASUMOHHBIA osmHoM (I14.1), npubnuxaromwmit HyHKIMIO, TpUHEMA-
eT BUA

Q.(p) = a, cos k¢ (I14.19)
k=0
¢ xoacbdbunuenTamu
n-1
1

Cl0=2n—+—1 2E:fm“i.-fn ’
" (14.20)

n—1

2
4y =5 2 f,cos ke, + f, cos ke l, k=1,2,..., n

m=0

Boinucannbie BoipaxeHHs i KOI(MUIMEHTOB SBASIOTC CAEICTBH-
SIMH TIEPBLIX ABYX popmyn (I14.16), B ueM MOXHO y6emuThCs HENOCPEA-
CTBEHHOH IPOBEPKOH, TAK XKe KAK M B TOM, YTO MOCACHAHSAS ¢opmyna
(I14.16) maer b, =0 ans Beex k.

Takum 06pa3zoM, HPENCTABISETCH ECTECTBEHHHIM MCKATh MOJMHOM,
NpUOTHXAIOIMA YETHYIO (DYHKIHMIO, Cpa3y B BHAE (I14.19), ucrmonbays
3HaucHUs (pyHKUMM, 3amanHbie HAa noxynepuone (m =0, 1, ..., n) n1ubo
B Buac (I14.26) c yanamm (I14.27) (cM. Huxe).

Ecnu xe dynkous f(p) sBiasercs HCUCTHOM HA OTPE3KE MEPHOLMY-
HoctH, 1o (I14.1) npespamacrcs B

Q.(9) = b, sin ke, (114.21)
k=1
rae
n—1
4 .
by =577 2 Imsinke,, k=1,2,..,n (I14.22)
m=0

3ameuanne. Bopaxenus ans xoabduumentos (I14.20), (I14.22)
OTJIMYAIOTCH OT TEX, 4TO npuseacHst B {17, ¢. 54—55]. Pazauuue cBa-
3dHO C TEM, YTO COOTBETCTBYIOIIME IOCTPOCHUA 3IECh MPOBOAMJINCH HA
N=(2n + 1) yanax unrepnonsuuu, a 8 [17] na N =2(n + 1). Boo06-
me roBopsi, B [17] paccMoTpensr BapuaHThl TPHrOHOMETPHYECKONR MHTED-
NOJAINHK M II0 IPYTMM CHCTEMAM Y3J0B. A

3. O cBaA3M TPUrOHOMETPHYECKOH MHTEPNONALMHU C anredpanye-
CKOM MHTEpnonsauuei no 4eGbuueBckuM ysnam. CYLECTBYET HEmoc-
PEACTBEHHAS CBA3b IOJMHOMUAJIBHON HHTEPNONSIME IO YeOBILIEBCKUM
y3s1aM, pacCMOTPCHHOW Bhimie, B Ilpmioxenuu 2, ¢ TpUrOHOMETpHYC-
CKO!l MHTECPNOSLNCH MEPUOAUYECKUX (DYHKIHIA.

Iamatys o ToM, 4TO NpoUsBOMBHKIA OTPE30K X € [a, b] Beerna Mo-
xer Obith mpeo6pasoBan B otpesok € [—1, 1] (em. (IT11.12)), pac-
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CMOTpHM anreOpanuecKy0 MHTEPIONALMIO MO YeOHIIEBCKAM Y31aM A/
HekoTopou dyHkuun g(1).

Ecsii peub MAET O NOJMHOME n-i CTENEHH, TO TPeOyeMble y3JIbl ROIXK-
lHbl COBIIAAATh ¢ KOpHAMHU noaunoma Yebbiuesa (n + 1)-i crenesu u, co-
rnacno (IT1.5), pacnpeaenennt no orpesky [—1, 1] caeayromum o6pasom:

Gm+Dx o —0,1,..., 1 (114.23)

Ly = COS 2n+1) 7

COOTBETCTBYIOIMIHI MHTEPHOSLMOHHBIA MOJMHOM, B KaKoit 661 hopme
OH HM OBl 3arMCaH (JIArpaHXCBOi, HBIOTOHOBCKOM M T. A.), OYEBHAHO, MO-
XCT OBITh IPUBENEH TAKXKE K BURY

P’l(t) = 2 a"lT"l(t)’ (H4.24)
m=0
rae T,,(f) — mnonuom UYeOpiesa m-ro mnopsaka. Ha orpeske

t € [—1, 1] oroT monmuoM, Kak Mbl BMACAM B [IpuiaoxeHun 1, Moxer
OeiTh 3amucal B Buae T,,(f) = cos (m arccos 7).
Iepenumem ¢ yuetoMm aroro obcrositeascrsa (114.24) B Buac
n
P,(1) =3 a,, cos (m arccos ?). (114.25)
m=0
TepeiineM Tencpb OT HE3ABMCMMOM NCPCMCHHOM { K ¢ no dopMysc

= cos ¢. IIpu arom g(t) =>g(cos ¢) = G(¢), To ccTb Pynkuus g(t),
3ajaHHas Ha orpeske { € [ — 1, 1], npespawacrcs B G(¢p) — nepuoau-

0 P P -1
Puc. I1.4

YECKYI0 YeTHYIO (DyHKUMIO apryMcHTa . COOTBETCTBCHHO anreOpanue-
CKM#l MHTEPIONSUMOHHBIA noaMHOM P (), MOCTPOCHHBIA MO yeObIues-

CKUM Yy3inam, ncpcxoguT B TpI/II‘OHOMCTpPl'{CCKI/Iﬁ yemHosli TIOJTMHOM

Q,(¢) =§ a,, cos me (114.26)

m=0

C paBHOpACHpPEAENEHHBMHM y3aamu Ha orpeske [0, ], paBHOM ITOJIOBHHE
orpeska mepuoguyHocTH yHkumu G(¢). Koopaunarn ux, Kak cacayer
u3 (I14.23), seipaxatorcsa dhopmyroi

. 14 = 14
Po= 2y YT h+rl

Ha puc. I1.4 y3ast (I14.27) orMeuyeHB KPECTMKaMHU.
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Koadduumnents nonunoma (I14.26) onpenensiorcs no dopmyaam:
n

a. = 2
m g4

> Gyeosme, m=1,..,n,
“=0 o (114.28)
a0=n+IZGk‘

k=0

3ameuanne. Oranune dopmyn (I14.28) or (I14.20) ofbscusercs
Pa3IMYHBIM PACTIOIOXKCHUEM Y3108 MHTepnoasuun (cpasaure puc. 11.3 u
puc. I1.4). ®opmyna (114.20) Gbina nonyucha mns ciyuasi, KOTAQ y3ibl
pacnpeneneHsl no orpeaky [0, 2m] cornacno (I14.5). Beero y3noBmx
TOYCK HA 3TOM oTpeske N = 2n + | (HeyeTHOe KOJMYCCTBO), HA MOJIY-
nepuon ([0, w]) npu stoM nonanaer (n + 1) Touka, BKIIOYAS P, =T, B
TO BpeMsi Kak Tekyiuee pacnpenencuue (114.27), 6ynyum pacnpocrpaHeH-
HBIM Ha BECb OTPE30K MCPMOAMUHOCTH, NPUBOAMT K 2(n + 1) y3moBmiM
toukam Ha [0, 2:t] u oTBeuaeT pacnonOXEHUIO Y3108, KCNIOJIb30BAHHOMY
AJst COOTBETCTBYIOMMX nocrpoeunit B [17, ¢. 50—55] (touka ¢ = m ue
BXOAUT B UMCJIO Y3JI0BBIX, Ha KAXIBIA [0JYNEPUON TNPUXOTUATCS II0
(n + 1)-my yany). Coorsercrenno dopmyna (114.28) BHIISANT TaK Xe,
xaK B [17, c. 54] nna amanornunoro cryuas (uetHoit yHKuuK). A

TaxuM 06pasoM, yCTAHOBIEHO «POICTBO» anreOpanueckoit HHTEPNONS-
MM 110 YEOHIIEBCKMM Y3/1aM ¢ TPUTOHOMETPHYECKON MHTEPIIOALAEH He-
KOTOPO# YETHOM NEPUOAMUECKOM (DYHKIMK IO PABHOOTCTOSIIMM Y3/I0BBIM
ToukaMm. OTCrona 1es1acM BaXHbIil BHIBOJ O TOM, YTO MWHTEPIIONALMOHHBIE
MOTMHOMBI, TOCTPOEHHBIE N0 YCOBIIEBCKUM Yy3/1aM, 00JaaoT TeMu Xe
CBOKCTBAMHM (B CMBIC/IC CXOAMMOCTH, HCYCTPAHAMOM HOTPEIIHOCTH ), UTO
PaCCMOTDCHHbIC 3€Ch TPUIOHOMETPMUECKHME TTOAMHOMBL. [Ipumepnl, pac-
CMOTPCHBIC B IPUJIOXEHUU 2, TIOATBEPXKAAIOT 3TOT BLIBOL.

4. O xoHeunpix psaax @ypne. Mbl IOrOBOPMM 31€Ch O CPEXHEKBAT-
PaTHYHOM NPUOIVXEHUM MEPHOANYECKUX (YHKIHMA TPUIOHOMETpUYE-
CKMMH NOJTMHOMAaMHM, HEKOEM AHAJIOTe CPEAHEKBAAPATHYHOTO O TMHOMM-
anbHOro npubmmxenns (cM. aexnmio 5).

CHoBa nosaraeM, uro pyskuus f () 3amana cBouMHU 3HAYCHUSIMH f m

B paBHOOTCTOSMIMX Toukax (I14.5) wa orpeske nmepuommunoctu [0, 2n].
Bynem uckates npubmxeHHOE NIPEACTABICHUE ITOM (DYHKILMH B BHIE
TPUTOHOMETPUYECKOIO MOJTMHOMA
k k
S (@) =2 a;cos jo+ 3 b, sin j¢,
j=0 /=1
C k < n, ICMIONTB3Y S B KAUECTBE KPUTCPHSI GIN30CTH S, () x f(p) Tpebora-
HUE, 4YTOOB HCKOMBIA NOIMHOM MUHMMM3MPOBA CyMMy KBaapaToB
oTKoHeHnH (PyHKIMOHAN)

(I14.29)

N—-1

Olag ap by, ..) =% 3 (S,(9,) — £, (114.30)
m=0
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3ameuanue. [Ipu k = n MOCTPOCHHBIN BHIIIE MHTCPIOISLACHHELX
noauHoM Q, (), oueBuaHO, o6pamaeT Beuuuny O, B HOJIb, TO €CTh JI0-
crasaser abcomorHui MuanMyM dynkunonany (I114.30) u asnsercs pe-
LICHUEM TIOCTABJICHHOM 371ech 3amaur. Ilootomy manee mMul Oynem mona-
rath, UTO K < N. A

3anumem ycnosus munumyma ¢ynkumonana ([14.30) mo we
OMpeseneHHBM N0Ka K0adduuneHTaM {a i b j}:

N-1
8 . .
k= LS (S0 = S) 0370, =0, J=0, 1,0k,
J m=0
(114.31)
N—-1
3d 2 L . -
B, = 2 (Sulon) = /) sinjon =0, j=1 2ok
-

Unm B passepuytom, ¢ yuetoM (I14.29), Buac (mocac HEKOTOpoO# mepe-
rpyNIMPOBKH CJIATAEMBIX)

N-1 k N-1
1 .
ag > o8 jo, + 3 |5 a 2 coslp,cosjp,| +
m=0 =1 m=0
k N-1 | N .
+> —jlvb, > sinlp, cos jo, | =3 > [, COS o,
=1 m=0 m=0
ana j=0,1,..., k.
N-1 E(, Nl
ag 3, sin jo, +> 154 D, cos le, sinjo, | +
m=0 =1 m=0
k N-1 ) N-1
+3 %b, >, sin Iy, sin jo, | =% > fnsinie,,
I=1 m=0 m=0

aa j=1,2,..., k.
YuuThBaS BBEIECHHOE BHILIE OMPEACICHHUE CKAJISPHOIO HPOM3BCACHHS
(T14.7), nepenuiueM 5TH COOTHOLICHWS B BHC

k
a (93> ¥i7) + ﬁa,(w)’ V) + 3 b (w5 wiY) = (7O ¥0Y).
I=1 =1
o j=0,1,..., k. (T14.32)
k

k
ao (93, ¥89) + Doy (wiD, ¥89) + 21 by (950 ¥89) = (7 ¥87).
I=

I=1

ma j=1,2,..., k.
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W, Hakowen, mpuHEMas BO BHMMAHME YCIOBHSI OPTOrOHANHHOCTH
(I14.10), a raxxe (I14.12)—(I14.14), npuxoaum K BBIBOAY, UTO KOID-
uyuenmol UCKOMOZO ROIUHOMA NPU k < R GLIMUCASLIONCS. NO MmeM Xe
dopmuyram (114.16), umo u xospgpuuuenmet UHMEPNONSIYUONHOZ0 HO-
aunoma (npu k = n).

5. Panpl Dyphe U TPUIrOHOMETPHYECKHE NOJHMHOMBI. Cosepuenno
CCTECTBEHHOM NPEACTABJISETCCS CBA3b TPHIOHOMETPHUYECKUX MOJMHOMOB
(114.29) ¢ psnom Qypbe A1 MEPHOANYECKUX hyuxuuin

S(¢) = % + > a, cos lo + B, sin Iy. (114.33)
I=1
Koodduumentn {a;, f;} Boluncasorcs mo dopmynam
2n
a,=% S f(p)coslede, [=0,1,...
o (114.34)

B=={/(p)sinlpde, I=1,2,..
0
(IToppasymesaercst, uto [0, 2n] ssaserca OTPE3KOM MEPHOTUYHOCTH
dynkumn f(p)).

Ecnu dynkums f(¢) samana numb KoHeuHHIM HaGOpPOM CBOMX 3HA-
YCHMA B N DABHOOCTOSIIIMX TOUKAX OTPE3KA MEPUONMUYHOCTH, TO IS Bbl-
uucnenus unrerpanos (I14.34) npuxogurcs obpamatses K opMysiam
YMCICHHOTO WHTCTPUPOBAHUS. [Ipu 3TOM BHISCHSCTCS JIIOOOMBITHOE 06-

CTOSATC/IBCTBO: WMCHOJB30BAHUE MCTOAA IPSAMOYFOJbHUKOB IPEBPALIAET
(opmysnr (I14.34) B (114.16)!

Ecn 104KH, B KOTOPHIX 3a8aHbl 3HaUEHUS hYHKLNHM, PACTIPEIEICHDI Mo 3aKOHY
(I14.5), 1o, KaK GblI0 NOKa3aHo, 6asycHbie byHKUUM

{1, cos ¢, sin ¢, cos 2¢, sin 2¢, ...},

PasJIOKEHUE 110 KOTOPBIM I1pEACTaBIIseT coboit psin Pypbe, NEPeXonaT B KOHEUHbIIA
Ha00p JIMHEAHO HE3AaBUCHMBIX 2JleMenTOoB (BekTopos)(I14.9). CootseTcTBen O Gec-
KoHeuHbl# pan (114.33) nepexonur B Koneunyw cymmy (I14.15), To ecTb B HUHTEp-
HOJIALIMOHHBIM TPUTOHOMETPUUYECKUIT TIONUHOM.

B cuny oTMEueHHOM aHANOrMM TPUTOHOMETPUYECKHE MOJMHOMEL
(I14.29) mnsa dyskumm f(@) €acTO HA3HIBAIT KOHewHbLMU psdamu
Dypve (B ToM uucne u npu k < n).

3amecuanwue. B pannorexunke o6paboTka NneprHOSHUECKOrO CHTHA-
na f(p) no cdopmynam (I14.34) HaseBaeTCS YACTOTHBIM AHAMM3OM, a
npencrasachue f(p) B Bune pspa Oypoe (114.33) — cunrtesom cursana
0 COCTABJISIIOI{UM €0 FapPMOHHKAM.

Boamoxnocts pasnoxenus f(¢) B panm Oypbe o3Hauaer, uto mepu-
oxuueckas PyRKuMs umeer GeCKOHEUHBIA TUCKPETHBIH CIeKTp. Ecm u3-
BECTEH JMIUb OrPAHUUYCHHBIM HAGOp 3HAUCHUI CUrHAMA

{fm) m=07 1; sy N}’

200

F0 YACTOTHDbI AHAIM3 CBOJUTCS K BHIUMCIAEHHIO K0d(duuuenTos (amm-
MTYA COOTBETCTBYIOLIMX TapMOHMK) 1o (opmynam (114.16). Ilpu sTOM
BOISBISICTCS JIMIOb KOHEUHBIH JUCKPETHBIA CeKTp (I/1aBHBIE YACTOTH)
curuana f(¢), KOTOPblA MOXET OBITh TIPEACTAB/ICH 110 TAPMOHMKAM 3TO-
ro crekTpa B BHAe KoHeuHoro paaa @ypse (I14.29). A

B 3akmoucHME NpHBEREM NPUMED HCIO/Ib30BAHHUS KOHCUHBIX PAZNOB
(Dypue (TPUrOHOMETPHYECKHX MHTCPIOJISIMOHHBIX 1 CPEAHCKBANPATHY-
HBLIX TIOJIMHOMOB) I/ISi IPUOIMKCHIS KOHKPETHON (DyHKIMY.

IMpumep L. B rabnuue I14.1 npuscaena ommbxa (Maxchaanaﬁ mo
MOAYJI0) npuGnuxenus byuxumun /() = sin® ¢ + cos* ¢ ¢ nomomso

1,01
0,5+

0,0+

Puc. IL.5

PA3JMUHBIX TPUTOHOMETPUYECKMX TOJTMHOMOB. B nepsom cronlie ykasa-
HA BCAMUMHA A, ONPEICASIOmAsS KOJMUECTBO TaOIMUHBIX TOUEK, B KOTO-
pBIX 3aAaHbl 3HaucHus ¢yukuuu (N = 2n + 1). Bo BTopoM ykasaHa Cre-
NCHb TPUTOHOMCTPHUECKOTO NOTKHOMA — K, UCNOJIb3YyEMOTO IS npudsn-
XKCHUS AaHHOM dyHKuuHM (npu k = n UMEET MECTO TPUTOHOMETPUUECKAL
MHTCPNOSIUMS, NP k < 1 — CPEIHEKBAAPATHUHOC npubamxesune).

Tabnuuall4.l

n k Anpuﬁ.rm)l(emm
5 4 0.0625

5 3 0.1875

4 4 0.1219

4 3 0.1875

3 3 0.342

Ha puc. [I5 nokazaHsl pe3yabTaTh, COOTBETCTBYIOMHKE CIYUAIO

n=235 k=4.
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B cBeTe BHIIECKA3aHHOTO PE3y/bTATHl MHTEPIOIMPOBAHMS MO YEOHI-
IWCBCKUM y3j1aM, npuBeAcHHble B IIpwroxenwu 2, B tabmmmax [12.2
[12.3 pns HOIMHOMOB YETHOM CTEMEHH, MOXHO paccMaTpuBarth B Kaqe:
CTBC NPUMEPOB TPUIOHOMETPUYECKOH HMHTEPHOMSUMU (MO KOCHHYCaM)
g n=2,3,... COOTBETCTBEHHO.

Becbma COAEpXATENbHOE 1 noApoOHOE H3NOXEHUE BONPOCOB TPHIO-
HOMETPHYECKOH aNNPOKCAMALMH NEPUOAMYECKHX (DYHKIIMH MOXHO Haii-
TH B CPAaBHMTENIbHO HCOABHO M3faHHON KHure [33, c. 481—553].
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NPUNOMEHHME 5

BbICTPOE NPEOBPA3OBAHMUE (bYPbE

BuicTpeiM npeobpazoBannem Dypse B AMTEPATYPE TO UUCIEHHBIM METO-
JldM HA3bIBAIOT JKOHOMHUUHBIA (pAlMOHANBHBIA) CIIOCO0 BBHIUMCIECHUS
muorux (0 < k< N) cymM™m Buaa

N-1 N-1
1 .
4y =% [ 05 (kp,), by=7 3 /,sin (kg,). (II5.1)
m=0 m=0

Ucnonp3ys KOMILIEKCHYIO (DOPMY 3amich, MOXHO OOBEAMHHUTD ONpe-
ACJICHUC BEJMYHMH @, U b, B BMIAC

N-1
co=v O Fmexp(ike,), k=0,1,..,

m=0

(115.2)

e ¢ = a; + ib; (i — MHAMAs eqMHULA).

Mpbl CTAJIKMBAINCH C MOJOOHEIME CyMMamy, Koraa o0CyXaaau Tpuro-
HoMeTprueckyo unTeprosmuio. CobcrBenHo, W TepMuH (HasBaHMe
[AAHHOIO pa3fic/ia) NPOMCTEKAET OTTYAA. BCOMHUM, UTO TPUTOHOMETDH-
YCCKMIA MHTEPIOASIMOHHBIA [TOJIMHOM

f(p) ~ay+ Y (a, cos (kp) + b, sin (kp))
k=1

JTO HE uTO MHOC, KaK «kodeuHnii psa Oypee» ans NEPUOTAUECKON
(YHKIMM, 3aAAHHOM CBOMMH 3HAUCHMSAMH B PABHOPACTIPCAC/ICHHBLIX (B
npexenax nepuoaa) toukax: f,, = f(p,,) w4, APyIMMH CIOBAMH, AUC-
kperHoe mpeoGpasosannc Dypbe mns oTOH dynkunn, Ko3dduumeHTs
KOTOPOIO ay, by BHIYHC/SIOTCS KAK pas no dopmyaam tuma (I15.1).

[Tpo6aema B CACAYIOIEM: BHIUMCICHUE K05 PHUINCHTOB Psifa HEIoc-
peacrsenno no ¢opmynam (I15.1) tpebyer (MO MOPSAKY BETMUMHBI)
N2 cnoxeHwil, YMHOXEHHA ¥ oOpalieHui K (QyHKUMSIM BBIUMCICHUS
sin ¥ cos (Mo N ykasaHHBIX ONEpauuit JUIs Kaxiaoro koadduneHTa,
Bcero xe xoadduuuentos ~2N).

Mpi 06CyRMM 371ECH Criocod CymecTBeRHO Gosiee «OBICTPOrO» BHIYUCIIE-
HMS CyMM rmofoGHoro Buaa. bByaem cumrath, 4TO 061aCTh OTIPEAETICHHUS
¢ynknmu f(¢p) — orpesok [0, 2n], a TOUKM, B KOTOPHIX 33JaHBI 3Ha4C-
HuS f,,, PACTIPEC/ICHBI IO 32KOHY

o =@t mr, m=1,.. ,N—l; 1=2 @=x=7 (153
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[locnenyrowme BHIKIAAKM HMEIOT LEAbI MOSCHUTh CYTh AC/IA, MOKA-
3aTh, 33 CUET YETO JOCTHTACTCS IKOHOMMS BHIUMCIUTEIbHBIX ACHCTBHIA
Bupouem, B konHue pasgena Benucan mosmHbil HaGop opMys paumo-
HAILHOTO BhIYMCICHUS Cymm Buaa (I15.1), koropoie (dopmysanr), cober-
BCHHO, ¥ ONPECAC/SIOT AJrOPUTM, HA3HBAEMBIA OBHICTPHIM Npeobpasosa-
HueM Dypee.

Yunrnisas (I15.3), nepenumem dopmyny (I15.2) B sune

N-1 N-1
¢y =% Z fm eik(%+mr) — eik“po?}/— E fm ei(km)t. (H54)
m=0 n=0

Buumarenbubiii B3rasn Ha npasyw yacts (I15.4) B kakoit-to creme-
HU TIO3BOJISIET NMOHSITH, UTO HAAO Obl CAEAATH JJIS ONTUMM3ALUN BBIYKC-
JIeHUHA (B CMBICJIC COKPALICHUS KOJMUCCTBA OMCDPALMIL).

B cymme 3 f, e®*™* conepxurcsa, ouesummo, muoxectso (mpu

m
Goapmmx N) C1araeMblx ¢ ONMHAKOBHIMH MHOXUTEAaMH e *¥™* 33 cyer
TIEPUOAMYHOCTH  OHM (MHOXMTCIM) COBNAjAOT s JoGbIX map
(ky, my), (ky, my), nnst xotopsix (kym ) — (kym,)7 =0 i nponop-
HUOHAJLHO 27T.

CoorsercTBeHHO 06CYyXnaeMblii HAUXE cnOCOO «GHICTPOro» CyMMUpPO-
BaHMsl CBOOMTCS K NEPErpyniupoOBKE CAracMbiX B COBOKYMHOCTH CYMM
(T15.4) nna k=0, 1, ..., N03BONAIOWEH HC BBHYUCIITH MHOTOKPAaTHO
COBMaNammKe MHOXHUTEAM ¥, 60jI€C TOTO, HE BHIYMCAATH IOBTOPHO HE-
KOTOpbIC YacTUYHBIE CyMMBl, obwme aa (115.4) npu passbix k.

Urobn mocenylomue BHIKAAAKH, MO BO3MOXHOCTH, HOCHIM Gojee
KOMIAKTHBIM XapakTep, BBEAEM AOMOJIHUTCABHLIC 0603HAUCHU:

so = eik‘Po, w = eit = ei'ZT[/N (HSS)
ITocne atoro dopmyna (I15.4) nepennwercs B Buze
N=1
§
A =7v9 >t (T15.6)
m=0

Hanee, npennonoxum, uro N NMPEACTABMMO B BHAC TMPOHU3BEACHUS
ABYX UEABIX uucen N = N,N,.

Pazobbem cymmy (I15.6) Ha rpynmsi, BBOAS HOBHIE TICDEMEHHHIC CyM-
MHUpPOBAHMS M, M M, TaK, 4TO

m=m;+Nm, O0<m<N —1, 0<m,<N,—1. (II57)
Wupexc k rakxe npeacrasum B BHAC
k=k + Nk, O0sk <sN,—1, 0<k,<N —1, (II158)

uTO MO3BOJMT, KaK Mbl ceituac yGemmmcs, BuyTpu cymm (I15.4) Bhige-
JUTh C II0JB30M I/ €12 HEKOTODPHIE HOBTOPSIIOUIMECS YACTHUHBIE
CYyMMBl.
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®opmyna (I15.6) c ucnonezoBauuem m,, m,, k,, k, Moxer GuiTh 3a-
11CcaHa Tax:

N1 N,—1
$ 1
9 (k,+N_k)Ym +N m)| —
= — — '\ TR TN )
% =N, N, > S +N,m,
m =0 m,=0

- mk
Nl—l N2 1 1

A r——

S 1

0 mk +m Nk +N km +N N km I15.9

= — w it T T T MR T R ()
N, N, mel’le'n,

m =0 m,=0
YuuTeiBad, uto

k,m

. N .
wN \Nokgmy —  Nkym, (et-Zn/N 2 pi2nkymy) = |

(rak kak k,m, — uesnoe uucao), nepenuwem (I15.9) B Buge:

Nl—l N2—1
$ 1
ck=_0 E — E fm N m wikimy | mik, (I15.10)
N, N 1Ty
m, =0 m,=0

c(kl,ml)

Ecau reneps ucnonn3osath obo3nauenne c(k,, m,) And9 BHYTPECHHHX

cymm (kak mokasauno B (I15.10)), To MOXHO yBHACTH, YTO AJTOPHTM BbI-
YMCJCHUS COBOKYMHBOCTH {C,} CBOAMTCS K MPCABAPUTCIBHOMY BBIUKMCIIE-

HUIO BeaMuuH c(k,, m,) mo ¢opmyaam

N,-1
1
c(ky m) =57 X S onm @ (115.11)
m,=0
s k=0,1,...,N,—1; m=0,1,..., NN—1 u OKoHYaTCIBHOMY
CYMMHPOBAHUIO:
N-1
N
=5 2 clky,m)wm (115.12)
! m =0
mag k=0,1,..., N—1 (nupn Beibopc HoMepa k, AT MHOXHTEICH

c(ky, m;) cnepyer yuuteiBaTh, uto, cormacHo (I15.8), k= k; + Nyk,,
10 ectb ky = k — N k,, npuueM I TEKylIEro HOMEpPa k mpu ompene-
JAeHuyM k; HAOO B3ATh TAKOE k,, 4TOOBI 3HAUEHHME Kk TOMNAAO B UHTEPBA
0k sN,—1).

[TocMOTpHM, UTO X€ MBI MOMyunau, nepeias or dopmya (I15.2) ne-
IOCPEACTBEHHOTO BHYMC/IEHHS CyMM ¢, K (opmynam (I15.11), (I15.12).
OueHNM KOJIMUCCTBO OfEpauuit, KOTopoe TpeOyIoT ToCAeaHHE.
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st BEIMHCACHUS NPOMEXYTOYHBIX BEJMYHH c(ky, m,;), c yueroM gu-
anasoHa 3HauCHUH k , m, U npenesoB cymmuposanus B (I15.11), HyxHO
BBIIOJTHATD

!

Q,~ NN, - 2N, =2NN,
—— ——
KOJI—~BO KOJI—BO YMHOXEHUR
c(klv ml) ¥ CJIOXEHUH

AJ1S OQHOFO c(kl, ml)

ONEpAlMil CIOXCHUS M YMHOXKCHUS.
Coorsercrsenno peammsamus (115.12) Tpebyer

"
QZ ~ N - 2N f = 2NN 1
KOJI~BO  kon—-Ro ymHOXeHMI
[ M CITOXEHHMH

ANz opHOTO €
HOJIHOC KOJINUYCCTBO YUYUTHIBACMBIX onepaunﬁ
1 14
. — 2
Q,=Q,+ Q) =2N(N, + N,) <2N?*=Q,,

TaK Kak N + N2|N1N2>4 < N{N, = N.

B camom nene, umeem (VN, —VN,)*>0=>N, + N, < 2VN,N,.
Hanee us 2VN|N, < N\N,=> NN, >4. To ectb npu N,N,> 4 umeer
Mecto Ny + N, < NN,

[Tycrs, nanpumep, N, = N, =V N. Toraa BHIMrpHI, OTHOMEHUE BHI-
YMCIMTEJBHBIX 3aTPAT B IEPBOM M BTOPOM CHOCOOE BHIUMC/CHHMIA

B W _ N W (115.13)
Q,  2NWN,+N,) N 2°

IIpn Gosbuivx N, KaK BHANUM, SKOHOMHUS MOXET OBITh 3aMETHOIA.

3ameuanue 1. Bolme cpaBHMBAIOCH KOJHUYECTBO IIEMEHTAPHBIX
apndmernuecknx onepaumii (CJIOXKEHUS W YMHOXEHu ). ScHO, yTO HAM-
GoAbUIME 3ATPATH MPOLECCOPHOTO BPEMEHM CBS3AHBL C PCATM3ALUEN Bbi-
YMCJIEHHIA CMHYCOB M KOCMHYCOB, «3aindpoBadubix» B popmynax (I15.2)
A MOCHEAYIOIIMX BHIKJAAKAX JKCIOHEHTON et} Cuer mo dopmysnam
(I15.2) Tpebyer, oucBuano, ~ N? o6pamenuii K COOTBETCTBYFOLIMM CTaH-
RapTHbM (yHKunsaM; dopmyas: (I15.11) — NN, I1(5.12) — NN,. Ta-
kuMm obpasomM, ouenka (I15.13) ocraerca B cuie. A

3aMmeuanue 2. MoXHO MOOBITATHCA NOHATh, 32 CUET YCTO JOCTH-
raercd 9KOHOMHUSIL,
Bo-nepBrix, AMANa30H pa3/idyHbLIX CTEHNEHEH w

B (I15.11) 0 < N,kym, < N, (N, — 1)2~ N N5 = N,N,

B ([15.12) O0smk<s(N,—1)(N—-1)=~ NN
menbie, Hexean B (I15.2), uTo BreueT yMeHbIICHHE OOMHAKOBBEIX (HO
Kax/Iblil pa3 BHYMCASEMBIX) MHOXuTecH Buaa w! (I — uenoe) B pas-
HBEIX C/IATAEMBIX PA3HBIX CYMM.
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Bo-BTOpHIX, MOXHO YCMOTDPETb, YTO BEJMYUHH c(k;, m;) NpEACTaB-

As10T €060l HEKHME UYACTHUHBIE CYyMMbl, MoBTOpsiiomuecs B ¢opMynax
/19 PasHHX ¢,. B mocmenosaresbHOCTH BHYMCIAECHME 1O (PopMmynam

(115.11), (I15.12) oHM BBHUMCASIOTCS HO OKHOMY pasy M JAanee
(8 (5.12)) MCHOABL3YIOTCH CTOIBKO Pa3, CKOJBKO HYXHO. A

Bamevanue 3. Bo3smoxHa cieaywomasa TpakToBka dopMmyn
(115.11), (I15.12): (I15.11) npencrasaser coboit opmyny aiga Kosddu-
uucHros psaga Oypse N0 m -My MHTEPBAIY UCXONHBIX AAHHHX (HA KOTO-

poM 3apaHo N, 3HaueHmM# yHKUMHA {fmz, m,=0,1,..., Ny~ 1}. Eciu
TCHNepb 3TH KO3(M(UUUEHTH PACCMATPHMBATL KAK 3HAUCHHS HEKOTOPOI
(hyHKUMH, 3a7aHHON B TOYKAX, OTMCUCHHBIX HOoMepamu m, To (I15.12)
Oyner onpenensts kKoabduuucuts paga Oypre atont QyHKIUU. A
Wsnoxennas mnpoueaypa MoaudMKamMy BHUMCAEHUA MOXET OHITBH
nponoxena. Eciu spauenne N, npencTaBuMo B BUAE NPOM3BEACHHS ABYX
LLCTIBIX YMCEA, TO BHIYMCICHUE COBOKYNHOCTH BeauymH {c(k,, m,)} cosep-
LIICHHO aHAJOTMYHBIM 00pa30M MOXeT OhlTh PAMOHAIU3MPOBAHO U T. 1.
ta uges OCOGCHHO HAIISIHO «pa3BepThiBacTC», ecau N = 2L, B pe-
3yJbTATE NOJLYYAETCS IOCAEA0BATEALHOCTh PACYCTHEIX (POPMYJI, KOTOPYIO,

cOGCTBCHHO, M NPUHATO B BHIUMCINTEIBHOM MATEMATHKE HA3pBATh Bblcm-
poim npeobpasosaniem @ypve (BIID). [Toxaxem, Kak 3To genaercs.

3aMeuaHue. Yurareabp, KOTOPOMY B JAHHBI MOMEHT PACUCTHHIE
dopmyast BII® He HyXHBI, MOXET ONYCTUTh HIXXECAEAYHOWMA par-
MEHT TEKCTA, HAICUYATAHHBIA MEJKUM mpudToM. A

WUtak, cuurag, uro N = 2L, nonoxum N, =2, N, = N/2. ®opmyst (115.12),
(I15.11) 3anuiuyTcd TOrAa B CJIEAYIOLEM BUAE:

S,
L =?° lc(kp, 0) +c(ky, Nw¥), k=0,1,...,N—1, (I15.14)
2(1v/2)—1 . .
nm —_ —_—1- —_—
ckpm) = O fmram, @ k=0, 1 5= 1im =0, 1.
=0 (115.14")

Tonaras B ([15.14") Ny = N3N,, npudem N3 =2, N, = N,/2 = N/4, n same-
HSS M, ¥ K| HOBBIMU HHJICKCAMM M3, My, k3, k4 T2k, 4ro
_N_
=X 1),

N

Z
S
I

m2=m3+N3m4=m3+2m4, (0<m3<1,0<m4
N ki <Ng—1=
k1=k3+N4k4=k3+Tk4, 0\k3\ 4 — 1=

CBOOUM (115.14")

c(ky, my) _—_% [c(kg, my, 0) + c(kg, my, D], (5.15)
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rae
A Nl4—1

ckg, my, my) =5 T +2m +am, whsms, (I15.15")
m,=0

Bririonnss nono6uyio npoueaypy xaa (I15.15") u T. 1., npuxoamum K noc/ienoBa-
TeJBbHOCTH opMyN

1
C(kz,_l‘ ml, m3, veey m2l_l) = —2' [C(k21+1’ ml, m3, vaey m21—1' 0) +
+c(Kgpyps Mg, Mgy ooy gy, Dwwka-1], (T15.16)

clhpp—ymyp, Mg, ooy My, ) =

1
1
—_— _ 2k L L
2 2 fm,+2m3+...+2m l)mz'“_ﬁ‘sz;L w2 1M (115.17)

myt=0
B artux dopmynax
I<I<L-—1;
0 <l 0< <1—V-—. R
smy <L \mu\zl L (I15.18)
O<ky_ <Xt o<ky<l.

Iopsnok paceera. Crauana BbIYMC/SIOTCH BEJMUMHLL, OlpesesiemMbie Gop-
mysoit (I15.17). (C yuerom (I15.18) nx xonnuecteo 2L — 1 =2 log, N —1.)

Batempgnal =L —2, L — 3, ..., 2, | npu COOTBETCTBYIOILMX {HOMYCTHMBIX CO-
rnacHo (I15.18)) 3HaueHUSX HHAECKCOB kyy o my, Mg, ..., My, | BBIYHCISIOTCH
BCIIOMOraTe/ibHble CyMMBI 110 dopMyie (I15.16). Ilpu [ = 1 dpopmyna (I15.16) cos-

'
nanaer ¢ (I15.14°) u, nanee, (I15.14) naer Tpebyemylo COBOKYMHOCTS C;.

WUrak, dpopmynnl (115.14), (I15.16) — (115.18) BMecTe ¢ yKa3aHueM MOPSAAKA UX
UCTIOAb30BAHUS NPEACTABA[IOT cob0it aITOPUTMUUECKOE ONTUCaHME BBICTPOro npe-
obpasoBatus Oypoe ana N = 2L,

MoxHO 110Ka3aTh, UTO KOJHUECTBO 2apUGMETUYECKUX ONepaLiMil, TpebyeMbIX 1S
peanu3alM DTOro METOAA,

Qx~4NL=4N log, N, (I15.19)

2 log, N
2
uto B Q/Q ~ ——y — Pas MeHblile, HeXe/H Tpebyercs py BBIYHCIEHUSIX HEIoC-

pencteerHo 1o ¢opmyne (I15.2).

3ameuaHnmue. PaCCMOTpeHHHﬁ METOA PAUVOHAJIBHOIO CyYMMMPOBA-
Hus 0600maercss Ha ABYMEPHBIA CTyuait: BHIYKCJIEHNE CyMM BHAA
N—-1 M-1
— i(ke +1
dk, ‘A E z fm, nel( u )
n=0 m=0

MT.0 A

C n3noxeHHBIM B faHHOM [1puioxeHun MaTepraIoM MOXHO JOTIOTHH-
TEJILHO ITO3HAKOMUTBCI 1O uctounukam [1, c. 340—342; 2, ¢. 170—173; 9,
c. 416—419; 12, c. 334—338; 13, c. 164—185; 33, c. 510—553].
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MIPMNOXEHUE 6

BbIIMCNEHMUE MHTETPANIOB OT
bbICTPOOCUMIUTMPYIOLLIUX DYHKLIUH

B avom lipunoxcauu Mbl 0BCyauM cnocoObl BHUMCJIEHHMS MHTETPAJIOB
BAAA

b b
1, = S f(x)cos wx dx, [I,= S f(x) sin wx dx. (116.1)
a

a

Mpeanonaraercd, uro f(X) — HE CUNPHO MEHSIOMANCH HA OTPE3KE
la, b] dynkumsa, u uacTora KoaeOaHMI MOABIHTErPaJbHBIX QYHKIMA B
(116.1) onpeacasieTcsl BEJIMUMHON w, OTHOCMTEIBHO KOTOpOM Oynem cuu-
TaTh, uTO W1,

34aMCTHM, YTO NOCTABJEHHAA 3agaya He abCTpakTHa, B PagMOTEXHH-
HCCKMX, DICKTPOTCXHAYECKMX TPUIOKEHUMAX BOSHUKAIOT NONOOHBIE MPO-
Gacemnl. MTak, sosspamaemca X 0003HAUCHHOU 3ajaue.

FEcau BOCOIb30BATHECS KOMILIEKCHBIM MPEACTABJICHUECM PE3YJIbTATOB
I=1T,+il, (i — MHUMasg eguHUUA), TO ABC (HOPMYJIbI (116.1) moryt
GbiTh OOBCAMHEHBI B OOHY:

b
1=1{7(x)e"~ dx. (116.2)

a

Ucnosnp30BaHUE Ui BHIYMCICHHS WHTErPAJTOB OOBIYHBIX KBaapaTyp-
HbIX opMya (Tpameuuii, paMOyroJbHUKoB, CHMIICOHA) B TAHHOM CJIy-
yac Kpa¥iHE HEpPAalMOHAJBHO, TAK KaK /sl TNOJXYYEHUs PE3yJbTaTa C
NPUEMJIEMO TOYHOCTHI0 HEOOXOXMMO OpaTh OYEHb MAJIBIA IIAT MHTETPU-
posaHus. B camom paene, morpemHocTh (GopMysasl Tpameumui (mpsmo-
YTOJIbHUKORB) ~M2h2, re M, — MakCHMyM MOIyJisl BTOPO#l IPOM3BOA-
HOM OT TIOXBIHTETPAJIbHOM (DYHKIMHM HA OTPe3Ke WHTErpuposanus. B Ha-
WHX yCroBHSX M,~®? M PpACCUMTHIBATG HA MAJyK MOTrPEMHOCTb
MOHO, €CJAM TOAbKO wh <1 (/19 NoAyueHUsd BCEro JHllb BEPHOIO IMO-
pSIAKA HAO, OYEBMIHO, YTOOb HA KAXAOM KOJIOAHUH MONBIHTETPATBHOR
(yHKIMH PACIONarajsoch HECKOJIBKO Y3/10B MHTErPUPOBAHMAA, TO ECTh
aosixHo ObiTh h < 1/®).

®opmyna CuMicoHA B XAHHOM CJIydae TEpHET CBOM MPCHUMYIIECTBA,
TaK KaK AJ1si HEe MOTpemHocTs ~ M h*, M, 4~ %, 1 MBI IPUXOTMM K TO-
My X€ OTPAHMYEHHUIO HA LIAr WHTETPHPOBAHHU: wh<< 1.

Ilpensiaraerca CAEAYIOWMA ECTECTBEHHBIA COCO6 KOHCTPYHPOBAHMS
KBAAPAaTYPHBIX (HOPMYJI, YYHMTHIBAIOIIUX CIEUMGbUKY MOABIHTETPAILHON
¢dynxmun B (I16.2) (To ects B murerpanax (I16.1)).

209



Kak 06b14HO, B paccMOTpeHHE BBOAMTCS CETKA Y3JI0B MHTETPUPOBAHUS
{xo=a,x,,,= x,+h (k=0,1,..., K—1), tak uro Xy = b},

KOTOpast MOXET ObiTh PABHOMEPHOH, ecau Ay = A = const = (b—a)/K.
VIckoMBIi pe3yTbTaT MPEACTABSeTCS B BUAC CYMMbL

K—1 %44y K-1
1=y {/me*ax=31i, (116.3)
k=0 x, k=0
rae
Xre1
i, = | 7(x)e’* dx. (116.4)

*x

Ilns BEIUMC/ICHHS XK€ HHTErpasos i, MO JJEMEHTApPHEIM OTpE3KaM
[x, x,+,] 6ynem wucnonpaosare MOJMHOMHAIbHYIO HMHTEPIOASLUI0 HE
BCEH NOALIHTErPAIbHOM (DyHKLHK, 2 ML HEOCUM/UIMPYIOWEH €€ YACTH.

A) Tpubnusum f(x) Ha oTpeske [x4s x, ] monmuHOMOM HYNEBOIL CTE-

TICHM, KOHKDETHO €€ 3HAYEHUEM B UEHTDE f(X) = f 1,1 = f(x, + h,/2).
Torna

*ia1
; iwx
™ v S e'®* dx.

Xy

UnTterpan or ocunnnupymomei yactu MCXOAHOM (DYyHKUMM BBIYMCIA-
€TCd JIEMEHTAPHO:

. 2 . . oh sin p .
e & 5 Thayp €T sin = = _pk—k M rrjp €5k, (116.5)
wh,
TAe Py =—

Cnenosarensuo, cymma (I16.3) mMoxer 6mTh 3amucana B Buae

sin p .
I z:;-:o Tk" Pif sy €5k, (116.6)

Jn9 paBHOOTCTOAMMX Y3/I0B MHTErPHPOBAHMS (h, = h = const)

K—-1
~ sin p ;
I~h P kgofk+l/2 e %, (116.7)

OueBuaHo, YTO MOCTPOEHHAS KBAaXpaTypHAs dopMyna sengercs aHa-
71oroM (hOPMYJIbI IPSIMOYTONBHUKOB € LEHTPANBHOM TOUKOM (1EKLHS 6) n
b

¢opmabHO MepexoauT B noCAEAHION TIpH w —> 0 (st S f(x) dx).

a
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Kak BM10, OT/IAYME PE3YJAbTATOB, BHIUMCIECHHBIX (M1t A = const)
no MeToay npsMOyrosbHHkoB M no ¢opmyae (I16.7), ompenensercs
eAMHCTBEHHbIM MHOXHTeENReM: (sin p)/p. OkasblBacTcd, Y4er 3TOIO
MHOXHMTCIS O3BOJISIET 3aAMETHBIM 00pa30M CHM3UTH TPEOOBAHMS K 1IATY
MHTCTIPUPOBAHUSL. )

YroBel yOCOUTBCS B ITOM, OLEHAM IIOrPEITHOCTD TPEI/IOKEHHOTO ME
tona. [peacrasum dyHKIMIO f(X) HA STEMEHTAPHOM OTPE3KE [X;, X . n
no dopmync Toimopa OTHOCUTENBHO UEHTPA Xy 41y = X5 h /2

' il 2
J(X) = frrn t Fewin(X = Xpaap) F F(3 = Xgr1pp)™ (116.8)

~u
3nech MMCCTCS B BUAY, UTO BTOpAsi MPOM3BOXHAS f4 (X) BHIUKMCIEHA B HE-
koTopoit Touke X € [xg, X444l
Mopcrasnsas (116.8) B dopmyny (I16.4) ans unTErpana mo 3j1eMEH-
TAPHOMY OTPC3KY, MOJydyacMm

Xia Teas

; / iwx
L‘k=fH”2§e“"" dx+fk+1/28 (x = Xppip)e' dx +
X, Xy

Xei
~1r 2 0
+ /i S (¥ = Xpyp2)” €% dx.

X

[lcpBoc caracMoe, OYEBUAHO, MPEACTABISCT COOOH IMOCTPOCHHYIO BBHILIC
npubanxcunywo dopmyry (I16.5). Bropoe u TpeThe craraéMele xapak-
Tepu3yloT norpemHocTs dopmyant (I16.5) ans unrerpana i mO JOKaab-
HoMy oTpc3ky. PasbepeMcsi ¢ HUMH NOCICAOBATEIBHO.

[Tocac HCCTOXHBIX BHIKJIAA0K MOXHO TNOJIYUHThH

X, . 2 . —

) fwx
fk+1/2e k+1/2,

MO = fran § (= xppp) € dx=1i =
g (116.9)
Xre1
i 2 Limx —
riP =1, S (x = xpqyp) e dx=
xk )
3 . N .
= ﬂ ?” eio% 1smp (sin p ’;k COS Dy (116.10)
4 Tk 2 p, p
[1pn maneix p, UMEEM:
Py Py ( Py Py
13 k
—EpE gy —p |1t
(sin p, — p, Os p,) _ Pr™% T20 . 2 24 _
- 2
p,f 3 P 2
P Doy ZPelp 2 5y, (1611
+T—§6+"'_3 (1 0 +O(pk) ( )
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Ananormuno YCTAaHABJIMBAETCA, 4TO opn 3ToM

. . 2
1 sin p, (sin Dy — P COS D) 1 I 4
3 S = = S 0.

(116.12)

Takum o6pasom, popmansro npn w—> 0 (To ects mpu p, —0) umeer
mecto r{) — 0 u, yunresas (I16.12), MBI NPUXOTAM K H3BECTHOI ¢op-

MYyJIE JIOKANbHOH NOrpemHoCT METOAa OPSAMOYIOJIBHAKOB Oa4 HHTCTpa-
b

na { 7(x) dx:
a hy =
ry=r+ P =‘2§fk .
Ilpn ymepeHHBIX 3HauYEHMAX wh;~1 (p,~1/2) umeem (npunumas
Bo BHuManue (I16.11) u (116.12)):

h? h? ,
IrP) < g pME ~ £ MP, e MY‘)=[maX]|fl;
Xp Xin
2 < % p i) £) z
| r§ |<2—4M§ , e M = max |f"|.

X Xpp)

CymMMupyst OUEHKH ANS JIOKATbHHIX ITOTPELIHOCTEI, nonxyuuaM ¢op-
MyJly aas rao0anbHO#l (IO BCeMy OTDE3KY MHTErpHpOBAHHS [a, b]) no-
rpewHocTn Meroga (I16.6):

h(b— h?
IRI< 3 (r1 + /2D <2872 M, + L 0 — oM, (116.13)
k

¢ h=max hy, M, =max |f'|, M,=max |f|.
& {a, b] [a, b]

Ilepsoe cnaracmoe B mpaBoit uacru (I16.13) saBnsercs ompene-
JISIIOIMM N0 TIOPSIAKY BEIMYUHBL (DA YMEPEHHBIX 3HAUEHHAX M b M,).
Taxnm obpasom, xBappatypuas dopmyna (116.6) nnst BHIUMCTEHUS MH-
Terpanos suaa (I16.2) naer rapantuposanHo manyo (nopsaka O(h))
OTPEIIHOCTD NPU CYNIECTBCHHO MEHEE XECTKMX TPeGOBAHMAX K mIary
MHTCIPUPOBAHAS CPABHHTEIBHO C OOBIYHOM (hOPMyY.JI0# NPSIMOYTOMbHA-
k0B (wh~1 BMecTO wh<<1).

Bamevanune. Eum ¢yrkuns f(x) cnabo mecuaercs Ha orpeske
[a, b], 10 ecThp ecam M, mano, TO, OYEBMIHO, TOYHOCTb hopmynn

(116.6) moBbiuaercs. B uactaocTH, ecim M, ~O(h), T0 norpemHOCTH
(I16.13) cranoBuTCS BeAMunHOH BTOPOTO MOPSIAKA MAJOCTH. A

[IpuBenem ewic HEKOTOPHIC AONONHUTEIbHBIC coo0pakeHnsl OTHOCH-
TEJIbHO CBOMCTB NPEAJIOXKEHHOTO MeTona. Ecau 66 Mbl NIPOCY MMMPOBAJIH

Boipaxenuss as riY), P ((116.9), (116.10)), a e |01, [P, 10 To-
Jyunau Obl, B OPEATTIONOXEHHM wh,~1 (p,~1/2) u ¢ yuerom (I16.11),
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{116.12), caenyrouiee mnpeacraBaeHne aas rno0anbHON ITOTPENTHOCTH
MOTOA:

K-1 K-1
. f . 1 =3 ;
R=3r+rP~ ’1% D Thein hi €% enn + 24 2 Tihy €7k,
k k=0 k=0 (116.14)

Ilpu h, = h = const (I16.14) npuaumaer Bux:

1 , K-1

. wh? ’ . h zn . ~

R~ 055 > [y exp (i0xg )k + 55 3 Fi exp (ioxg, )k
k=0 k=0

b 2 b 12 ;
%l% S flei(ux a’x+% S f ei®* dx + O(h3) (H6.15)

a

HCI;ICTBI/ITCJII)HO, MbI TOJIBKO UTO (BblLUC) [oKasayjau, 4To

b K-1

S [e' O dx =3 [h1p exp (i0Xg 41k + O (H).
a k=0

CJIC}lOBa'l'CJleO,
K-1 b .
! : _ iwx

> kv exp (i34 )b = 7 dx +0()
k=0 a

K—1 b
~n . ~ " oiox
> fy exp (lka+1/2)h~8f &' dx + O(h).
k=0 a
M3 (I16.15) mMoxHO M3BJEUb HONOJHUTE/AbHBIE BHIBOAH. Hanpumep,
!
CCJM MHTErpan BbIYMC/ISETCH 10 OTpe3Ky [—ixt, ] u f (x) Ha 3TOM OT-
peskec — HedeTHas QPYHKUHMS, TO MOrPEIIHOCTh BBIUUCAEHNST BTOPOro MH-
rerpana u3 (I16.1) mo dopmyne (I16.7) Gyaer BeMUMHOM BTOPOTO TO-
pagka manoct. B camom mene, conocTamasis REUCTBUTENBHBIE M MHH-
mpie yactm (I16.7) m (116.15), yOexnaemcd, YTO TOTPEINHOCTh JAJS
JAHHOTO MHTErpana GyaeT onpeneasiThCsd BbIPAXEHHEM
Y 2 14
. h ' h S "o
~ = = sin wx dx.
R(sin) ~ 15 S feoswxdx+57\ f
-7 19
Ilnst HeuetHOM yHKumE f (X) NMepbii MHTErpan o6pamaeTcs B HOJMb.
Ecnm xe f '(x) ABJISIETCH UeTHOHW (hpyHKUMEH HA OTPE3KE MHTErPHPO-

panus, to dopmyaa (I16.7) obecneumBaer BTOPOH MOPSIOK TOUHOCTH
NIpPY BBIYHCIAEHMH nepBoro u3 maTterpasnos (116.1).

Bameuvanue. [logxoq X XOHCTPYMPOBAHMIO METOMOB anlzxpafryp
asst maTerpanos tuna (116.2) Geper mauano or paborsr @uona*). Ilo-
Jy4aeMbIe€ Ha 3TOM ITyTH (POPMYJIB TIOITOMY IPUHSTO HA3bBATH (OpMY-

*) L.N.G. Filon, Proc. Roy. Soc., Edinb., 1928—1929, p. 49.
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namu Ounona. Cnenyst 9108 Tpanuuuy, GyneM B HaabHEHIIEM HA3BIBATH
MCTOR, pa3oOpaHHBIA B JAHHOM NYHKTE, MeTonoM DuioHa THNa TIpsSIMO-
YIOJIbHMKOB (MJIM, KOPOYE, METOZOM Owiona-A). A

B) B atom myHKTE MBI HOTYUMM ¥ M3yunM ciue O/IHY KBaAPATYPHYIO
(opMyTy 1Sl BBIYMCIECHUS MHTETPAJIOB (116.2) — topmyay Ouiona
tina tpaneuyii (Quiona-b).

[IpubM3uM Ha 371€MEHTAPHOM OTpE3Ke [xg, 4] byEkmEO f(X)
HMHTEPIOAAUMOHHEM HOJINHOMOM IEPBOil CTCTICHH

Jeri— 1k
f(x)sz +-—h‘(x—xk), (H6.16)
TOrIA
Tet1 Tkt Foi—F
ik = S felox dx ~ S (fk +_k%£(x _ xk)) eiox dx =
*y Xy g
Tes1 Foi—F Fre1
=/, S elwx dx+% S (x—xk)ei“’x dx =
Xy . *i
IOC/E 3aAMEHBL £ = X — X, 4y (X =E+ X, 4,)5)
" Fer1—1 /
. - 1 .
= e [fk + (g + 7*)] et de.  (116.17)
k
~h,2
BBCI[CM BCIIOMOTaTEC/IbHBIC 0603Ha‘{elﬂ/]ﬂ A1 NPOMEXYTOUYHbLIX BEJAYNH
h2 i _
. . . sin
So= | et de =1 (efoh2— gmiohy2) 2 gin O Pk (16 1y
0 Pn iw w 2 k p,
k

wh
(HamoMHuM, uTO 0G03HAUEHUE p, = Tk yXe Obl10 BBEACHO mpexie),

Xit1 ' /12 . N
S ={Eeiotdp= ;o (116.19)
R 7

k

Torma (I16.17) Moxer 6bITh 3amMMCaHO B BHAE

) foa1—7f h
i & e'Nknn [fkso + ﬂ’llk_li(‘gl + Tk So)] =

— eika“/2(fk+fk+l S0+ fk+l-—fk Sl) —

by hy

. S S S S
g l:fk (70 - /Tj) +fens (—29 + ;7” . (116.20)
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Haxonen, npusnekas (I116.18), (116.19), okoHuaTenpHO moayuyaem

h )
ik=_25(Akfk-{—kakH)e’“’xkn/z (116.21)

sin p, ,sinp —p, cosp, sin p, ; sin p, —p, cos p, _ Z
= -1 = 2 = .
k Py D: ’ k Py Py

3aMeuyanue. [Ipu ¢dopMaTbHOM NpPEAEIBHOM MEPEXOAE —->(v)
dopmyna (I16.21) mnepexoaur B OBBUHYK (OPMyay Tpamemui
b

h
—-25 (fy + fy+1) mnas wmHTErpana S f(x) dx no nOKanPHOMY HHTEpBAJY
a

[xgs Xg41]- &
s Berymcnedus naterpana ([16.2) no koneunomy otpesky [a, b]
Hago npocymmupoeath ([16.21) no BceM aaeMEHTapHBIM OTpPE3KAM:
K-1

1=% i,
k=0

Ecan A, = h = const, (p, = p = const) TO COOTBETCTBYIONIYIO KBaj-
paTypHyo (OpMysy MOXHO 3aMHCATh B BUAC

(116.22)

, K-1 K~-1
~ I zg A E fk el % + Bkzofk_H el |, (H6.23)
' k=0 =

Ipueaem seitekaronme u3 (116.21) koHkpeTHBIE pacueTHbIE POPMYJIBI
anst unterpanos (116.1) (noposus) mo nokanbsoMy unTepBany [x,, x, . I:

I(cos) = S f(x) cos wx dx =~

X

- h, (sin P, sin p, — p, cos p,
2 2

c0S x4y +

A Sin wx, 0| fr +
k pk
h, (sinp sin p, —p, cos p,
+ £ kcos wxy g, — ———*
2|77, k+1/2 o2

sin ka+l/2) fer1=

fetfir sinp, fe=fg4r sinp,—p, cosp,
= h, T oS WXt 5 5 sinwx, 151
P, p?

(116.24)

I(sin) = S f(x) sin wx dx~ h, T o sin wx; 4, +

k
*4

x o
k1 (fk-+—_fk+1 sin p,

fr—Ffrqpy sinp, ~p, cosp,

2 p:

+ cos u)xk+1,2) . (I16.25)
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Yrobbt ouenuts norpemHocTh Metona (116.22), naiimem cHauana yo-
KanbHyI0 omnbKy Ha WHTEpBaNe [x,, X, ], KOTOPasi BOSHMKAET MpPH HMC-
TI0JIb30BAHMH JUIS BBIYMCJICHUS. HA ITOM OTPe3Ke NPUGAnKeHHOM (popMyJThl
(116.21). JTs1st 3TOr0 BHIUMCTEM MHTEIPAJ OT OCTATOUHOIO WICHA MHTEPIO-
AUOHHOro nomHoma (116.16), koropsim Ml samern byHKImIO f(X):

T xlz+l

Ty =% S(x—xk)(x—ka)e"“’x dx =
*i
- AT A o R N
=5 fi e | (& — | et dE=3|S, — L 5,|F} eninn,
=h /2
L3

3peck menonpsyercs obosHaucHue S,, yXe BBCACHHOC paHee. UTo Kaca-
ercq S,, TO

hyl2
S2= S EZ el dg=__§zeiw5

) 2 2
iw
—hJ2

—'.——Slz

tw

~h,J2

3 . 3,
_ ﬁ sin p, _ ﬂ (sin p,—p, cos p)
4 P, 2

(116.26)

3
by
Yuurnisas (I16.26) n (I16.18), noayuacu:

I ok sinp, —p, cos p
e % an *3’1—5
Py
Ipu wh, ~1(p,~1/2), xak caenyer ua (I16.11),

sin pk—p3k €os p, < l
D, 3
HOBTOMy JIOKAJbHA S OIIIPI6K3 B JOTOM Caydyac OUCHUBACTCA CBEPXY
i1

TOYHO TaK Xe€, Kak omuOKka opMyasl Tpancuuii mis S f dx:

X

by
[7e) <35 M), M) =max |f"].

ERE N

k

COOTBETCTBEHHO IOTPEIHOCTL KBAAPATY PHOM dopmyast (116.22) na
KOHEYHOM HHTepBaje [a, b]

n? )
IRl <353 My(b—a), M,=max|f"|, h=maxh,  (116.27)
{a, 5] k
Taxkum 06pa3oMm, ucnonb3oBaHME MeTOna (I16.22) ang BHIUMCACHHS
unterpanos  (I16.2) npu wh,~1 ofecneunmsaer BTOPOH mOpPAOK
TOUYHOCTH.
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B) B saksouenue 6e3 BHIKIAAOK npuBeneM mis uurerpanos (116.2)
kBagpaTtypHylo dopmyny Punona tuna CUMICOHA ¥ COOTBETCTBYIOUIYIO
oueHky mnorpemHoctd. [locae 3amenwst ¢dynxkumm f(x) Ha orpeske
[xg> X441] MHTEPHONSNMOHHBLIM TIIOJMHOMOM BTOPOM CTENMEHHM (CM. JIEK-
LUMIO §) MOAyYaeM CAeqyIWyo npubauxXeHnyo GopMyLy A1 MHTErpa-
JIa O 9TOMY OTPE3KY:

h .
iy 5 (afy + A6 i+ f ) e OFnn, (116.28)

rue

sinp,

sinp,—p,cosp,  sinp, —p,.cosp,
a, = —

. sin p— D, COs p,

2
3 2
Py Dy Dy

y

v b 3
Py
¢y = d; — KOMIUICKCHO-COMPSXXCHHOC K @.

CoOTBETCTBEHHO [T MHTCrpana no MCXONHOMY OTpe3Ky [a, b] cue-
ayer jokaapHbie pedyaprathl (116.28) npocyMMupoBaTh MO BCEM OTpE3-
kam, kak B ([16.22).

[Ipu dopmansHomM mnepexone w—>0 wumeeM ay, by, ¢,—>1/3 n

h
(116.28) mnepexomut B ¢hopmyny CumncoHa ?" (fo 4 srpt Tiar)
b
JUIsl OOBIYHOrO MHTErpajia S f(x) dx na untcpranc [xg, x; ]
a
Jlokannuasg morpeirsocTs opmyast (I16.28) nonyuaercss uaTErpUpO-
BAHMEM MO [X,, X, ;] OCTATOUHOrO YJIEHA MHTEPHOJSILMOHHOTO MOJHHO-

Ma BTOpPOil CTCNECHU:

Xre1

|~ :
’k=€fm S (¢ =X ) (X = X4 1) (X — Xy ) ™" =

Xy

1 s he 1 hy
. ~rrr . : ~1 k
=Kelka+”2 7 S EZ__ZI‘_ £ elot dgzge"‘”‘ul/z f (S3-—-—4—S1)-

—hk/2
(116.29)
3naece
hud? I p3c0sp —3p2sinp +6sinp, —6p, cosp
Sy=(Eeltd=—j LA —r b o & X & (116.30)
~hf2 Py

YuursiBas (116.19), B KoHEUHOM cyeTe mosyyaeMm:
i ~rr ;
ry= 3 hz [ p eFenn,

e
—-pi sin p, +3sin p,—3p, cos p,

P}
by
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Onenka nokaseiBaeT, uTo npu Pes1 p=<0.1. Tlosromy mpu p, <1
(why 2)

B
l rk I < T:O Mgk)’
c MY = max |f"].
(x4 %441
CyMMprﬂ JIEBBIE U IIPABBLIC YACTHU HOCJCAHCIO HCPABCHCTBA, NPUXO-
MM K OueHKe rnobanbHoil norpeuocty Meroga Ousona—CUMICOHA:
WM
IRI <3 n] < 5° (5=,

rae M, = max |f'" , 4 h=max h,.
3 k
(e, 6] k

3ameuanune. Ilpu dopmanprom nepexone w—0 umeem: p—0, B
YEM MOXHO YOETUTBCS MOC/ICAOBATENBHBIM TPUMEHCHMEM MpaBuaa Jlo-
nurans. CrexoBaTesbHO, JIOKAAbHAS MOrPEUIHOCTb CTAHOBHTCS BEJIHYM-

HOM MATOro OpsiAKa MAJIOCTH, KAaK M MOJOXCHO a4 0OBIYHOTO METOHa
b

CuMncoHa MPYMEHHUTENIBHO K MHTErpany S f(x) dx. A
a

IIpumep. B TabGmuue I16.1 npuseacHs peay/nbTaThl BHIUMCAEHMS
HHTErpanios

I, =\ cos x cos wx dx = 7.730739-107*

Oy =

1
1, = | cos x sin wx dx =9.537752-1073
0

¢ w=160.

B nesoM cronbue TabaMupl yKasaHo KOJMYECTBO JJIEMEHTAPHBIX
IIATOB MHTErPUPOBAHMS, /IS KOTOPBIX INOJYUYCHB! PE3yJbTAThi, NIPUBE-
ACHHEIC B JAHHOH CTPOKE; BO BTOpOM cTon0ue — mnapamerp wh. Ja-
aee, B 3—4-M croabuax — pesyabTaThl A8 HEPBOTO M BTOPOTO HHTET-
paJIoB, NONYYEHHBIE OOBIYHBIM METOZOM MpPSMOYIOJIBHHUKOB, B 5—6-M
cToafax — METOHOM Ouiona-A; B 7—8-M cronbnax — METONOM
OQunona-B. B xauecTe pesy/nbTaToOB MpUBCAEHB: aGCOMOTHAS IOrpEm-
HOCTb, OTHOCHUTEJNbHAA (B MpPOIEHTax). TpeTbe UMCIO, ECTM OHO IIpH-
CYTCTBYET, O3Havaer: A merona DunoHa-A — OTHOWIEHHE MORYJS
abCoMIOTHOM MOTPEmHOCTM K  BeanuuHe wh2/12 (cM.  opmyny
(I16.15)), mns meroma QuiaoHa-B — COOTBETCTBYIOLICE OTHOWIEHHE
x Beamunne A%/12 (cm. (I16.27)).

Hanum HEKOTOPHIC KOMMEHTAPUMU K TPHBEACHHBIM pesyabTaTtaM. Bo-
NEPBLIX, OYEBUAHO, 4TO (hopmyasl OuioHa 06eCHEUNBAIOT CYIECTBEHHO
JYYIIYI0 TOYHOCTh TNPH AOBOJBHO TPyOOM LIATC MHTErPUPOBAHUS CPaB-
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HUTCJIBHO C OOBIYHBIMM KBaapaTypaMu (KOTOPHE 31€Ch NPENCTABJCHBI
METOAOM MPSIMOYTOJIBHMKOB ). [ToATBEPXAAIOTCS BHIBOAL O NOPSAKE TOU-
HOCTH HCTOJib30BaHHLIX opmyn Ouaona. [Ipn dukcuposanHoM 3Haue-
HuM o ommbka Merona Pumona-A mponopumonanbsa A% (cM. dopmyry
(I16.15)), uto nposiBASETCAS B TAOMMUHBIX KAHHBIX; (PAKTHUECKH XK€, C
YUETOM TOro, YTo wh~1, ommubKa a9 5TOr0 METOAA HA HOPSAOK 00/ib-
ure, Hexenn g mMerona @unoHa-B. O6pamaer va ceb6d BHUMAHHUE BHI-
COKd4 TOYHOCTb PE3Y/IbTATOB, MOJIYUYEHHBIX [0 MOCAEKHEMY METOAY MPH
oueHsb rpybom ware (wh = 32).
Hakoren, nogTeepXaaercs BLIBOA O TOM, uTo ommbka Meroxa Ouo-
b
Ha-A MpPONOPUHOHAIBHA UHTCIPATY { S f'e!** dx. B namem ciyuae
a

A,~1I,= { sin x sin wx dx = 5.135855-107%

Oty e

i
A~y = S sin x cos wx dx = 1.094389-1073
0

UYTO M MOATBEPXAAETCH (ACHMMIITOTHUECKH, C YMEHBIIEHUEM WA) TPEThb-

UM UYHKCIOM, MPUBEACHHBIM B KJIETKAX CTOJAOLOB TAOIHUIBI, OTHOCSIIMXCS

k merony @wrona-A. (Tperbe YUUCIO B KICTKAX, OTHOCAIIMXCS K METOXY

OunoHa-b, cBUAETENBCTBYET, YTO MOrPEUIHOCTH ITOTO METOAA ACHMIITO-
b

L]
TUYCCKU NPONOPLMOHAIbHA S f e'* dx. B nanHOM Cyuac 3TO O3HAya-

a
er, uto A\~ 1, h* u A,~1,-h?).

Tabauua I16.1

Meron npsmoyr-xoB dunona-A Dunona-b

K | ok A A, Ay A, Ay Ay
32 5.856-107012.118-1075
0.75% 0.22%,
10| 16 3.582-1078 |8.184-1077
0.0046% | 0.0086%
201 8 9.154-1078 |9.118-1077
0.018% 0.096%,
40| 4 6.138-1075 | 1.450-1075 |~5.397-1077.145-1077
7.94%, 0.15% 0.0070% | 0.0075%
7.365-1073 | 1.740-1073 | 1.036-1073 {1.372-1072
80| 2 [1.32-107%| 1.80-1073 | 1.148-1075 | 2.549-1076 |—1.067-1078/1.334- 1077
17.1% 18.9% 1.48% 0.027% | 0.0014% | 0.0014%
5.510-1073 | 1.223-1073 | 8.194- 1074 | 1.024- 102
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Meron npsmoyr-kos

Punona-A Dunona-b
K joh 4 Ay 4 4, A A,
160} 1 [3.034-107/4.099-107%| 2.719-1070 | 5.974-10~7 |-2.565-10-9 3.158.10-2
3.929, 4.29%, 0.35% 0.0063% | 0.00033% | 0.00033%
5.221-1073 1 1.147-1073 | 8.017-107% | 9.70-10~3
32010.5(7.434-1076] 1.002 6.712:1077 | 1.471-1077 |6.524-10710] 7.790- 109
0.24%, 1.05% 0.087% 0.0015% | 0.00008% | 0.00008%
5.155-1073 | 1.130-1073 | 8.017-10~% | 9.573- 1073
640|0.25/1.849-107°(2.492-1075| 1.672-107 | 3.663- 105
0.24% 0.26% 0.022% | 0.00038Y%
5.137-1073 | 1.125-1073

Qopmynsl PuaOHA A8 MHTErPANOB OT OBICT POOCL ML PYIOLTHUX
(byHKumMii paccMaTpuBaroTcs Takxe B [1, c. 405— 406; 2, c. 113—115; 9,
c. 103—105].

220

CNUCOK JNIUTEPATYPLI

10.
11.
12.
13.

5.
16.

17.
18.

- Anmocos A. A., Qybunckwii 10. A., Konuenosa H. A. BpluucauTesibHbIe METONBI 11 HH-

>KeHEpoB. — M.: Boiciuag mkona, 1994.

- Baxeanos H. C., 2Kudkoes H. I1., Kobenvkos I'. M. Uucnensslie MeToabl. — M.: Hayxka,

1987.

- bepesun H. C., 2XKudxos H. II. Metopst Bolumcnenmit. 1. 1, 2. — M.: @uamarrus, 1960.
. I'odynoa C. K., Psbenvkuii B. C. Pasnoctuple cxempl. — M.:

Hayxa, 1977.

- Mbavenxo B. @. OCHOBHbIE TIOHATUS BLIMMCAMTCALHON MaTeMaTMKU. — M.: Hayka,
1977.
. BoesoOun B. B. BeiuMcnutesibHble OCHOBB AMHCINOM anrebpht. — M.: Hayka, 1977.
. Boakos E. A. Uncnenubie metoasl. — M.: Hayka, 1982.
- Mxpamos X. JI. Yncnennbie Meronsl auueitnon asnrefpet. — M.: 3uaunue (cep. «Mate-
Matuka ¥ kuGepHetnka»), 1987. — Ne 4.
. Kanumxkun H. H. Uncnennnsie Meropsl. — M.: Hayka, 1978.
Mapuyx I'' M. Metoasl BbluMcivrensHofit Matematukun. — M.: Hayka, 1977.
Canmapcekuii A. A. Beepenve B umcnennnte metonnt. — M.: Hayka, 1982,
Camapexuii A. A., I'ynun A. B. Uncnennsie metoanl. — M.: Hayka, 1989.
Camapcxuii A. A., Huxonaes E. C. MeTonp!l pemicuus CETOUHBIX ypaBHeHMil. — M.:
Hayxka, 1978.
. Tuxonoa A. H., Kocmomapoas /. I1. Beoguble nekuuu 1o NPUKJIAAHOH MAaTEMATHUKE. —
M.: Hayxa, 1984.
Typuax JI. 1. OcHOBBI uMCIICHHBIX MeTOnOB. — M.: Hayka, 1987.
Popcaim JAx., Manskonsm M., Moyzep K. MamyiHbIE METOAbBI MATEMATHUCCKMX Bbi-
uncaenmis. — M.: Mup, 1980.
Psibenoxuit B. C. Boenenue B BLIMMCINTENLHYIO MaTeMaTKy. — M.: Hayka, 1994,
®edoperxo P. I1. Brenenue B BoUUCIUTENBHYIO (PH3UKY. — M.: Uapateascrso MOTH,

1994.

CMUCOK AONMONHUTENLHOHW JNUTEPATYPbI

19.

20.

21.

22.

23.

24,

25

Opmeea JI., Peiinbordm B. WTepaumoHHbIE METOfbl PELICHMS HEJIMHEHHBIX CHCTEM
YPaBHEHHH! CO MHOTMMM HEM3BECTHBIMM. — M.: Mup, 1975,

Yunxuncon [Jx. X. AnreSpauveckas npobnema cobcTeennbix aHauenuit. — M.: Hayka,
1970.

Tuxonos A. H., I'onuapcxuii A. B., Cmenanos B. B. Uucienuble METonbl peweHus He-
KOPPEKTHhIX 3afau. — M.: Hayka, 1990.

Benoyepxosckuii O. M. YncneHHoe MOIENMPOBAHME B MEXAHHMKE CIUIOMIHBIX Cpej. —
M.: Hayka, 1984.

UucneHHbiE METONBI B AMHAMUKE xuaxkoctu /Ilep. ¢ aurn., nox pea. O. M. Benouep-
xosckoro u B. I1. IlIunnosckoro. — M.: Mup, 1981.

Macomedos K. M., Xono0og A. C. CeTouHO-XapaKTEPUCTUUECKME UUCIECHHBIE METO-
Jwl. — M.: Hayxka, 1988.

. Hacxonos B. M., Ilonexaes B. H., 9ydos JI. A. Uucaennoe MOJEJMPOBAHMUE MPOLECCOB

reino- u Maccoodmena. — M.: Hayxa, 1984.

221



26.
27.

28.
29.

30.
31.

32.

33.

222

Tlonoe 10. I1., Camapcxuii A. A. PasHOCTHLIE CXEMb! ra30BOi AMHAMHKH. — M.: 1980.

Arnecmposckuii 10. H., Kocmomapos /I. I1. Marematnueckoe MOJAEJIUPOBAHME 13-
Mbl. — M.: Hayka, 1982.
Uncnennoe Mopenuposanue B Qusmke miaamsl. — M.: Hayka, 1977.

CoBpemenHbIE TIPOGAEMDB! BBIMMCIMTENLHON (DHMIMKH ¥ BBIMHCIMTENBHOH MATEMATH-
k4. — M.: Hayka, 1982.

Hommep /. BoruucautesibHble METOABI B pusuke. — M.: Mup, 1975.

Hnoun B. I1. UuciieHHBIE METOABI PEWIEHMS 3ajay JncKTPodMaMKM. — M.: Hayxka,
198S.

Xaiipep 3., Hepcemm C., Bauuep I Pemienne o6bIkHOBCHHBIX AM(dEPEHIMANBHBIX

ypasuenui. Hexxectkue 3amauu. — M.: Mup, 1990.

Kaxanep /., Moyrep K., Hour C. YHCHEHHBIE METOAIBI M 1IPOrPAMMHOE O0eCTIeUEHHE —
M.: Mup, 1998.

NPEAMETHBIW YKA3ATEND

Annpoxkcumauus 92, 109, 123
- cyMMaphas 164

beicTpoe npeobpasopatue ypoe 203
I"aycca Merton 28
FnaBHblit anement 31

I’panuuHbIe Y3161 CETOUHOM 06/1aCTH
122, 167

HHTErpo-uHTEPNONSIIMOHHBI
merox 136

HHTepnonsuyoHHbIi HOAUHOM
— Jlarpanxa 62

— HbioTona 63

— 060061meHHbIi 71

— Opmura 71

-— TPUroHOMeTpHUYecKHuii 191

Hurepnongums

-— KycouHad 67

— obpartHaga 72

— KyOuueckuMu cruiaitnamu 71
~— 110 4eObILIEBCK UM Y371aM 180
— TpUroHoMeTpHueckas 191

UTepalMOHHBIE METOALI PELLICHUS

— HeJIMHEMHbIX ypaBHeHUi 13

— CHCTEM HEJWHEHHBIX YpaBHEHH 51

— CHUCTeM JIMHEUHBIX ypaBHeHui1 39,
184

Ksagpatypnas ¢bopmyna
— [1IpAMOYIO/JIbHHKOB 78
— Cwumricona 79

— Tpanenuii 78

— (unona 209

Marpuua

— ujoxo obycsiosnerHHas 35
— 110JIOXHUTENbHAS 26

— TpcyroybHas 28

— TpexauMaroHaljibHag 32

Merton

— Agamca 99

— bucekiuun (auxToMuy,
110JIOBUHHIOTO JesieHus) 13

— Tlaycca 28

— rapMouuk 143

— 3enuens 41

— Hbiorona 14, 51

~— HOCJCLOBATCIILHBIX MPUOIMKEHUIT
(CM. MTCpPallMOHHbIC MCTOAbI)

— HCPCMCHHBIX HalpasacHuil 160

— 10KOOPAMHATHOrO pacllerieHUs
163

— 1upuctpesky {08

— Mporouxku 32

— lpocThIX UTepauuit 17, 39, 53

— Pyure-Kyrro1 95, 97

— cekyux 21

— 3KOHOMMUHBIY 33

— DJiinepa 90

— — HesBHBIA 90

— — MORUMDULMPOBAHHLII 94

— — C nepecueroM 94

— Skobu 41, 169

Hopma
— BeKTOpa 24
— Marpuusl 24

IMorpeurtocts

— annpokcumanuu 92, 111

— BBLIYUC/IUTENbHAA (OKpYTJIcHuU) 9,
47,101, 106

— uHTepnonuposanus 64, 180

— KBazipaTypHbuIX dopmys 80

— Merona (YMCIIEHHOTO,
npUGIHKEHHOIO, PA3HOCTHOIO
pewenus) 89, 111, 123

— HeycTpaHuMmas 9, 33

ITonuuom Yebouuésa 175

IMopsagnok
— annpoxkcumaumu 111, 126



— TOYHOCTH MeTtoza 90, 112

Mpunumn

— Makcumyma 142, 173

— 3aMopaxuBaHUA K03DHHULHUEHTOB
145

PasHocTHas

— cxema 91, 110, 123, 157, 163
— cerka 89, 110, 122

— — KOHcepBaTHBHas 132

— — MOHOTOHHag 132

— — [nonoxurenbHasa 132

— — gBHas (HegBHaq) 129

PasHocTHeie ypaBHenus 91, 113
Paubt @ypre (Roneusle) 198

CerouHas obnactb (cM. PasHocTHas
cerka)

Cerounas dpyHkuus 89, 110, 123

Teopema 0 cXOAUMOCTH pa3HOCTHOIO
peleHus K TouHomy 112

224

Y3l

— wuHTerpuposanus 77

— cerku 89, 110, 122

— rpaHuuHble 110, 122, 167

YCcTOMYUBOCTb Pa3HOCTHBIX CXeM 111,
138, 172

— abcomoTHasg 140

— jJocTaToyHoe ycjosue 140

— HeobxoaouMoe ycsioBue 140

— IO rpaHHUuHbIM ycJioBusM 1403

— [0 HavaJibHbIM AaHHBIM 140

— 110 paBbIM uacTaM 140

Yucnennoe nuddepenunposanue 74
Yucnennoe unrerpupobanue 77, 209
Yucno obycnosneHHoctH 35, 45
IITab.104 pa3socTHOM cxeMel 126

[Har unrerpuposanus 77
— cerku 89, 122, 123




	косарев0001.BMP
	косарев0002.BMP
	косарев0003.BMP
	косарев0004.BMP
	косарев0005.BMP
	косарев0006.BMP
	косарев0007.BMP
	косарев0008.BMP
	косарев0009.BMP
	косарев0010.BMP
	косарев0011.BMP
	косарев0012.BMP
	косарев0013.BMP
	косарев0014.BMP
	косарев0015.BMP
	косарев0016.BMP
	косарев0017.BMP
	косарев0018.BMP
	косарев0019.BMP
	косарев0020.BMP
	косарев0021.BMP
	косарев0022.BMP
	косарев0023.BMP
	косарев0024.BMP
	косарев0025.BMP
	косарев0026.BMP
	косарев0027.BMP
	косарев0028.BMP
	косарев0029.BMP
	косарев0030.BMP
	косарев0031.BMP
	косарев0032.BMP
	косарев0033.BMP
	косарев0034.BMP
	косарев0035.BMP
	косарев0036.BMP
	косарев0037.BMP
	косарев0038.BMP
	косарев0039.BMP
	косарев0040.BMP
	косарев0041.BMP
	косарев0042.BMP
	косарев0043.BMP
	косарев0044.BMP
	косарев0045.BMP
	косарев0046.BMP
	косарев0047.BMP
	косарев0048.BMP
	косарев0049.BMP
	косарев0050.BMP
	косарев0051.BMP
	косарев0052.BMP
	косарев0053.BMP
	косарев0054.BMP
	косарев0055.BMP
	косарев0056.BMP
	косарев0057.BMP
	косарев0058.BMP
	косарев0059.BMP
	косарев0060.BMP
	косарев0061.BMP
	косарев0062.BMP
	косарев0063.BMP
	косарев0064.BMP
	косарев0065.BMP
	косарев0066.BMP
	косарев0067.BMP
	косарев0068.BMP
	косарев0069.BMP
	косарев0070.BMP
	косарев0071.BMP
	косарев0072.BMP
	косарев0073.BMP
	косарев0074.BMP
	косарев0075.BMP
	косарев0076.BMP
	косарев0077.BMP
	косарев0078.BMP
	косарев0079.BMP
	косарев0080.BMP
	косарев0081.BMP
	косарев0082.BMP
	косарев0083.BMP
	косарев0084.BMP
	косарев0085.BMP
	косарев0086.BMP
	косарев0087.BMP
	косарев0088.BMP
	косарев0089.BMP
	косарев0090.BMP
	косарев0091.BMP
	косарев0092.BMP
	косарев0093.BMP
	косарев0094.BMP
	косарев0095.BMP
	косарев0096.BMP
	косарев0097.BMP
	косарев0098.BMP
	косарев0099.BMP
	косарев0100.BMP
	косарев0101.BMP
	косарев0102.BMP
	косарев0103.BMP
	косарев0104.BMP
	косарев0105.BMP
	косарев0106.BMP
	косарев0107.BMP
	косарев0108.BMP
	косарев0109.BMP
	косарев0110.BMP
	косарев0111.BMP
	косарев0112.BMP

